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HPETHUCJIOBUE

WUpes mammcaHus 31Ol KHUTH NOABWIACH BO BpeMsA
MOMX JeKIMi 0 MaTeMaTHYeCKUM IIpoOieMaM CTaTUCTH-
qecKoil ¢usnku, Koropeie s yurtan B WmcTuryre MareMma-
Tuku Axagemun nayk Beurpum serom 1976 roma. 3ambI-
Cell ee COCTOSI B TOM, YTOOBI HBIOMKUTH PAJ CTPOTHX
pesyiabTaToB, IPYNNUPYWOINUXCH OKOJIO OCHOBHBIX ujei
tTeopun $as3oBHX IepexomoB. B Heil Her cucTemaruye-
CKOT'0 WMBJIOKEHWS OCHOBHBIX MOHATHH, OOIIMX TeopeM W
T. . cTatucTHyecKoir mMexammku. OgHarko mouTu Bee (ax-
THl HBJO0KEHBI B KHUTe CO BCEH TIONHOTOH, M II09TOMY
YUTaTeNh, Pa300pABIINA TOT MM WHON €€ Pasfesy, CMOMKET
JOBOJIBHO OBICTPO BKJIIOUUTHCA B OJHO U3 Pa3HOOODPABHBIX
aKTyaJbHBIX HAmpaBIeHHil Teopuu (Ha30BHIX IIEPEXOJOB.
Tarkum o6pasoM, cileayerT CUUTATh, YTO KHUTa MONYYUIACH
pPacCYMTAHHOI WMWJIM HAa CIENUATUCTOB B 00JACTH CTATH-
CTHYECKON (u3anMKM miy Ha TeX, KTO HaMepeH €0 Hemmoc-
PeJICTBEHHO U BCEPHhe3 BaHATHC.

Huura coctour m3 dversipex riaB. B mepBoit raase
TIpUBENEHBl OIPEIEJIeHUS TAMUJIbTOHMAHA, €ro TIPYIIBI
CHMMeTpUH ¥ IIPefeJbHOTO pacipeneienus ['m66ca, orTBe-
YaloLmero JaHHOMY TraMuibToOHUWAHY. V3ioKeHue BegeTCs
IJIs PelIeTyaToro CIydvas, MOCKOJIbKY TONBKO BTOT CIydYail
B JajJbHeIIIeM B OCHOBHOM o00CyskpmaeTcs. Mbl mpUBOIUM
pasiuYHble IPEMephl TIaMIIbTOHMAHOB: TraMIJIHTOHHAH
Momenu M3uHra, raMUIBTOHUAHBI ¢ HENPEPHIBHON CHMMeET-
pueii, TaMIJIBTOHNAHEl peMIeTYaTHIX Mojeleil KBaHTOBOH
TeOpuH TIOJS, TaMWIBTOHMAHBI pemrerdarslx moieir fu-
ra — Munnca u t. n. Jlamee mamaraloTcs obmiume pesyis-
TaThl O CYIIeCTBOBAHME IPeJeNTbHBIX pacHpeeNeHuit
T'u66ca. B kauecTBe mpuMepa IIOKA3BHIBAETCA CYINECTBO-
BaHNe IpefleNbHBIX pacnpefenenuit I'mb6ca misa pemerua-
THIX MOJlelIefl KBAaHTOBO TeODHH IOJA.
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Bo Bropoii rmaBe paccMarpuBaioTesa asoBble AUarpaM-
MBI peImeTyaThIX Mofielleli TpH HU3KHX TeMIepaTypax.
3nech BBONATCS TOHATHS OCHOBHOTO COCTOSHUA TaMUIb-
TOHHAHAa W YCTOMYMBOCTH MHOKECTBA OCHOBHBIX COCTOS-
mnit. B cayuae mepuommuecKux KOHQUTYpanuil oCHOBHEBIE
COCTOAHHSA MOJKHO ONpeNeuTh KaK KOHQUTYypanu:m ¢ Hau-
Menbllefi YIeALHOA 9meprueil. YcIoBme YCTOHYMBOCTH
OCHOBHEIX COCTOAHNII, KOTOpO€ MbI HA3EIBaeM YCIOBHEM
TMaiiepica, cocrout, rpy6o TroBOPA, B TOM, YTO Pa3HOCThH
SHEPTHl JTOKATHHOTO BOBMYINEHMS OCHOBHOTO COCTOSHUS
M CaMOro OCHOBHOTO COCTOSIHUS IPOTOPIIMOHAJIBHA ILIO-
IMafu TPAHWUITH, pasfensionieil oGmactd, 3aHATHE pa3iImy-
HBIMI OCHOBHBIMHI COCTOSHUAMEN. B TpeAmoNosKeHAN KO-
HEYHOCTH YHCJIA MEPUOJUIECKNX OCHOBHEIX COCTOSIHHUH T
BHIIONHeHNs: yecaoBus Ilaftepica moxassiBaeTcs obImee
YTBep:KJeHIe, CBSI3BIBAIONIEE CTPYKTYPY MHOKecTBa IIe-
PHOMMYECKUX MpeNeNbHbIX pacupenesnenuii I'm66ca ¢ MHO-
JKECTBOM OCHOBNIBIX COCTOSHHI. ITOT Pe3yIbTaT MOIYIeH
mpu TmoMoTu 0000IIeHNs TaK HA3BIBAEMOTO KOHTYPHOTO
merona Ilaifepica, mpeIoKeHHOT0 MM IS JOKAa3aTelb-
CTBA CYINECTBOBAHUA MaJLHEr0 TOPAAKA B Mojenu VsmH-
ra mpn Gomplmnx 3HavyeHmAx mapaMerpa . W3 memarorm-
YecKUX coo0pajkeHU# B HAUYaje TIABBI MBI TNPHBOTUM
OTHEeNBHO JOKa3aTembcTBO N Momenu Vsmmra. B xomme
raaBel 00CYKIaeTcs TOHATHE OCHOBHOTO COCTOSIHUSA [
TBYMepPHBIX Mojeneil KBauTOBO#l TeopuH mossa. HecKombko
HEOMUAHHKM OKA3BIBAETCSA, UTO KOTJA KOHCTAHTA B3aW-
Mone#cTBHA CTPeMUTCS K GeCKOHeYHOCTH, TYHCIO OCHOBHBIX
COCTOSTHUIT He B3aBHCHT OT YACTA TAMHIHTOHUAHA, OMNU-
cHIBAIOMIEll B3amMoJeiicTBHeE.

B Tperbeit rmaBe mpuBOMATCS OCHOBHBIE TEOPEMEI 0 (a-
30BBIX IIEPEXONaX B PEMEeTIATHIX MOJENAX ¢ HempephB-
HOWl cuMMerpueii: B JBYMepHOM ciyuae teopema oOpy-
muaa — [lnocMama o cumMerpum a06Or0 TPEIeIbHOTO
pacupefienernsi I'n66ca OTHOCHTENBHO T'PYIIBI CHMMETDPUA
TaMWIBTOHNAHA, SABIAOIMANACA e€CTeCTBeHHBIM 00600menneM
teopemsl Mepmmua — Barmepa, m Teopema Caiimona —
Conencepa — @pennxa 0 HAIMYMM CIOHTAHHOTO HAapYIIe-
HUS HENPEepPHIBHON CHMMETPAM B MOMEIAX pPA3MepPHOCTH
Tpn u Boime mpu Goasmmx P. Ilepexm noxasartemnpcTBOM
3THX TEOPEM [laeTcs 9BPHCTUYECKOe 00'BSICHEHNE PONU pas-
MepHOCTH B Ayxe oOmei Teopuu I'ompcroyma.
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Yerpeprag r1aBa HOCBAMEeHA (a30BEIM IEepexofaM
BTOPOr0 pojia W CBA3AHHOH C HUMH TEOPHH AaBTOMOJENb-
HBIX pacmpefenenuii BeposTHOcTell. llompoGHO 06CysHEAa-
10TCA uepapxuueckue Mojenu [laiicoHa, Ha mpuMepe KOTO-
PHIX MOKHO IPOCIEIUTH 0COOEHHOCTH OCHOBHOTO METOJA
TEOpuu — MeTOfja peHopMrpyunbl. lleHTpanpHOE mOHATHE
TEOPHU — MOHATHE ABTOMOJENHHOIO PaCHpeReNIeHHS Bepo-
araocTeir. Taxkme pacopefieleEMsa BajKHBL LOTOMY, YTO
OHM BO3BHHKAIOT KAk IpeflelbHbIE pacOpefielleHusa g
OJIOK-CIMHOB B KPUTHYECKO# TOYKe. ABTOMOJIEIbHBIE pac-
IIpefielleHUs JIETKO HafiTu B KiIacce TayCCOBCKUX CTAIHO-
HapHHIX pacupefernenuii. 'opasmo Gosee TPYAHBIM ABIA-
eTcA BOIPOC O BHjle HErayCCOBCKUX aBTOMOJEIBHEIX pac-
IpefieleHNIT, KOTOPEE BCTpeIaloTCs B Hambolee MHTEpEC-
HHX 3amagax. llpm mocTpoeHmE Takux pacmpefeNeHHil H,
BooOI[e, BO BCEil TeOpHMH BAKHYI) POIb UTPaeT IIOHATHE
JIMHEeAPU30BAHHON pPEHOPMIPYHOBI W ee cumekTtpa. Jas ra-
YCCOBCKUX aBTOMOJEIBHBIX pacupefeleHuil CIeKTp JAHea-
PU30BAHHON pPEHOPMIPYNNbI BHLIYUCIAETCA B ABHOM BHJIE.
Bnarogaps »ToMy HaXOmsTCsS 3HAYEHHA HApaMerpa, OpH
KOTOPOM B CIIEKTPe IOABIfEeTCA cOOCTBEHHOEe 3HAYEHHE,
paBHoe 1. B okpecTHOCTH TaKMX 3HAUEHHWI HA OCHOBE
Teopmu Ou@yprammit cTposrcs (OPMANbHEIE DAl THIA
XOPOIIO M3BECTHHIX £-PABJIOKEHHN JJIA HErayCCOBCKAX aB-
TOMOJIEIIHHEIX paCIpe/ieIeHuIi.

B xomme Ka)kmoil riaBel upuBefeHa Oubamorpadusa
BMecTe ¢ HeQouapmuMu KoMMeHTapuamu., Huciro pabot, o1-
HOCAIMXCA K MAaTeMAaTUYecKoi Teopuu (PasoBEIX IIepexo-
JIOB B CTATHCTHYECKOW MeXaHWKe M KBAHTOBOA Teopuu
IoJfA, COCTABIAET YiKe HECKOIBKO COTeH. llpuBommmslit
HaMO CHHCOK JHTEPATYPH 3aBEOMO HEIOJOH M BKIIOYAET
B ce0sa TONbKO paboTH, TAK WM WHAYE CBA3AHHEE
C TEKCTOM.

Ilpm BanmcaEmm STOH KHATH CYMIECTBEHHYIO IOMOIIH
MHe OKasamm Mou Koiulerm um3 Bypmamemra A. HKpawum,
II. Maiiep, [I. Cac m M. @purn. Bes ux surysmasmMa m
GoaBpIIOr0 TPY[AA, KOTODHI OHHM BJIOKUIW, TA KHUTA HE
6b1a 661 Hanucana. CojepsRaHHEe KHHUTH S HEOTHOKPATHO
u ¢ Gomsmroli monb3oit Ansa ceba obeympan ¢ M. M. Jlud-
munem. P. JI. [JoGpyminH IpoYHTAN PYKONUCH U CHEIAI
MHOr0 HOJIe3HBIX 3amevanuii. Boumbmryio momompb oxasaiam
mou yuenurm II. M. Baexep, E. M. JlumaGypr, [. I'. Map-
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tupocan, GC. A. Ilmporos, E. B. TI'yces, 9. Hamuc,
M. J. Muccapos, H. A. Momuma, A. HaumsxamoB u
K. M. XauugH, Kak CBOMMM 3aMEUYaHUAMH MO IOBOAY TEK-
cTa, TAK ¥ HEIOCPEICTBEHHBIM ydYacTueM B OQOpPMICHUT
pYKRoOIHCH.

fI uckpense OGuarofapo 33 BTO ydYacTue M IPHHOLILY
BCEM CBOI0 CaMYI0 CepAeuHyi0 MPH3HATEIHHOCTS.

A. I'. Cunati



CIABA 1

OPENEJBHBIE PACHIPENEJEHNA THBEBECA

§ 1. TaMAaIbpTOHMAHDI

B Teopum crydaiHBIX IPOIECCOB BCAKMII CIydaifHBIMA
mporece 3aJaercss CHCTeMOH CBOMX KOHEYHOMEPHBIX pac-
npenenennit. @DynpaMeHTanbHag TeopeMa Hommoroposa
yTBEPIKAAaeT, 4TO OTHMH pacIpefleleHHAMH OJHO3HAYHO
OIpeJlelIAETCA pacIpefiejieHNe BePOSATHOCTell Ha Bcell o-
aire6pe M3MepUMBIX IOJMHOKECTB, MOPOKAAeMOM KOHeU-
HOMEpPHBIMH NWIMHAPAYECKAMH MHOKeCTBaMH. 3ajada
TEOPHHN CJIyYaHHBIX IIPOIECCOB — IO KOHEYHOMEPHBIM pac-
mpefieleHUAM UCCIe/[0BAaTh cBOlicTBa Iporecca, HAIpUMeD,
CBOMCTBA THIOMYHBIX pealM3aluil, 3HaUeHHA BePOATHOCTEH
IJIA TOr0 WM HHOrO0 THIIA TOBEJEHHA CIyYallHOTO IIPO-
mecca u T. I

B sagavax paBHOBeCHOH KJIAcCHYeCKOH CTATHCTHYE-
CKOH MeXaHHKH MBIl BCTpeyaeMcs C HHOH cuTyanuei.
3mech B ocHOBEe TeopuHU JeKUT POPMATIBHOE BHIpajKeHNe,
Ha3bIBA€MOEe TaMIIPTOHMAHOM, IPH IIOMOIIM KOTOPOTO
MOKHO HAXOOHUTH BCEBO3MOKHBEIE YCIOBHEBIE paclpefeie-
HUA BePOATHOCTEH A CIy4aitHOro Ipoliecca MW caydaii-
HOTO IIOJIA BHYTPH JM000H KOHEWHOH# 0O0JAcTH HpH YCIO-
BUHM, 4YTO (PUKCHPOBAHHI 3HAUEHUS IIPOIECCA WM IIOJNA BHE
atoit obxactu. OcHOBHAs mpoOieMa COCTOMT B BHIACHEHUH,
BO-TIEPBHIX, TOTO, KOIfla CYIeCcTBYyeT XoTs GBI OHO pac-
mpefleieHNe BEePOATHOCTeH, A KOTOPOrO BHIpaKeHMUs,
HafifleHHBE C IOMOIIBI0 TaMUIbTOHHAHA, [AIOT OTBEYalo-
IiZe BTOMY paciipefeleHHI0 YCIOBHBIE BePOATHOCTH H, BO-
BTOPHIX, B M3y4YeHHN CTPYKTYDPHl MHOKECTBA BCeX TAKUX
pacrpefieieHuil BepOATHOCTEH.

Bea mpoGieMaTHKa OKas3hIBAETCA TeM CaMBIM  ecTe-
CTBEHHBIM 0000ImeHmeM NpoOAeMATHKH TEOPHH OOBIYHBIX
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mereli MaproBa, Tjie TaKike pelmaeTcs BOIPOC O IOCTpoe-
HIM pacripefleiennil BepoATHOCTeHl [0 cHCTeMe Iepexofi-
HBIX BeposTHOCTeii. Hak MBI yBmImM, BCA TEOpHA KOHEU-
HBIX Iemeii MaproBa € TOMOMKATEIBHBIMU BEPOSTHOCTAMHU
mepexofa BRJIAJBIBAETCS B TEOPHMIO OHpelellAeMbIX HAaliee
mpefebHBIX THOOCOBCKHX pacipefieleHAll Kak TPUBUAIL-
HBIH 4YacTHBIN ciydail, a TaMHIBTOHHAHEI MOKHO paccMaT-
pUBaTh KAK eCcTeCTBeHHbIe 0000MEeHNs MepexofHBIX Bepo-
ATHOCTell, ToUHee, UX Jorapu@MoB.

ITepexoffi K TOYHBIM OIPENEJEHUAM, PACCMOTPHM IIO-
Npo6HO ciryvaiiHBIe TONSA C MUCKPETHBIM BpeMeHeM. Hak
npaBmio, MBI GyleM paccMaTpPHBATH IPOCTpaHCTBA ), co-
crosmue n3 Qynrnmit ¢ = @(z), onpeneneHHsX Ha d-Mep-
Holi pemetrke. J[pyrme cmryamunum Bcerfa OYAYT CIETHANb-
HO OTOBOPeHHl. BHI pemieTKu He HUrpaeT CYMecTBeHHON
poru B obcy:kmaeMbix pmamee Bompocax. Ilosromy, kam

mpaBmio, MBl OymeM cumrtath, 4T0 T = (Zy, ..., Z;) mpo-
Geraer oOLIYAYIO METOUNCTEHHYI0 pemeTKy Z' ¢ MeTpuKoit
’ n
|z'—a"|= max lx; —z;|. HaoGopor, Bmm mpocT-
1<i<d
x! xrezd

paHcTBa BO3MOMKHBIX sHaueHmit @(z) Momer cyme-
CTBeHHO YIPOCTHTH WJIHM YCIOMHUTH Teopmio. Bo Becsaxom
cryyae, MBI BCErja IPEAIOJaraeM, 4ro mpocTpaHcTBo @
BO3MOKHBIX 3HaUeHH: mepeMmenHoit ¢(z) me saBmcur or
n mpeficTaBiager cofoii m3aMepmmoe mpocTpamEcTBo. OTMe-
THM Cpasy ke CIeNyIOliume OCHOBHEIE YACTHHIE CIyTam:

1. O — KoHeuHOE MHOKECTBO;

2. @ — KOMIAKTHOE MeTpHUYeCcKoe TIPOCTPAHCTBO,
B UACTHOCTH, OJHOPOJHOE NPOCTPAHCTBO KOMIIAKTHON
rpyanost JIm ¢ ecrecTBemHO#t 0-anreGpoit GopemeBCKEX
MHO’KECTB;

3. ®=R! wiu R™ ¢ c-anreGpoit GopeseBCKEX MHO-
JKeCTB; B IIOCIEIHEM CJIyYae YacTO TOBOPAT O BEKTOPHBIX
Mopensx.

ITpocrpamcTBO Q, TEeM caMBIM, TaK/Ke OKA3LIBAETCH W3-
MEpPHMBIM TPOCTPAHCTBOM € ecTecTBeHHOH o-anrebpoit &
U3MEePUMBIX TIO[IMHOKECTB.

Oyuruus ¢ = {@p(z)} massBaerca romdurypanumeir cu-
cremsl. Orpanuvenne ¢ Ha Jdi06oe mogMmuOMecTBo V < Z¢
o6ozrauum @(V), 1. e. (V) = {¢p(z), z =V}, Ipocrpas-
crBo Beex Takux (V) oGosmaumm Q(V).
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IlpepmonosuM Temepb, 9TO IS BCEBO3MOJKHBIX HEILy-
CTHIX KOHEYHBIX HogMHOkecTB V <Z° zagambl QyHKIIH
3(@(V)), ompepmenenusie ma koudurypaumax (V). 3ma-
YeHHus HTHX (PYHKIUI HHTEPIPETHPYIOTCA KAK DHEPruH
COBMECTHOTO B3amMojeiicTBma mepeMeHHLIX ¢(z) B MHO-
mecrse V. HatGop Qymmmmit J(@p(V)) nasoiBaercs moreH-
nuasom. [Jia mwoboit Touk:m Zo € Z* ofpasyeM cymmy

U@ (@), 27 2) = 2 S (@ (V),

Ifie CyMMHPOBAHHE IPOMCXOAUT IO BCeM KOHEYHBLIM IIOfI-
MHOMKecTBAM V, cofepamuM TOUKYy Zo. DBeamummy
Ulp(zg); ¢(z), 2% ;) ecrecTBEHHO WHTEPIPETUPOBATD
Kar omeprmio (Wim IIOTEHIMAJ) B3aUMOJECTBUA Iepe-
mennoii @(Zy) co Bcemu mepemenmsiMEu (), = € Z°,
Boo6iie rosopsi, psapm, ompepeisiontuit U, MosKeT pac-
xoputheda. B cayuae Kommaktueix D Mbl GymeM Bcerja
IMeTh JIelI0 ¢ TAaKUMHU IOTEHIUAJaMH, KOTAQ 9TOT P
cxonures afcomorHo. IS BTOTO MOCTATOUIO ITPEIIioio-
MUTH, 9TO IPU KasKgoM V
sup|S (¢ (V) |< -
o(V) p*Chy

rie p=diam V, k= |V|, @ > 1 — nocroauuas.
HHpumep 1. Buwnapnoe eszaumodeticréue. Eciu I
oTauuHO 0T Hyas Toabko mpu |V| =2, t0 moremmumam I
HaspiBaerca OmmapueiM. Hamucanumoe pwime ycioBme 03-
Havaer, uTo fia V = (s, s”)
const

|3 (@(s), @ ()] <"S,—_—S7“—Q;p a>1.

ITpumep 2. Paduyc ssaumodeiicrsua. Ilycrn pus
moTeHNmuaja J MOKHO Hafitm wuwmcao R, mpm KoropoM
S(p(V)) =0, ecam diamV >R. Haumenbiee qucio
C 9THM CBOHCTBOM HA3BIBAETCA PAJIyCOM B3aMMOJENCTBUSL.
B raxkoM ciaysae cymMa, ompefexnsiomas U, womeuHa u
IMeeT cMblca mpu Beex ¢. Ecam taxoro R He cymmecrsyer,
10 S HaseBaeTCA MOTEHIUATIOM € OECKOHEUHBIM DPaULyCcoOM
BauMopeiictouga. Korga paguyc BsauMopeiictsusa Gecko-
neven, psaf gaa U MoKeT pacXOfUTLCHA 3a CYeT pOCTA
nepeMenubix ((r) Ha GeCKOHEYHOCTH.
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Jlnxa mo60ro KOHEYHOro MOAMHOMKecTBa W mOIOMUM

H(p (W) = VE S (9 (V)

cw

u Gymem maswBath H(@(W)) pHeprueil koudurypanum ¢
B 00beme W. Cymmy

HeW)|e(Z'—W))= X S@@©)
VOAW+#D
vn(z8—w)=p

OylieM HasbIBaTL JHepruedl B3auMOJENCTBUA KOHQUTypa-
mun (W) ¢ @(Z* — W), paccmarpuBaeMoii Kak T'paHHY-
Hoe ycioBue. B cryuae xommaxtHoro @ mpm celaHHOM
BBINIE TPEJINONOKEHNN HTA BEIWYMHA BCETAAa KOHEYHA.
Ecaun papuyc B3aumopeiictBus R KoHedeH, TO B IOCIe HeR
CyMMe YuYacTBYIOT IIONMHOKeCTBA, oTcrodAmmue or W Ha
paccrosHme, He TmpeBocxofamee K. B obmeMm ciyuae cum-
taeM, urto BemmumHa H(@p(W)|@(Z* — W)) oupenenena,
ecau oOTBevamInumii eit psaj cxomuresi abcoiiotHO. Be-
IMUUHEY

H (9 W)+ H (¢ (W) |9 (Z* —W))

OyJeM Ha3bBaTh NOJNHOH sHeprumeil Kouurypamuu ¢(W)
npu rpanmuHoM yceaosuu @(Z° — W).
Mo Gymem paccmaTpuBaTh (OPMAIBHBIL DAL

H(p) = ZdS(CP V) = EdU(qJ (@); 9 (), y+~2),

vCZz xeZ

Ijle CyMMHUpPOBaHWe IPOMCXOJUT 10 BCEM HEIYCTHIM KOHed -
HLIM TOAMHOKecTBaM V. ITOT DsAj Ha3blBaeTCs TaMUIb-
TonnaHoM. Ero Hemb3s HM B KaKOM CMbICIEe DPacCMaTpH-
BaTh KaKk (YHKIMI0O Ha ITPOCTpaHCTBe {2, HO, K CYACTHIO,
9To 1 He ToHamoOurca. st Hac CyIIEeCTBEHHO, YTO ¢ IO-
mompio H momno naxomuts H(p(W)) u H(p(W)le(Z! —
—W)). Uacro rakske UMEIOT  CMBICI  Da3HOCTH
H(¢p') — H(gp"”) naa womdurypauumit ¢’, ¢”, coBmajgaio-
X IHOYTH BCIOAY, T. €. BCIOLY, KPoMe KOHEYHOTO YHCIa
TOYEK.

I'pynnel cummerpuu 2amuabToruana. BechMa BayKabIM
AIA MHOTHX HpPUMEPOB U IPUIOKEHUA TEOPUH SIBIAETCA
IMOHATHE TPYNIbBl CHMMETPHY IaMHJIbTOHHAHA. Mbl HauHEM
€ HECKOJIHKUX IPHMEPOB.
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Iycrs {7¥, y = Z°} — rpynna mpocTPaHCTBEHHEIX CABH-
rop B mpocrpancte Q, T. e. (FUp)(z) =¢(r—y). Ta-
muwibronnan H(@) HaspBaeTCA TPAHCIAMOHHO-HHBApU-
antabM, ecin H(q) = H(T'p) npu Beex y = Z%, 1. e. ecin
S(p(V)) =3((T%9)(V+y)). Unbmu cuoBamu, (PyHKIUA
3(@(V)) onumakoBa [usA IMOAMHOKeCTB V, IOIyYaOIUXCA
IpYyT U3 ApyTra CABUTOM IO pellleTKe. B ciydae GMHApPHOTO
B3aUMOJIeiiCTBUs TPAHCIANMOHHAS HHBAPHAHTHOCTH O3HA-
qaer, uro Buj gynrmun 3(¢(z’), ¢(z”)) s3aBucur TOIBKO
or pasmoctu " —z’.

B oGumem cayuae nycrs Z%— moprpynna Z? xomeuHOTO
maperca u TV, y = Z3} — orpevaromas eii moarpymma
IPYIIbl IPOCTPAHCTBEHHBIX CABUroB. ['amuisroHman H
HA3BIBAETCH IepHOfMYecKuM (Toumee,  Zg -mepuosmrie-
cxum), ecan H(g) = H(T') npu Beex y < Z3. Bro 03-
Havaer, 4T0 mnpu QurcupoBaHEOM V BuR QYHKIUH
3(p(V +y)) saBmcur or Kiacca CMEKHOCTH Yy IO IOJA-
rpyiie Zg.

Jomycrum Temeph, uTo HA mpocTpaHcrBe 3Hauenuit @
neiictsyer rpymna G. Ilpomomsxum »T10 meiicTBme Ha BCe
Q, nonoxus (g@)(z) = gp(z) mua mxwoboro g € G. Haszo-
BeM ramuibToHuan H G-wnBapuautHbiM, eciu H(gg) =
= H(¢) pua mob6oro g € G, 1. e.

Sle(V) = 3(ge) (V).
IIpumep 1. @ ={—1, 1}. dror mpumep sBusIETCA
ocHOBHBIM. I'pynma G cOCTOMT W3 [BYX DJIEMEHTOB: TOJK-

JIeCTBEHHOTO OTOOPAsKeHUs e M CHMMETPUH g = —@, T. €.
(go)(z) = —@(z) mua moGoro z. Takas cuMMeTpus da-
cTo HasmBaeTcs «ty-cummerpueil. Eciu @ = —® < RY,

T0 JM000 TaMUIBTOHMAH ¢ OWHAPHBIM B3amMojeiicTBHEM

BUJIA
H(p) =23 @@, 2") 9 )¢ )
G-uHBapUaHTEH.

Mpumep 2. Ilycrs @ =S!' u G — abexesa rpymma
ppamenuii okpyskHOCcTH. Toil e OykBoil oGosHauum feii-
creue G ma Q. Torga rammasronman H(g) = X9 (2,
z”)(p(z’), @(z”)) Gymer oueBujmHo, G-MHBAPUAHTHBIM.

Beemem Temepn oOuiee ompefenenue. Ilycrs G — rtomo-
JormuecKas TPyIIa, AeNCTBYIONas M3MePUMBIM 00pasoM
Ha mpocrpauncree D. ITO 03HAUaeT, UTO IIA TI060H H3Me-
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pumoii pynrnum f ma @ pymrmua f(gp) ecth ma3MepuMas
¢ymEKnua Ha mpsaMoM mpoussefeHun G X Q.

Paccmorpum rpynny G mpeoGpasoBaHmi IPOCTPAHCTBA
Q, rae oTmeapHOe mpeobpasoBaHue g € G 3ajaeTcs TOYKOI
z< 7' u G-3mavnoit pymknueir g(y), ompenenennoir ma Z°.
IIpeoGpasoBarme g = (z, g(y)) mefictByer Ha KoEGuUIypa-
mo ¢ mo gopuyre: (g9)(z) = glz)glz —2), z = Z*,
3aKOH KOMIOSMLMH TAKHX IPeoGpa3oBaHUil MMeeT BUJ

(z, g(y) o (2", g'(y)) =(z+ 2", g(y)g’(y — 2)).

~

B G MOKXHO BBECTH eCTECTBEHHYI0 TOIIOJIOTUIO, TpH
KOTOpO# OHA CTaHET 'rononornqgglcoﬁ rpynmoi. BA aroi
TONOJIOTUH IOCIEeIOBATENBHOCTE &n = (25, £a(y)) &G cxo-
mutcsa K saementy g = (2, g(y)), ecim cymecTByeT Takoe
N, uro 2z, =2z npu Bcex n>N m g.(y) cxogmrca mpm
n — o x g(y) paBEOMepHO 1o ¥ = Z°,

HAas mwoGoro xomewnoro moxmHOkectsa V m mpeoGpa-

sopaHuA g = (2, g) &G BemoNHAETCA OYEBHAHOE pa-
BEHCTBO:

G (V) = (), y= V) =
=(gWoly —2), yV)=gz+yely), yesV —2).

OGosmaumm mociefHee Bripasenme uepes go(V — z).
Oopegen eame 1.1. Ilycrs S — samrEyTas mop-

rpymna rpynnsl G. Ilorenmuman H(g) maseiBaerca S-maBa-

puaETHEIM, ecmn s moGoro g = (z, g) €8, mwboro Ko-

HEYHOTO0 IIOAMHOKecTBA V u 000l KoHQHUrypamuu
¢ € Q BHIOIHSETCA PaBEHCTBO

S(@(V)) = S((gg)(V — 2)).
Hume MBI IpUBEeM npuMepsl raMUJIbTOHHUAHOB C pas-
HOOOpasHEIMU TPYHOIAMA CHMMeTPHH.

§ 2. IlpuMepH raMUIHLTOHNAHOB

1. Odnomeprnvie yenu Maprosa. Ilycre Q ects mpo-
CTPaHCTBO peanusanuii KomeuHOil memum MapwxoBa ¢ r co-
CTOAHMAMH, T. e. MHOecrBo sHaueHuit @ cocrour us r
sIeMeHToB, a P — Mepa B Q, oTBevUaNIaA CTAlMOHADHOR
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menu MaproBa ¢ Marpumeil BeposaTHocTeil mepexoma II =
=zl @ crammomapmeiM pacnpenenenmem = {m;, ...
..., ;). OrpaEmYnEMCA JUIA IPOCTOTHL CIIyuaeM, KOT[a BCe
n; >0, OMna V=_(k k+1, k + m) BeposrHOCTH IIO-
6oit womurypamun (V) = (cp(k) plk+1), ..., o+
+ m)) pasma

(k) Top(r)ok+1) " To(r+1)p(h+2) * + + » * Nor+-m—1)p(rtm) =
R+m~1
= exp {ln Tgr) + a.% In ﬂq»(i)w+1)]-

BBeJIeM TaMIWJIbTOHHAH
=00

H(p)=— . =2_°_ 1n Sgei)p(i+1)

Oynrmua 3(@(V)) B sToM mpuMepe OTIMYHA OT HYJIA
TONBKO B ToM ciaydae, Korma V = (i, i+1) = S(g(i),
@i+ 1)) = —In Me(sypt41). Hammcaumsii raMuIbTOHHAH
€CTEeCTBEHHO CYATATh TaMHJIBTOHHAHOM mem: Mapkosa.
2. d-mepras modeav Hsuneza. Ilycts mpoctpamcrso @
3Haqe1mﬁ nepeMeEHBIX @(Z) cocTomT U3 JBYX TOYER
® = (1, —1). PacemorpuM ramunsromuman H, mas xoro-
poro S((p(V)) PaBHO HYJI0 BO BCeX CIy4YaAX, KPOMe
=(z, y), lz—yl=1, o B srOoM ciyqae S(p(V)) =
=.9’cp(a:)q)(y) T. €.

H=9 2  o(@o(@).
(x,9) : llx—yll=1

CucreMa ¢ TaKMM raMUJIbTOHHAHOM HA3BIBAeTCA (-MepHOI
Mmomensio Msumra (¢ HyldeBoIM BHeIIHEM nojem). Illpm
J < 0 oma HassiBaercsa (PeppOMATHHTHOR Mopeanio VzuH-
ra, a mpu J >0 — anTudeppoMarautroii. IIpmunHsr mus
TaKUX HasBaHuWi OYAyT AcHH mosgHee. laMmibpToHmam H
TPAHCIANOHHO-MHBAPUAHTEH W MONYCKAET eme TIpynmy
cumMerpun Zy, COCTOAMYIO U3 [BYX DJIeMEHTOB: € — TOM-
HEeCTBEHHOr0 Ipeo0pasoBaHUA W CHMMETPUM g, IPH KOTO-
poit (gg)(z) =—o@(x). 9ra rpynma um ectb ymOMsHyTas
BBHIIIE TPYOIA «=»-CHMMeTpPHUH.

Mopensio MsmHra ¢ BHemHEM IojeM F Ha3BIBaeTCA
MOJeNIb ¢ TaMWJIBTOHMAHOM

H=9 X cp(x)cpy)+h2cp

Ix—yli=1 xczd
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B sroM crydae raMsIbTOHHMAH TOMBKO TPAHCIANUOHHO-
MHBAPHAHTEH.

3. XY-modeav. Ilycrs d =2, a mpocTpaHCTBO 3HAYe-
auit @ mpefcraBasier coGoit OOLIYHYI0 OKpYKHOCTH S'.
Yno6HO npexcraBaATh cebe KoH(UTypamuio ¢ B BHE
feckoHeYHOro Habopa eJUHMYHBIX BEKTOPOB, BBIXOAIINX
U3 Kakmoil Touku z pemerkn Z°, m mox ¢(r) mommMaTh
yroax, o6pa3oBaHHBIH BEKTOPOM, BBIXOJAIMM U3 TOYKH T,
C IOJOKUTEIbHEIM HAINPABIEHNEM TOPU30HTAIBLHON OCH
koopauHaT, —n < @(z) <m. Bo3bMem Kakyw0-1u00o uer-
mylo ¢yukuuio U(g), onpenerennyio ma S', u paccMoTpum
raMUIbTOHUAH

H= 23 U@ —o@).
(x,9): lx—yll=1
Hemocpepcrsenno XY-mofiens 1modyuaercs B clIyuae
U(p) =cos . Boupmoit uHTepec IpefcTaBIAeT TaK:Ke
Moftenb, mas Kortopoit Ulg) mpomopumonanbua morapudmy
0-dyuruun, rae

00 oo
0 () = e .6 — const. 3| o=@ 2™?,
—o00

-—00

Famnasromman H, oueBWjHO, TpaHCIANMOHHO-HHBADH-
anreH. Kpome Toro, oH MHBApMAHTEH OTHOCHTENHLHO TPYI-
usr S', re gas ao6oro g € S mmeem (go)(z) = plz) + g.
Cunmraercs, uro g — uneio, 0 < g < 2m, a claoKeHHe IO-
. HUMaeTcsA mo Momywdio 2m. PaccmarpumBaeMas Mofedb ecThb
IpocTefilmas MoJedb ¢ HeIPEPHIBHOW TPYIIION CHMMETPH.

4. Kaaccuueckuii porarop. Ilyers d = 1 mpousBodnHO,
a mpocrpanctBo sHaueHmit @ ectp m-mepHas cdepa,
@ = S™. KiaccuuecKuM pOTATODPOM. HABEIBAETCS MOJEIb

¢ ramuabTonnagoMm H =9 " 2" . (9 (2), @ (y)).Taroii ra-
X—y||=
MUIbTOHWAH WHBaPHAHTEH OTHOCHTEXbHO rpynmbl O(n),
rme maa amioboro g < O(n) momaraem (go)(z) = go(z).
5. Peweruaroe noae Anea — Muaaca. Paccmorpum
opu d = 2 BMecTo pemreTkn Z® MHOMKECTBO, BIeMeHTaAMM
KOTOPOTO ABIAIOTCA OPUEHTHPOBAHHEIE peGpa pemrerku Z°
miunen 1. Kampoe Takoe peGpo ! sajaercs ymopsamoueH-
Ho#t mapoit I = (z, y), £ — HavambHAA, a J — KOHEYHAs
TouKE pebpa. Ilox Touroit —! GypmeM mommmaTh ymopsmo-
4yeHHYI0 mapy (y, ). B kauecrBe mpocTpaHCTBA 3HAYEHWI
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@ sposemem rpymmy SO(r). PaccMorpuM mpocTpaHCTBO
rondurypamuit ¢ = {@(l)}, ymoBmeTBOpAOIUX YycCIOBHIO
@(—10) = ¢~'(I) upu Bcex !. Tammmprommamom SImra —
Musmca HasbIBaeTCs raMUIETOHHAH

H= Z Tr (¢ (4, L) P (T2, T3) @ (23, T) @ (24, 2y)),

Ie Z,, g, %3, T4 — HA0Op BepIINH OJHON JBYMepHOX
AUefiKM MCXONHON peImeTKN, TaK YTO Iy —> Ly —> T3—>=Ty
ecThb 00X07 AUefiKM B IIOJOKUTEIBHOM HAIpPaBIeHNH,
a CyMMHpOBaHHWE NPOUCXOJUT IO BCEM TAKAM SYeiiKaM.
B mocmegHeM cooTHOMEHMM BMECTO 1T MOKHO B3fATH IIPO-
UBBOIBHEI xapakTep rpymnsr SO(n).

Tamunprorunar Hura — Mmmica ob6magaer oyeHb Oora-
TOlt Tpymmoit cuMmmerpum. A mmenmo, myers g = {g(x)} —
OpousBoIbHAA (PYHKIUA Ha pemeTke Z° co 3HAYEHUAMI
B rpymme SO(n). Monoskum pus | = (z, y)

(gp) () = g~ U x)p(D)g(y).

Torma wammoe caaraemoe B (popmyme mis H, a Bmecre
¢ HUM ¥ Bech TaMIJIBLTOHMAH COXPAHATCHA IPU JIEHCTBUU g.
Taxum oOpasoM, H uHBapmaHTeH OTHOCHTEIBHO TIPYIIEI

Hd SO (n) (z).

=y
ITonma Aura — Muiica ecrecTBeHHO IIPEACTABIATEH ce-

Oe caemyromuMm obpasoM. IlycTh B KasKmoit ToukKe permrer-
ku Z® mMeeTcss n-MepHOe eBRKIAMIOBO mpocTpamctso R™(x).
Bynem pacematpusats @(l), I = (2, y) rax mpeoGpasosa-
HIe, ycTaHaBIHUBalomee u3oMerpuio mpocrpancts R™(z) u
R"(y), a Bco xondurypanuio ¢ ={ ¢(l)} Kar «cBaA3HOCTEHY
BO BCEM MHOMKeCTBe HTuX IpocTpaHcTB. lammiabronuman H
He MeHsgercs, ecau aioGoe mpocrpanctso R™(r) mopsepr-
HyTh aBTOMOpuUsMy, ImopoKpaemomy saementoM g(I).

§ 3. Ilpeneasusie pacupegerenns I'nooca

ITycrs mam rammabrorman H, n goa gaxmoro V Ha mpo-
crpancTBe Komdurypaunit ¢(V) ompefenena mepa, ABIAIO-
mascsa OpPSAMEIM IpOU3BeleHreM MepHl X Ha IIPOCTPAHCTBE
@. Mepa ¥ He o6azaTenbno HOpMupoBaHHAaA. [{asa mioGoro
KOHEYHOTO MHOKecTBa V paccMOTPUM TaKylo KoHQHUTypa-
muio @(Z¢ — V), uro H(p(V)lep(Z* —V)) xomeuno mia



18 TIIPEJEJILHEIE PACHOPENEJIEHNS THBBCA [TV 1

a06oit kordurypanun ¢(V) n xomeuer mHTErpal

E={expl—H@W)—H(eW) 0 (2 —V))x
xIT ax(e ). .1

9TOT WHTerpa; HA3HIBAETCA CTATHCTHYECKOH CYMMOI.
Onpegenmernne 1.2. VcuoBEBIM pacmpefeleHEEM
T'm66ca B o6semMe V mpm rpammumoM yciaosmm @(Z' — V)
Ha3bBIBAaeTCA pacIpefielleHne BePOATHOCTeH HA MPOCTPAaH-
cree Q(V) romdurypamuit ¢(V), mrorHOCTH KOTOPOTO IO

Mepe H dy (o (s)) mmeer Bupx
sEV

ploMep(Z? —V)) =E-lexp {—Hy(g)}, (1.2)
Hy(p) = H(p(V)) + H(p(V)|p(Z* — V)).

B cayuae KoHewHOro pagmyca B3aHMOJEHCTBHA WM
KOMIakTHOro mpocrtpaHcTBa @ 9Heprua KoHQHUTypamuu @
B o6beme V Hy(p) mMeer cMuica mia soboit Kordurypa-
mun {p(z), z=Z} = Q.

Ilyers Vi =V, u pannt xordurypanmm @(Vy), (Ve —
— V1), ¢(Z* —Vy). Us onpenenenna 1.2 memocpescTBen-
HO BBITEKAaeT:

d4_
plo]e(z'—7))=- (: Ei:igvl:)p [(: @ I12)122)) ’

Tle 3HaMeHaTeJIb PaBeH UHTerpamy

fplemle(z —7) II ax(e ().

3aMeTHM, YTO TAKOMY Ke PABEHCTBY YMOBIETBOPAIOT IOU-
TH BcIOAy ycaosHsie BepoarHoctr plo(V)lg(Z* — V),
OTBeJAIOmHUe JIOGOMY pacumpefleleHHI0 BeposTHOCTeH P
Ha Q. )

Cruenyiomee ompefieleHHe SABIAETCA IEHTPAIbHBIM OI-
pefieleEMeM Bceil TeOpHH.

Onpenmenenme 1.3. Pacmpenenenme BeposATHO-
creir P ma mpocTpaHCTBe {2 Ha3bHIBaeTCA MpPEMeNbHBIM pac-
mpefieerneM ['m6Gca, OTBEYAIOINMM TaMHJILTOHHAHY H,
ecnn s moGoro KomeaHoro V < Z°
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1) MEO:KecTBO Tex KoHPUrypamuil ¢ € Q, mIA KOTOPHIX
romeurnl H(@(V)l@(Z* —V)), E {em. (1.1)), mumeer
P-peposraocTs 1;

2) ¢ P-BepositHOCTBIO 1 WEHIYHMUPOBAHHOE paclpeele-
BueM P ycaoBHoe pacmpepenerue ma Q(V) npm durcupo-
BaHHOM rpaEmuHOM yciaosunm @(Z* — V) aGcomorHO He-

IIPEPHIBHO OTHOCHUTENBHO MEpHI II dx (@ (5)) = ero muor-
sV
HOCTb OTHOCHTEIBLHO BTOH MepHl paBHA
ple|e(z'—7)) =
_xp{—Hy @)} exp{—H (@) —H (e ]|o(z!—V))}
, = = 5 .

(1.3)

NabiMu cioBamu, ¢ P-sepostHocThi0 1 5TO ycioBHOE pac-
mpejielleHAe ABJIAETCA YCIOBHBLIM pacmpefeneEneM I'mb6ca
npu rpaEmYEOM yciaosum Q(ZY — V).

Ecin @ womMmakTHO, pagumyc B3aEMOJEHCTBAA KOHEUYEH
n Bce Qynrmun I(@(V)) mempepmBrsi, 10 (1.1)—(1.3)
AMEIT CMBICH Ui BeAkoit Komgurypamum @(Z° — V).
B 10 xe BpeMs o0mas Teopus BepOATHOCTeHl rapaHTHPYeT
CyIIeCTBOBAaHME YCIOBHBIX BEPOATHOCTEH JHIOb HOYTH
Beiony. Taxum obpasoM, ompemenerume 1.3) tpeGyer, 4TO-
OBl BBHIpaJKeHHE, OIpeJeJeHHOe IOYTH BCIOALY, COBIAMAJIO0
¢ BHIpaKeHHEM, OIpeJeleHHBIM BCIOLY. ITO 006CTOATEND-
CTBO CBS3aHO C TeM, 4TO TEOPHSI MEPH BCEIAA CTPOUTCSA
«C TOYHOCTBIO {0 MHOKecTB Mephl 0».

OcmoBmasa mpoGieMa pPAaBHOBECHOH CTATHCTHYECKOH
(UMK — ommcaTh A [AHHOTO TAMEJILTOHHAHA BCE OT-
BevyaoIe eMy IpejelbHbe pacupefenenus I'mGoca. ITa
mpo6iieMa MOMHOCTHI0 pEIIAeTCs JUIMb B OTHENBHBIX
CpaBHHTEJNBHO IpocThIX ciydasx. Ilo cymecTBy, Bce moc-
Jeyiomiee COfiepKaHNe KHUTH IOCBAMIEHO H3JI0KEHNUIO Ps-
714 M3BECTHHIX CTPOTMX Pe3yIbTAaTOB, OTHOCAIUXCHA K DTOH
mpobieMe.

Onpepenenna 1.2, 1.3 momyckamT ecrecTBeHHOE pac-
muperune. IlycTs po — IpomsBoIbHAA BEPOATHOCTHAA Mepa
ma mpoctpanctse Q. s mioGoro KOHeYHOro MHOKecTBa V
BBejieM yCIOBHBEIe pacmpenenenus po(-l@(Zé — V), sapan-
mele Ha mpoctpaHctBe Komurypammi Q(V). Omars-raxm
STH pachpelelleEHsl ONpPe[eleHBl TOIBKO o-II0YTH BCIOAY.
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Ho MBI TIpejoIo;KIM, 9TO HX MOJKHO OIIPeiellITh BCIOAY,
U Tpu STOM [uia Jo0bix KoHewnmbix Vi < Vo Gyner Beimos-
HEeIo pPaBeHCTBO

g Mo (C1 [o (Zd - Vl)) dig ((P Ve—V)le (Zd - Vz)) =
2 = Mo (Clxczl(P(Zd_ V,)).

3necs C), Cy — mpousBoJbHbIE W3MEPUMBIE ITOIMHOKE-
crea B mpocrpauctBax Q(Vy), Q(Vy) coorBercrBemHo,
duole(Vy — V) I@(Z* — V,)) — ycnoBHOe pacupefelieHne
BepoaTHocTeit Ha Komdurypamuax (Ve — V() mpn Pux-
cupoBarnoit Komduryparmun @(Z* — Vy).

Paccmorpum remeps Bmecro (1.1), (1.2)

(¢ (2 — V)= [exp(— H (o V)9 (2°—V)) —
—H (@) dy, (e M9 (2°—7V)), (1.1

oM pZ* —V)) =Elexp {—Hy ()} (1.27)
7 YCIOBHBIE pacIpefieleHnsI Ha IIPOCTPAHCTBAX KOHEQUTY-
pamuit @(V), aGcoloTHO HelpepHIBHBIE OTHOCHTENHHO
pol-lp(Z* — V)), mmorroCTs KOTOPHIX TO pol-lQ(Z* — V)
pasua (1.2°). Temeph ecTeCTBEHHO BBeCTH CJeIyloliee
ompefeJieHue.

Onpenmenenune 1.3". IlpemenbuniM pacmpejeneHu-
em I'm60ca, mocrpoeHHBIM mo ramMuibroHuany H u mepe
Mo, HasplBaeTcA paclpefiesieHne BeposTHOcTedl P, mis wo-
TOPOr0 WHAYLIHPOBAHHBIE YCIOBHHIE BEPOSTHOCTH IIOYTH
BCIO/Ly a0COMIOTHO HENMpPepPLIBHBI OTHOCHTENbHO Mol | p(Z* —
—V)) u wnornocrs mo pol(-lp(Z* — V)) pasma (1.2°).

B rauecTBe MepBl Wy MOKHO B3ATH IIpeJlelIbHBIC pac-
npenenenns ['uG0ca, orBeuaioliue IOTEHIUAIY ¢ KOHEY-
HBIM paguycoMm Bsaumoneiictsus. Ilo cymectsy, ompepeie-
mua 1.3, 1.3" yrassiBaioT ecTecTBeHHBII cmocol mepexoaa
OT OJHOI BepPOSATHOCTHOH MepHl K APYTOIl.

Ilpedeavnuvie pacnpedeaenus I'uGbca w epynnvl cuM-
merpuu eamusvroruara. Ilyers S — rpynma cumMeTpum
ravunbsronuana f. llpemgmomomxum, uro Mepa o Tamke
HHBapuaHTHA OTHOCHTENbHO rpynmsl S. B rakom ciyuae
IIPH HEKOTOPHIX ECTEeCTBeHHBIX [OIONHUTENBHBIX IIPEJIIo-
JOKeIKAX rpymma S JeificTByeT U Ha MHOMKeCTBE Mpejelb-
HEIX pacmpenesenuii I'm66ca. Taxkum oGpasoMm, Bce MHO-
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3KeCTBO MpeflelbHBIX pacupefeneHuit I'mGGca pacmajgaercs
Ha OpOUTH TPYIIEL

Ilepuoduueckue epanuunsvie ycaosusa. Bo muorux sama-
Yax 4acTo BO3HHKAeT IOTpeGHOCTh paccMaTpuBaTh pac-
npefenenus I'n60ca ¢ mepUOAUYECKUMU TPAHUYHBIMU yC-
nosusamu. IToxaeM, Kak CTPOATCA TaKude pacHpefielieHusd.
BospMeM d-MepHBIA NPAMOYTOABHUK V, OXHON W3 BepIINH
roroporo cayskut touka 0= (0, ..., 0) pemerxu. Torma
V MoHO paccMaTpHBaThH KaK (byH,aneHTaJIbHLm psMO-
JTOJIHHUK HEKOTOPOH MOATPYIIIEL Zic 7% gomeunoro
uHAEeKca. PaccMoTpuM —mepuofudecKue KOHQUTYpanuu
¢ = {op(z), x=Z%} ¢ nepuomom V. [lna stux romdurypa-
muit T'¢ = ¢ ;s moboro te Zy, Toremmuman Ulg(z);
o(y), y#* z) B cayuae Zg—nepnonuqecmﬁ Kou@urypa-
nuu ¢ Oynmer Zg -IepPHONUIEeCKONl (YHKIMEeNl Ha pemIeTKe.
Pacupenenenuem I'u66ca B 00beme V ¢ mepuoguiecKUMU
IPAHNYHBIMA YCIOBHSIMH HA3HIBAETCA pACIpPENeleHHE Be-

. d
posATHOCTell Ha mpocrpancTBe Zg -epUOAMYECKUX KOHPHU-
rypanu#i, g KOTOpPOTO IJIOTHOCTL II0 Mepe H dy (9 (s))

sV

paBHA

B exp {— 2 U@@); 9w, yséx)},

x€V

E — HOpPMUDYOITUH MHOKUTENE:

E=§exp{ ZU )i @ (1), ya&x}ﬂ dy (@ (9)).

IIpemmomaraercs, uro E << oo,

Cs0600nble epanuunble ycaosus. Jacro paccMaTpuBa-
10TCA TaK:Ke pacupenenenus I'm66ca B o0veMe V mpu Tak
HA3BIBAEMBIX CBOOOJHBIX IpaHUYHBIX ycaoBusax. 1lomg stum
[MOJIpa3yMeBalOTCsI paclipefieIeHUsA BePOATHOCTe HA IIPoO-
crpanctBax Q(V), 1IOTHOCTH KOTOpHIX 1O  Mepe

IIV dy, (¢ (s)) umeer Bug E-! exp {—H(p(V))}.
se

ITpenenbusie pacupefenenus 'mG0ca cTpoATCA € IIO-
MOINbI0 TAMUJIBTOHMAHOB HJIM IOPOTAIIUX HX IOTEH-
muanoB. Taxum o0pasoM, TraMHIBTOHHAHBI €CTECTBEHHO
paccMaTpuBaTh KaK mapaMeTpHl, 3ajapollue IpefelbHbIE
pacupejenenua ['m60ca. T mapaMeTpPhl JOCTATOYHO IIPO-
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CTHI, M 3ajjaya TEOPHM IpeleNbHBIX ruOOCOBCKEX pacmpe-
felleHWiT MoskeT GBITH cPOpMyNIMpOBaHA KaK 3ajfada H3Y-
yeHHUSA CBOHMCTB CTPOAINUXCS BEPOATHOCTHBIX pacipepele-
HEA KaK QYHKOUI OT raMHJIBTOHHAHOB.

§ 4. Ilpumepst

1. Ilenu Maprosa kax npedeavHbie pacnpedeseHUs
TI'u66ca. TaMuapronnan, orsevanmuii merun Mapxosa, 6bLI
yiKe ommcaH paHee. Bo3pbMeM B KadecTBe MepHl ) Mepy
Beprymiu, npun wortopoit BeposaTHOCTH TI000TO 3HAUEHUA
@(z) pasma 1/r (r — obigee 4mcio cocrosumit). Torga cra-
nuonapHas umemb MapkoBa GygeT mpefelbHEIM pacmpefe-
nenueM I'm66ca. OGwrunyio spropmueckyio Teopemy Map-
KOBA MOJKHO IepeOpMyImpoBaTh TaK, YT0 U3 Hee OyaeT
CIeIOBATH EIMHCTBEHHOCTH LPEJEIbHOr0 paclpejelleHns
T'u66ca B arom cayuae.

2. Cucremvt ¢ komeunvim paduycom 63aumoldelicTeus
KQK MApKO8CEUE NOASA ¢ MHOZOMEeDHBIM gpemenem. Eciam
paguyc BsamMofelcTBUA TaMwibToHWAHA /I KoHeYeH H
@ — KoHeYHOe MHOMKECTBO, TO YCIOBHEIE BEPOATHOCTU
(1.2) ompememenst Bciomy. Dopmyasr (1.2) morassiBamor,
4TO yCJaOBHAS BepoATHOCTh KoHGuryparmum (V) saBucur
He oT Beeit Komdurypanuu ¢(Z* — V), a qmums or xoudu-
rypanuu B R-OKpecTHOCTH TpaHUIE], @ — pajuyc B3am-
MopeficTBuA. Taxmm o00pasoM, mpefielbHble paclpeseleHns
T'm66ca mas rakux raMmIBTOHMANOB MOKHO PaccMaTpPHBATh
KAk MapKOBCKHe TI0Jsi maMaTh R ¢ MHOTOMEDPHBIM BpeMe-
meM. Teopusa Takux moneit mpnm d > 1 cymiecTBenno orin-
yaercsa or Teopunm mpu d =1, T. e. OT TeopuUU CJIOKHBIX
nemeit Mapxosa mamarn R. B cuegyiomein rimase Gymer
mMOKasaHo, uTo 1pu d>>1 BO MHOIEX eCTECTBEHHBIX CIy-
4asgX OMHOMY TaMHJIBTOHUAHY OTBEUAET HECKONLKO IIpe-
JleTbHBIX paclpefenernuii ['mb66ca.

3. I'ayccoscrue crayuonapnele noas Kak npedeavible
pacnpedenenus I'ubbca. PaccMoTpuM rayccoBCKOE ¢Taruo-
HapHOe ciyvaitmoe mode ma d-mepHoii pemrerre Z°. ITpo-
CTPAHCTBO peajmsarnuilt Q TAaKOro mOJA ¢ IPUHSTON 3/eCh
TOYKH 3PEHUA COCTOUT U3 OECKOMEYHBIX KOHQUIypammit
¢ ={g(x), z=Z%, rme oraeavuas mnepemenHas o(z)
TIPUHHMAET TPOM3BOJbHEE JIENCTBUTEIbHbIE 3HAYEHNA.
T'ayccoBckoe pacmpepenenue BeposrTHOCTEH Pg B Q — 3T0
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Takoe pacmpejeleHue, [P KOTOpoM JioGoit HaGop
{op(z1), ..., @(z,)} momummen r-MepHOMy TrayccOBCKOMY
pacupenenennio. Msr  mpegmonoskuMm, uro Eq(z) =0,
Eq(z)9(y) =b(e—y) = [exp{2ni(h, z—y)}p(h)dh.
@Oyuxnua p(A) ecTh CIEKTpalbHAA INIOTHOCTH TAyCCOBCKO-
ro pacmopepmenennss Pg. Oma HeoTpumaTenbHa, H
(o) ar<oo.

ITpenmonossum, uro 1/p(A) — mempepsisHas Qymrnua
Ha [0, 1] ¢ aGcomorno cxomamumes pamom Dypse, T. e.

ﬁ) = 2 a (z) exp {— 2ni (A, z)},

A= 3 |a(a)|<oo.

xezd

Teopema 1.1. Tayccocroe pacupenenennme Pg sB-
JseTcsa IpelelbHBIM pacipeneieHEmeM I'mGGca, oTBeuaro-
UM TaMUJIBTOHHAHY

=z YelE—pe@ew) (1.4)

IpmueM Mepoii ¥ cayuT neferosa Mepa Ha IPAMOIL.
HorxaszarenscTrBo. DuKcmpyeM KOHEYHOE MOJ-
MHO;kecTBO V = Z° w mua wampmoro t<Z! paccMorpEM

pag ()= a(t—y) o (y). dror pax cxoaurca B

yezd-vy
22(Q, &, P;), nockoabKy (OpMaibHOe BHIPAMKEHHE I
EpPt)= X a(t—y)aet—y)bly—u)
B A

KOHEYHO, TaK KaK

D lat—y)at—y)bly —y) <

V1 ,y2€Zd

<b(O0) 2 lat—y)|le—yy)|<b(0) 42

Y1,YoEZ

CrnemoBarensuo, {(f) MOMHO paccMaTpHBaTh KaK rayccoB-
CKUe CIyualiHple BeJIMYWHBI, KOHEYHBIE ¢ BEPOATHOCTHIO 1.
3aMeTHM, dYTO B TIayCCOBCKOM CIydae H3 YCJIOBHSA
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2|a(x)|< 0O BBHITEKAeT, 4YTO PANS, OIpeJelsIoNue
P(t), cxomarcst ¢ BepoaTHOCTHIO 1.

Ilna upepenpHOTO Ppacupenenenus I'u66ca, oTBedaio-
mero ramuabronuany (1.4), WIOTHOCTH YCIOBHOTO pacipe-
menenus @(V) npm ¢urcuposammmix @(z), z€Z' —V
nMeeT BUJ

exp{—é[ N ae—noe@em+2 cp(xw(x)]}

x, eV xesV

E ()
— const-exp {— 5 (B (@ + B), (0 -+ B)),  (L5)

T. €. SBIAETCA MHOTOMEPHBIM TayCCOBCKUM pacIIpeeeHu-
eM ¢ BeKTOPOM MareMaTHYecKux oskupganmit —B~lp, mart-
puna B = la(z — y)l, ,ov. Mpr mokaskem, 4TO ycIOBHOE
pacupenenenne nepeMenHblx @(z), z €V upum ¢urcmpo-
Bauubix @(y), y€Z' —V, orBeuaiomee TaycCOBCKOMY
pacupenenennio Pg, umeer Bup (1.5).

ITorasxem BHauawe, 4T0 ciydaiiusie Bemmumubsl @(z) +
+ (B~')(x), =V mesaucumsl (B cMbIce pacmpepeine-
Hug Pg) or Beex cayuwaiimeix Bemmuun @(y), yeZ' —V,
Tar xax B — HeBEHIpOKJCHHAA MaTpUIA, TO JOCTATOYHO
IPOBEPUTH HE3aBHCUMOCTE

(BY) (@) + ¥ (2) = X alz—1t) @ (t) +

tev
+ 2 a@—toet)= 2 alz—1)¢@).
tezd-v tezd

Nmeem ma mwoboro y = Z2¢ — V

E(Za@—to(t) 9y)=Da@—1t)b(t—y).

t

Iocmenuuit psax abCONIOTHO CXOAUTCA M, CIE0BATEdbHO,
on paBeH 8., Tak kag z=V, y=Z' —V, 10 8, =0.
13 [oKa3aHHOTO YTBEDKIEHUs BHITEKAET, YTO BEKTOD
—B~'4y ecTh BeKTOpP YCIOBHBIX MATEeMATHUECKUX OKIMA-
Huit cayuaitasix senmunH @(z), r &V npum ¢urcuposas-
uex @(y), yeZ*-—V.
OcraeTcsl IOKa3aTh, YTO MaTPUIA [UCIEPCHH BEKTOPA

¢’ = {plx) + (B-'P)(2), z=V}



§ 41 IIPYIMEPBIL 25

ects B!, Ilycrs
¢ =By ={3 a@z—y) oW +¥(@), c=V}=

yeV
={E a(z—y) o), er}-

yeZd

TpeGyemoe yTBepsK/IeHNE SKBHBAJIEHTHO TOMY, UTO MaT-
puma fucmepeuii Bexropa ¢ pasHa B. limeeM Ttemeps

Eq" (z)) @ (x2) =
= 2 a(x—Y) by —Ys) @Yy — x) =

v1.ype 2l

= 2 a(@—yy) 8y, = 0 (7 — 7).
yIEZd

Panp B mociegHeM BHIPasKeHHH CXOAATCA a0CONIOTHO, IIO-
3TOMY Bce Ipeo0pa3oBaHUA B3aKOHHEL Jrak, IOKa3aHO,
4TO0 MaTpuma AucIepcuit BekTopa ¢ ectb B m, Tem ca-
MBIM, MaTpuia aucuepcuii BexTopa ¢’ ectb B~!. Teopema
JOKa3aHa.

PacecMoTpenHbBI mpuMep MOY4YHTENEeH BO MHOTHX OTHO-
meruax. Bo-mepsrix, (1.5) mMeeT cMpca He i Bcex
rparmuBEBIX yeaosmit @(Z° — V), a Tombko mia Tex, rie
Bee P(x), z € V romeunsl. Bo-BTOpHIX, BO MHOTMX 3ajiayax
KBaHTOBOH TEOpUH IIONA M CTATUCTHYECKOH MeXaHUKH
BCTPEYAIOTCA KBA[PATHYHbIE TaMUJBTOHWAHB (raMHIBTO-
HUAHbl cBOGOHBIX IIOJ€li), W mepeMeHHbe (&) mpuHHMAa-
10T NPOU3BONbHbIE JelcTBUTENbHble 3HaueHusA. llpocreii-
M IIPEMEPOM TAKOTO TaMUJIBTOHHAHA CIYKUT TaMHIb-

trorman H = 5‘ ((v9)? 4- mig?) dz. Ero pemeruarsit
Rd
AHAJOT B CIydYae PEIIeTKH ¢ ITaroM h mMeeT BIJ

a
((an-c-)xi"[‘h,...,l‘ —Q(r,,..4 2
H=2 > (1 hzd) @ a)

xeh.zd Li=1

2.2 d

+ mo@ (x):lh .

31ech BHEIIHee CyMMHUpPOBaHWe IPOMCXOIUT IIO BCEM TOY-

KaM z = (21, ..., Z)) BUAA Z; = n;h, n; — nedble, —oo <
<n; <o, B pemeruaToM cirydae, Kax OBLIO IOKa3aHO,
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CpefU OTBEYANOIIUX TAKAM [aMUIBTOHUAHAM IIPEIeIbHBIX
pacupenenesnii 'mG6Gca HaxopmsATca cTammoHapHEIE Tayc-
COBCKHE pacIpejielle s,

4. Peweruarole modeau Osymeproll KEaHTOBOU TeOpUU
noas. Ilyers d = 2. PaccMoTpuM, Kak U B KOHIE Ipejbl-
AyIero mpumepa, pemerky hZ? ¢ maroMm k. 3mech ME
BOCIIOJIE3YEeMCS CIIOCO00M IOCTPOEHHA IPelelbHOTO pac-
opepenenns I'm60ca, onmcamEBIM B ompenenenu:m 1.3°.
A mMeHHO, BO3bMEM B KA4eCTBE MEPHI |l TAyCCOBCKOE CTa-
IOUOHADHOE pacupejielieHne ¢ HYJIeBHIM CDPEIHAM, OTBEYAI0-
mee TaMUILTOHUAHY

Hy=3 2 [(@ (@ 4 B, 2) — @ (2, 2))* +

+ (P (21, Ty + 1) — @ (3, 2,))2 + mI2Q? (2, 23)].

3neck = (z;, ;) mpoGeraer Toukm pemerkm hZ2. Ta-
munbroEmaH H, mMmeer paguyc BsaumopeiicTsusa h, m mo-
5TOMY OTBedYalOINWe €My YCIOBHBIE pacIpefeleHns
po(-l@(Z® — V)) onpemeneHs! BCIOAY U B3aBHCAT TOALKO OT
Touex MHOsKectBa Z' — V, orcroamux or V ma paccros-
mue, He mpeBocxofsamee h. IlosToMy Wy MOMHO HCIIONDB-
30BaTh JWIA HOCTPOEHUS C MOMONIBI0O HEr0 IIpeflelbHEIX
pacopepenernuit I'm66ca.

Orpmenvras ciywaiimas BeaumuumsEa ¢(z) momgummeHa ra-
YCCOBCKOMY paCHpefielIeHAI0 ¢ HYJIEBHIM CPeJHEM U JHC-
nepcueii g, ~ const - In 27!, Iaa mo6oro p > 1 o6osEagmM
uepes Gp(t) =1?+ ... oObruEEI monmmEOM DpMuTa Creme-
HA p, crapmuii KodpPUUEEeET KOTOPOro paBeH e/MHIUIE.
Yepes G3”(t) oGosmauuy monusom Dpmura of *G,(t/V 65) =
=1{?+ ... BeemeM raMmarToEmAH

H — 2,% D P (9 ),

=1 xchz?

@p — TOCTOAHHHE, a2 => (. B KBamTOBO# Teopum mousa wa-
h

cro mompayloTcs obosmauemmaMm Buka Gy (¢ (z)) =

= 19? (2)g,. CuMBox : ‘g, O3HAUAET, 4TO KOdPHHUIEEHTEI

[OJIMHOMOB OPMHTA CTPOATCS IO TayCCOBCKOMY pacmpefie-
ZeHmI0 ¢ pucmepcueit on. (Bomee moxpo6HO cBoiicTBa mO-
IHHOMOB JpMuTa 0GCY/KAANTCA B T 4.)
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IIpu uccmepgoBamuu Mopeneli [JByMepHO!I KBaHTOBOI
TEOPHU IIOJNS EeCTeCTBEHHO BO3HHMKAIOT IIpeflelIbHBIE pac-
npenerenus ['mb6ca, crposimimecs mpu IOMOI(U CBOGOTHO-
rO TOJIA Wy ¥ TaMWIbTOHHMAHA B3auMopeiicteua H®Y. Ec-
a1 ap = 0 mpW HeYeTHBIX p, TO TAaMWILTOHMAH O0GJIAAET
«=*y-cummerpueit. MokuO GbUIO GBI CTPOUTH Cpasy Ipe-
HelbHBe pachpeneilenus lu66Gca, Gepa B KadecTBe Y,
mpsMoe mpousBefeHne Mep Jlebera Ha mpsMoil, a B Kaue-
CTBe TaMUJIbTOHMAHA

H=Hy+ H,

@opmanbHBI TpeflenbHEEIl  mepexoq h — 0 mpuBogut
B 3TOM cjIydae K TaMIJIbTOHHAHAM HeIPePHBHBIX IIOJei
BH[A

H = “(ch,vcp)+moq> + A:P (¢): ) dzyday,

) = 2 ayQP.

p=1

Hosddunuent m, masbiBaeTca Maccoir CBOGONHOTO MM
roJIOro I0JIsI, A — KoHCTaHTa B3auMojeiicTsusa. CpoiicTBa
IpefelbHEIX pacmpefeleHuil I'mGGca saBucat or Gespas-
MepHOTO mapaMerpa A/mg.

5. IIpeobpasosanue Bepesuncrkozo XY-modeau. Ilycrs
V — npsMOyroMbHUK Ha IIOCKOCTH. PaccMoTpuM — misA
XY-momenu ¢ moremmuamom U pacupepenenue I'u66ca
B o6beMe V co CBOGOMHBIMU TPAHUYHBIME YCIOBUAMH «
C Mepoil yv B Buje IPAMOTO IpousBefleHUs Mep Xaapa.
Crarucrmueckas cyMMa B DTOM CJy4ae MMeeT BHJ,

g2={ I exn{-U@)—o@N ]I do) @16
floe? —ax7jj=1 x€V

CymecrBeHHEIT MOMEHT — (JopMa 3amUCH IOCIETHETO
mpousBefieHuss. bymeM cumrath, 49TO Ipou3Be/enue oeper-
ca mo HeymopsamoueHHBIM mapam (z’, z”), lz" — z” Il =1,
ompeeAnIIuM pedpo pemeTKu. Hpennono;{mM, uTO A
Ka’sKI0T0 TAakoro pebpa BrIOpama OpUeHTANMsS, M OPHEHTH-
poBaEHOe peGpo oGosmaumm [, T. e. [ = (z’, £”) u Temeps
z’ — HavambHas TouKa pebpa, a z” — KOHEYHASA TOUKA
pebpa. Yepes —! o6osmaunM opuenTupoBarHOe pebpo (z”,
z’). Tenepb mpoussenenue ]___[ exp {—U(e(z")—o(=")}

\x!f —x7 =
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MOMKHO paccMaTpUBATH CIEAYIONIMM 0GpasoM: BHIODAH Ha-
6op & opuentnpoBammbiXx pebep [ = (2, "), mpuuem B
Habop & w3 KaKmOHM mapsl [, —I BXORUT OZHO U TOIBKO
onHo pebpo, mpoussefeRme Oepercsa mo pebpam u3 &£,
a B muokurene exp {—U(p(z’) — ¢(z”))} BHAavame crout
HavampHasg TOYKAa pebpa, a 3aTeM — KOHEYHAA TOUKA.

Tar war U — menpeprsiBHasg (yHKIAA HA OKPYKHOCTH,
t0 exp {—U} — raxe HempephBHAs (OYHKIUS, I MBI MO-
JKeM HammcaTh

exp{— U (9)} = né cn exp {2ning}.

Iopcrasum »T0 pasuosxenme B (1.6) mw moMemaem wmecra-
MU TIOPAJIOK CYMMHPOBAHWA M YMHOMKEHHSA, TOTNA

[ exp{— U (¢ (@) — ¢ @)} II do () =
Jloe? —ac”||=1 xevV

| IT do 2) IT Sienexp (2nin (9 (=) — ¢ (=) =

Y xeV

= ggcn(,) ‘S‘ xIG]-V do (z) exp {2nig (z) An (z)}.  (1.7)

]
‘l:‘—.

I

EcrecTBeHHO B CcOMHOMEHTEIe ) Cn eXp {2min (¢ (¢/) —
n

—@(z"))} uWHEEKC CYMMHMDOBAaHHA CUHMTATh 3aBHCATIAM
OT | 1 BHeIIHee CyMMHPOBAaHHE MPOU3BONATHL IO BCEBO3-
MOJKHBIM IIeJOYHCIeHHHIM QyHKmuAM n(l), ompepemeHHBIM
Ha &. MBoxurens An(z) ecth cymMMa ciaraeMsIx mo
BceM pebpam [ €%, comepskamuM r B KadecTBe BepIIu-
HBI, TIPHYEeM cjlaraeMoe BXOJUT CO 3HAKOM =+, ecam z —
HayambHAsA TOYKA pebpa, W CO 3HAKOM — B HPOTHBOIO-
JIOYRIOM Caryuae.

Jho6yo gyrrmuo n(l), ompenerennyo ma &, MBI MO-
JKeM IIPOAONKUTH Ha MHOMectBo Z ¥ Bcex opmemTHpO-
BAaHHHIX pefep pemeTKd B NPAMOYTOJLHHKe V, IONOKUB
mia leZ nll)=—n(—1). Temeps An(z) npumer oco-
0eHHO TpocTOR BU:

An(z) = D n (), (1.8)

Ile CyMMHpOBaHHe IIDOMCXOAUT TIO deThIpeM peGpam
leZO, umeromuM z cBoeil HAYAIBLHON TOYKOIL
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IIpoussenem uurerpuposarme B (1.7). Torma, ecam
An(z) # 0 xora 6Bl mIA ogHOTO Z, TO mHTerpak pasem 0.
B nporusroM cryuae om paser 1. B pesympraTe momyumm

E= X e 1.9

Wuasivu cxosamu, B (1.9) cTouT cyMMupoBaHme 1O BCEBO3-
MoKEEIM QyrknuaM n(l), ompefieTeHHBIM Ha MHOKECTBE
opuenTupoBanubx pebep I € L0, ynosmerBopsiomux yc-
oo An(z) =0 mas Bcex z<= V, tne An(z) cm. (1.8),
a Kampmoit ¢ymxmuu n(l) comocraBier mec I| cny. W3
ZE%(O
yerHOCTH U BHITEKaeT, 4To e~ U TaK/Ke YETHA W II03TOMY
Cn(-1y = Cnqy- B pesymbrare

H Cn(1) = ]/ H Cn(1).
1e

ey

Ecnu Bee ¢, >0, rak, manmpumep, B ciaydae, Korma U
ecThb Jorapum O-PpyHKIUM, TO

V H Cn(l)=eXp{ 2 hlcn(z)}

e (0)

Bsenmem pemerry ZZ, JIBOﬁCTBeHHyIO K Z2, TOYKE KOTO-

. 1 1
poit wmmeror Bupm |z + 5 Ty + 5 ) @1, ¥2— Nelsle,
— oo < 7z, 23 << %,

Jemma. Ilyers V — MuOKecTBO Touer pemreTkm Z2,
oTcToAmMuUX OT V Ha paccrosHWe, He IpeBocxonsamee 1.

Torpa mna Beakoir memouncnenHoin gyurmmu nll), ompe-
nemenuoit Ha Z0, mus roropoit

1) n(l)=—n(— ),
2) An(z) = n(l) =0,
1=(x,y)

Halimercsa (i)ynmmﬂ m(:c) onpeneneHHaﬁ g V u Taxagd,
ato n(l) = m(z’ )—m(z"), tne =, z” — NeHTPH AYeeK
pemetkn Z2, nus KOTODHIX OPHEHTHPOBAHHOE pebpo I ciry-
KUT Oo0mell rpaHumed, mpumueMm z’ maxommTes cresa,
a z” —cnpasa or l. Mymkmua m(zr) ompenmemeHa oxHO-
8HAYHO, C TOYHOCTBIO [0 KOHCTAHTEHI.
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JloxasaTeXIbCcTBO, YTBeDKIEHAE JEMMH JETKO
MOJIYYUTh ¢ HOMOIIBI0 TEOPHH KoroMosJormi, Mmr mpmse-
JeM TpaAMoOe JIOKa3aTeabCTBO. B03bMeM INPOHM3BOIBLHOS
pe6po leZ © g 0TBEYAKINHE eMy JeBYH H IPaBYI0 TOU-

II

ku_z’, z”. Bospmen m(z’) TPOHSBOABHEIM W MOMOMEM
m(z”) =m(z’) —n(l). Tazee M MoeM TakmM e 06-
pasoM pacIpoCTPAHATH onpejieaeRme m(z) eme Ha ommy
BepINNHY, OTCTOAIMYIO OT z’, " ma paccrosmme 1, 7 T. 1.
B cuay coitcts 1), 2) a10 ompefieJieHne He 6yne’r 3aBH-
CeTh OT IYTH, II0 KOTOPOMY CTDOHTCS IpOfoJiKenme. JleM-
Ma J0KasaHa.

VI3 meMM5I BHITEKaeT, YTO MMeeTCA B3aWMHO OJHO3HAT-
HOe coorsercrBue Meskny Qymrmmamm n(l), ymosierso-
paomaMa ycaosuaM 1), 2) memmsl, m QyHKIUEAME m(z),
TV, [ua KoTophx Z m (z) = 0. Teneps (1.6) mpmam-

xevV
MaeT OKOHYATEJbHEINA BUJ

1
E= X exp {? Z In cm(;,)__m(;,,)}. (1.10)

n(z),
3 m(x)=o
XV
PacemoTpuM Mofiens, B KOTOpOI IepeMeHHBIO q)(x) om-

pefielieHEl HA [BOMCTBEHHON pemeTKe Z? W NPHHEEMAIOT
IeisIe 3HAYCHHUS,

~ 1
3 ((P (.Z',), ? (23”)) = o In c@(’;')—q)(;’")'

Torma (1.10) o3magaer, 49TO HCXONHAA CTATHCTHYECKAS
cymMma E Mojiem ecth CTATHCTHTECKAT CyMMa I MOJe-
au ¢ ramMmmibroEmaEoM H (Q) = VS (0 (@), ¢ ")) = no-

IOTHATENBHEIM YCIOBHEM 2 ¢(z') =0.Ecam B xawectse
x’

MCXOJHOTO TOTeHIUAIA Baa;‘;oneﬁcmna B3ATH MHHYC JIO-

rapnm  O-pymxmmm, To Slp(z"), olz'") = Clep(z’) —

—z”))2 HochoeHHym MOJlelb MHOTJA HA3BIBAIOT Ie-

ToumCcIeHHOR Mofienbio Vsmara. B xauecTse MepHI Y 37ech

€CTeCTBEHHO B3ATH Mepy, KoTopadg Ha Jai000if (QyHKIME

o(z) pasma 1. IlocTpoeHHYI0 MOREIh €CTECTBEHHO pac-
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CMaTpEBaTh KaK /[BOHCTBeHHYH0 K wmcxopmoir XY-Mopme-
au. MOHO yCTAaHOBHTH COOTBETCTBHE W MEKIY KOHEYHO~
MEeDHEIMH pacIpefielieHNAME HCXOJHOA u [BOHCTBEHHOI
MOJIEJIH.

§ 5. CymecTBoBanme npefeIbHBIX pacHpe/eaeHmi
I'nGGca

IlepBas mpoGuema, KoTOpas BOSHHKAaeT B CBS3H C OI-
pemenennamu §§ 1—3, ecTh mpoGieMa CyIeCTBOBAHHA:
A KAaKUX TaMUIBTOHMAHOB CYIIECTBYeT XOTA OB OfHO
mpefieabHOe pacupefeneEne I'mG66ca. Mb1 HayHEM ¢ mepBo-
TO OPOCTOrO0 PesyibTaTa, OTHOCAIIErocs K 9TOM mpobieMme.

Ilycts @ — Merpmuecknit komnakr. Torma mo TeopeMe
TuxoHoBa (2 — TaK/Ke METPHYECKHA KOMIAKT B TOIOJIO-
rud mpsaMoro mpomsBefenusa. IlpeamonmosxuM, arto AuaA aio-
Goro KoHeuHOoro MHOkectBa V <=Z° (ymxmua Hy(g) =
=H(p(V)) + H(p(V)|@p(Z*— V)) npepcrasuaser cooit He-
npepuiBEyI0 (yHKNuio Ha L, a Mepa ¥ (cM. ompepeneHEHe
1.2) KomeuHa.

Teopema 1.2. Ilpm onmcamHHX yCIOBHAX A Ta-
MumiabTOHmaHA [ cymecTByer, mo KpaiiHel Mepe, OJIHO
mpepelbHOe pacmpefernerme I'mGGca.

JorxasaTeascTBo. BosbMeM IpOHSBOIBLHYI0 BO3-
PacTaoIyio IOCIe[0BATeIbHOCTh KOHEYHHX IOMHOKECTB
VieVse...cV,<=...,, UVa=Z" u 1npousBolbHYI I0-

n

CIIeflOBATeIBHOCTh TPAaHAYHHIX yciaoBuit @(Z?—V,), k=
=1, 2, ... BrulpaEHEE DOCIENOBATEALHOCTE IOAMHO-
smectB V, m xomgurypanumit @(Z’— V,) ompegensior mo-
cnenosai'enbnoc'rr, BEpOATHOCTHHIX Mep P, Ha mpocrpam-
cTBe

Py(do (Va)| @ (Z8 — Vy)) =
=p(@(Va) | (Z4— V) xgk dy, (¢ (2)),

Pr(e(Z4—Vy) =1,
rae p paerca paseHcrBoM (1.2). B cmry xoMmaxTHOCTE Q
[OCIIEe/I0BATENBHOCTD P, COMeP/RHUT MOAMOCAe0BATEIBHOCTD,
c1ab0 CXOAAIyIOCA K HEKOTOPOMY BEDOATHOCTHOMY pac-
opeferennio P ma Q. Jlaa mpocTroTH GypeM CUMTATh, 4TO
caMa xociaefoBareabBOCTh P, crabo cxomurea K P. [oka-
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sKHeM, uto P ecTh mpenenbHoe pacmpenerneHne I'mGGca s
raMmwiIbToHuana H.

JocTatouHo mpoBepUTh, YTO MIA JOOBIX IBYX KOHEU-
HHX HellepeceKawmuxca moaMuos;kects V, W u paa io-
GbIX HENPEePHIBHEIX OrPAHUYEHHBIX cbynmmn flo(V)),
g(@(¥)) BBImONHAETCA PABEHCTBO

£f<¢ (V) & (¢ (W)) dP (¢) =

=g aP@[[1@W)p @10 @ —7) x
x I dx (e (@)]-

AEBajlornuyHoe PaBEHCTBO CIPABEMINBO JJIA pacIpeeleHuin
P,, ecin k macrombko Bemuko, uto V, 2V, 1. e.

j @ (V) g (@(W)) dPy (@)= (& (@ (W) dPx (@) X
x[{ 1@ p(e@)e(z'—V))| I dx (9 @)

Hurerpan [ 1(e (V)p (@ (V)| 9(2* —V)) ]H dy, (¢ (2))

ects HenpepsiBHas QyHKnusa or ¢(Z'—V) B cmly Hempe-
peBHOCTE Hy(@). IloaToMy, mepexomgs B ofemx yacTsax pa-
BEHCTB K TpEJIeNy NpH k — o, MOJIYYHM HYKHOE yTBEDHK-
nernne. TeopeMa moxasama.

IlepeiieM Temeps K TeopeMe CYIIECTBOBAHUA IIPEeIb-
HBIX pacnpepeneHnit I'm06ca B ciyuae, KOrga IPOCTPAH-
crBo @ smauenuit mepemennsix ¢(z), z € Z* ects cemapa-
OelbHOE ITONIHOE METPUYECKOe IIPOCTPAHCTBO. Torma mis
moGoro romewnmoro V < Z° mpocrpamcTBo Q(V) roHeuHBIX
roudurypaumit @(V) ={¢p(z), 2=V} rawxe, oueBugHO,
mpejcTaBisgeT co0oil IOMHOE cenapaleibHOe MEeTPHYecKoe
IPOCTPAHCTBO.

Onpepenenue 1.4, Ilycts M — momHOEe cemapa-
GelbHOE MeTpHuYecKoe mpocTpaHcTBO. HempepriBHasg ¢yHK-
musa h ma M masweiBaeTca KOMOAKTHOH, eciau A aoboro Z,
—o0 <f{<<oo, MHOMKeCTBO {m: h(m)<t} ecTpb KOMIAKT
B M.

Onpepenenne 1.5. CeMelicTBO BePOATHOCTHBIX Mep
{P} ma M masbiBaeTcsa OTHOCHTEJBHO KOMIAKTHEIM, €CJIU
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u3 BCAKOH mociemosarensroctn {P,} = {P} MomHO BI-
6pars crabo cxopAmIyioca IOIOCIeN0BATENbHOCTS.

Cnenyromasa Tteopema mpepcraBiser coboii mepedop-
MYJUPOBKY H3BecTHOro kputepus lIpoxoposa orHOcHTeNh-
0l KOMIIAKTHOCTH.

Teopema IIpoxoposa. CewmeiictBo BepoaTHOCT-
HeIX Mep {P} OTHOCHTENBHO KOMIAKTHO, €CIM Haijercs
HempephiBHAA KOMIAKTHAS HEOTPUIATeTbHAS (YHKIUA

h(m), me M n xoncranta C, IIA KOTOPHIX j h (m) X
M
X dP (m) << C upu Bcex P ={P}.

Bosepamasich kK mpocTpaHCTBY Q GeCKOHEUHBIX KOM(H-
rypamuii ¢ = {¢(z), x=Z%, Purcupyem pacrymyio mo-
CIeOBATENBHOCTh  KOHeumblX —mojmuomecrs  V, < 7,
Vo= Vi, UVy=2% Ecin ® — nommnoe cemapabein-

D

HOE METPUUIEeCKOe HpPOCTPAHCTBO, TO {2 TaKKe MOKHO Ipe-
BpaTHTH B MOJHOE cellapadesbHoe MeTPUvecKoe IIpoCTpaH-
CTBO, MOJOMKNB JIIIA JTIOOBIX

¢={gpa), 22, ¢={¢p), 213
n3 Q
d (@ (2 )?1)
d(§ (), 9 ()"

Lo, ¢ )* >

‘)II‘CH 1
xeZ d

HMoostoMy MOKHO TOBOPHTH O CHADOI CXGANMOCTH BEDPOAT-
HOCTHBIX Mep fa Q.

Herpynio moxasarn, uTo HOCTEAOBATEILHOCTL BEPOSIT-
nocrubix Mep {P,} ma Q cmaGo cxojures, ecium M TOIBKO
eciu st Beex Vp, p=1, orpammuenme P, ma Q(V,)
ecrb caalo CXOJ(SINASICST NOCHEe/[0BATENLHOCTh BEPOSTIOCT-
1IBIX Mep 1A TOIIOM ceriapaferbHOM MeTPUUECKOM IIPOCT-

pancree Q(V,). Momosmum P = 1im P, |Q (V,). Oue-

n— oo

BUjiHO, uT0 Mepsl PP’ cornacopansl um mo teopeme Hommo-
TOpOBa OMpEJIeNSIIOT euNCTBeHIIYI0 Mepy P Ha Bceil o-au-
rebpe & upocrpanctsa Q, orpammuenue P ma Q(V,) co-

Bnagaer ¢ P, flcuo rak:ke, uro mpemex P me 3aBicur
oT BBIOOpa TocnenoBarenbrocTH {Vy}.

Teopema 1.3. CewmeitcrBo BeposiTHoCTHEIX Mep {P}
na Q Oyjer OTHOCHTEJNLIO KOMHAKTHBIM, CCHH JIJIA Rarm-
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moro z < Z* maiigyres mocrosauasa Cx>0 u Heorpuma-
TelbHas HempepbIBHAs KoMuakrHasa Qynruusa h.(g) ma @,
TaKue, 410

5 by (¢ (2)) AP < Cx
Q

st mo6oro P e {P}.
JdorasarexncrBo. J[leiicrBurensno,  pymKmua
hy, (¢ (V})) = max hy (¢ (2)) — BeoTpUIATENbHAA KOM-
x€V
p

makruas Qyuruusa za mpocrpauctee (V) m fhvdeg

< ZV Cx. [lanee cumemyer mpumenuth TeopeMy IIpoxopo-
xe Pl

Ba. Teopema forasana.

IlepeiiieM rtemeph HEIOCPEACTREHHO K (DOPMYIUPOBKE
YCIOBUiT TEOPEMbI CYLIECTBOBAHII IipejleIbUBIX pacIipe/e-
aenuit I'm66ca.

Ipegmonokum, uro yuisi ramMuiabroHmana I1 MOKHO
HaiTu:

1) KoMumaxTHy0 HeoTpUIATENbHYy0 QYUIKIHI0 A Ha
npocrparcrse @;

2) maGop umcen {c(z, y), z=Z% y<=Z'} u xoucran-
1y ¢, 0<c<1, e, y)|<{c upu Bcex x=Z% u 4uc-

Yy
a0 K> 0, ragwe, uto mis koueuuoro V <Z* um moboro
I'PAHUTHOTO yCIoBUA o(Z' - V), TaKOTO, qTO

max X |c(z, y)| k(¢ (y)) < oo, ycmoBHOe pacmpee-
x€V yezd_v

asenne I'm66ca (cM. ompesesnenne 1.2) ompepernero u
Jr@@p@mie@ =)L diew)<

<K+ 2 cl@ynhley). A1)
Y yFx

Teopema JloGpymuma. Ilycrpb  BBHIIONHEHBI
cOpMyIMPOBAHHEIE BBHILIE YCIOBWA ¥, MOMOJHUTENBHO,
3) pas moboro x < Z* u mo6oii HenpepHBHOA OrPaHU-
veunoit gyuxuuu g(p) ma @ pajigyTca mOCIef0BATENb-

d __md
HOCTh KOHEUYHHIX HogMmuOMects W, < Z% U Wp=12"—

n
— {x}, HaGop LeOTPUIATETHHBIX YHCET d™(z, y), y*z,
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> d™(x, ) <D™ —>0 upu n-—oc u mocIeROBaTENH-
yezd

HOCTh HeNmpepLIBHBIX orpanuuenublx ¢ynroumit f.(p(W.,)),
TAKAX, YTO

| g @@)p(o@]e(Z—{(2}) duo@) —fnl@Wa) | <
<D™+ 2 d% (@ ) k(@)

NI 7100010 TPaHUYHOTO YCIOBUS (z¢ — {z}), ; |e(z,
YF£EX

Wk (@) < co.

Torna A TaMuUIbTOHHAHA H MHOMKECTBO IpEeIbHBIX
pacupepnerenuit 'nG6ca HE mycro.

HoraszarenbcrBo. DuKCcHpyeM pacTyIIyIO IOCIe-
JOBATEIbHOCTH NMOAMHOMKECTB V, < Z% u IrpaHEYHBIX yCJIO-
Buit @(Z'—V,), rarmx, uro hlp(y)) <A, yeZ'-V,
npu HeKoropoit mocrosEuaoi A. IlocTpouM mociemoBaresnh-
HOCTb BEPOATHOCTHEIX Mep P, ma Q, rme

P,(9(2'—V,) =1, P(do(Va)|o(Z°—V,))=
=p (e (V™) |9 (2?—V2)) yg dy, (¢ ()

(cm. (1.3)). IMokakem BHauame, uro P, ecth ci1aGo KoM-
IAaKTHAs IIOCIE0BATEIHHOCTh, OTO BHITEKAeT U3 IIpUBe-
JeHHOIl BHIIIE TEOPEMHl U U3 CJAeLyIolel JeMMEL.

Jemma. supj‘h(cp (2)) dPng—if—c + 1—ii—=K°,
n

c
I[oxaaaTeJILc'rBo Iloxkaskem, uro mgus mw6Goro n

m = max jh(cp 2)p(@(Vy) | 9(Z24—V,)) I_’x[z dy, (e())<K,-

Ecam 651 Mb1 3HAIN, 9T0 M < oo, 1o m3 (1.11)

[1@@)p(0@]0Va—{a;

(22— Va))dx (@) <K+ 2c(x, y) ko (y) +ca.

BosbmeM TO z, mpu KoropoM pmocruraercs m. Torpma, un-
TerpupysA oGe YACTH HOCJAeJHET0 HEPABeHCTBA [0 PACIpC-
menenmio P,, momyumM, 4TO WHCIO m YHOBIETBOPAET He-



36 HIIPEAEJLHLIE PACIIPEOEJIEHNIA THUBBCA [TJ1. 1

paBeHCTRY
m<K+Zclz, yym+cA<K+mc+cA

KA
I mg—E_T < K,.

TTocKonbKy HEW3BECTHO, YTO m << ©°, TPUETCA BTH
paccysEIeHus HEeCKOMbKO YCOBEpPIIEHCTBOBAaTh. MBI TOKa-
JKeM, uTO BCcaKaa HeoTpunarenbHas @yuxmua hlp(z)),
JJIA KOTOPOH

(1o @) p (0 @10 Va—2), ¢(Z'— V) dy (0 () <
< X elx, yhly) +K,

y#x

upTerpupyemMa mo Mepe P, m ee WHTerpajl He IPeBOCXO-
mar (K+A4)(1 —¢)-L.

s moGoro &> ( BBeleM MHOKECTBO & e M3MEPHMBIX
dymrmuit  e(p(V,)), raxux, uro O0<elep(V,))<1,

g‘ e(p (Va) dPp>1—e. Tlonomum
G = inf max | % (¢ (2) e (@ (V2)) dPa.

eegs x€V,"©

fcno, uro G. <. Mm moraskeMm, uto G.<(K+ A)X
X (1 —¢)"!, orryna, mo memme Dary, GymeT cuaemoBaTh
TpeGyemMoe yTBepsiIeHIie.

Bossmem 6 >0 u maiimem Takyio QyERnmio e,< &,,
9T0

max [ 1(¢ () e (@ (V) dPo < Gs (1 +9)

U XOTA OBl I OMHOH TOUKE 2o = V.,
V1@ (@) €0 (@ (V) dPo > G (1 — ).

BriGepem ey Tak, 4TOGE MOIIHOCTH MHOKECTBA TOUEK Zo,
YAOBIETBOPAIOUIUX IIOCIEHEMY HepaBeHCTBY, OBLIA MH-
HIMATBHA. ITO BO3MOKHO, TOCKOILKY V, — KOHEUYHOE MHO-
JKECTBO.

Tomomin & (¢ (Va)) = 2 (@ (Va— o) = €0 (@ (V) X
X p(@(@o) | @V —20); ¢(ZE — V) (@(0))-
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fcno, uTo go =&, n s Bearoro <V, — {zo}
(0 (@) 2dPn = [ (0 (2)) eydPn < Ge (1 + ).
Orciona B cuIy MEUHIMAILHOCTH €, BHITEKAeT, UTO
2 @ (V) 1 (0 (2) dPL =G (1 — §).

W3 ycaoBust TeopeMsl
Ge(1—8) < [ 2 (0 (V) 1 (0 () AP =
— (%0 (@ (V= 20) dPw (@ (Voo — 20)) | (9 ()

Xp (@ (20) | @ (Vi — z0); @ (28— V2n)) dyp (@ (20) <
<[e .- ), 2 el o) +ed)aP,<

yEVn—-xO ,/
KK+ ez, y)Ge (1 +8) +cAL K +¢Ge (1 + 8) +-cA
Yy

i
G(1—8—c(1+8))<A+K.

BBuny mpoussoabrOCTH §

G.<(K+A)U1—o)L.

Jlemma joraszama.
Wrax, mocaemosarenniocts P, OTHOCHTEIBHO KOMTIAKT-
na. He ywmembrmas oOIMHOCTH, MOM(HO cuHTATL, uTO P,

crafo cxomuress ® mpegeay P, P=1limP,. Tlonakenm,
—_ n— oo

uro P ecrs mpegenapuoe pacnpenenenme I'n60ca aga ra-

munbroEnana H.

ITpenBapurensiio 3aMernm, uro u3 cIaboit CXOAUMOCTH
P, ®w P w w3 wuempepsiBuocTH k& BBITEKaeT, dUTO
,fh(q’(x)) dﬁ(cp) < K, mpu mobom zeZ% Tlooromy
cpestuee 3mauenme Gymnrmuu Y |c(z, y) |k (9 (y) Tak-

yeZd__
JKe KOHEUHO H, ClefoBaTenbHo, ¢ P-BeposrHocThio 1 psax
ez, y) k(¢ (y)) abeomormo exomurest. Otciona BRITeRA-
er, uTo JyiA M1060ro KoHeuHoro V P-BepoATHOCTH TeX rpa-
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mruneix yexosuit ¢(Z8— V), rme 2 |elx, y)| Ao (y)<<
yezd-v

< oo, pasra 1. IloraskeM, uTO yCIOBHOE paciIpejeleHne

ma mpocrparcrtee Q(V) wordurypanmit ¢(V) ects ycmos-

Hnoe pacmpefeneHue I'm66ca. B cuwiy crasaEHOTO BhIImIe

TOCTATOYHO OrPAHMYMUTHCA TPAHMYHBIMA YCIOBHAMHE, IS

KOTODHIX psmsl X | e (x, y) |2 (¢ (y)) cxopmarcs.

Jlamee, MOCTATOYHO TPOBEPUTH HTO YTBEPIKIEHME IS
OJIMOTOYEYHEIX IOAMHOKecTB V. IJTO BBEITEKAaeT W3 cie-
AyIOIIero msBecTHOTO (harra Teopuu Mepsl: nycethb (M, &)
ecTh IIPAMOEe IPOM3BefleHNe HN3MEPHMBIX TPOCTPAHCTB

I
(M;, ), r.e. (M,%)=Q (M;, S;). Torna Besras
i=1
BepoATHOCTHAsE Mepa P ma M, aGcomioTHO HempepeIBHAS
I
oTmocHTebHO mpomsBenerus Mep || dy (z;), opmosmau-
=1

HO ONIpefelseTcss CBOMMHU YCIOBHBIMH BepPOSATHOCTAMMU
P(-lmy, me, ..., mi_y, M1, ..., m,), 3a7aHEHEEIMA Ha ©;
OpHE mouTH KKABIX (my, Mg, ..., M-y, Mig1, ..., M),
i=1, 2, .., I, mie M,

@uxcupyem z < Z?, V= Z°— r, HenpepLIBEEE OTPAHU-
4deHEble QyEKmuu u, U, ompepmenemmsle Ha @, Q(V) co-
OTBeTCTBEHHO. J[0CTATOYHO NMOKA3aTh, 4TO

(U@ m)ule@)dP (o) =
= (U @) dP { u(w@)p(e@)e(2— <)) dy (@ ().

Q
(1.12)

laa mo6oro pacupefenesus P, HanumcaEHOe DAaBEHCTBO,
0YeBHJIHO, BHIIOMHEHO: eciu V < V,, To

(0 (0 (V) u (0 (2)) dPn (@) = |
= [ U @) aP.(0) [ u (@ @)p(e@) | (Z'—2))dx(0(a).

Q
(1.13)

JeBast wacty (1.13) mpm n — % cxomuTCs K JEBOH wacTm
(1.12) mo ompepenenuio craboit CXOAAMOCTH.
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Hisa wmccaemosamua mpasoit wacrum (1.13) Bocmoms3y-
eMcA yCIOBHEM 3), IPHUBEEHHBIM ‘B (DOPMYJIHPOBKE TEO-
pembl, 14 QYHKIUH U

| a0 @) p(e@) 0 (2! —2)) dy (@ @) — fo (@ ,)) | <
<DP 4 3 dP @, ) k(e ). (1.14)

Y#Fx

Torpma

Ju@@)p (e @e(z—2))di (e @) =
=[p (@ (W) + & (9),
e | &, <D™ + 2 d? (z, y) h (9 (y)). Mogcrasass s10

B (1.13), moxyaum
YU @ ) u (@ () aPa (¢) =
— U @) (o (@ W) + &) aP. (0).

ITepeiijieM B 5TOM COOTHOLIEHMM K Ipefilely HpH N —> %

U @) 70 (0 (,)) dP — D (1 + Ko max|U (9)| <
<[v@W)u@E) @<
<[ U@ W) 10 (W) dP +DP (1 + Koy max|[U (@)}

Uz (1.14) u u3 meMMBl ciegyeT, 9T0 fp, mpHm p —> ®© CXO-

muzes x§ u (9 (2) p (@ (2)| @ (2% — 2)) dy (@ ()) B mpocr-
pamcree ZL1(Q, &, P). Ilosromy B moclefHeM HEpPaBEH-
cTBE MBI MOKeM YCTpeMuTh p —> o u moayuuts (1.12).
Teopema morasaHa.

3aMevaHHOA:

1. Eciz @ — KoMmakT, TO MOKHO HOJOXKHUTH A =0.

2. Ecin p(o(z)|@(Z* — z)) ompepmenena BCIOAY U eCTh
HenpepoiBHAA (PYHKIUsA B TEXOHOBCKOH TOIOJOIHH, TO YC-
7oBue 3), mpuBeileHHOe B (OPMYIUPOBKe Teopembl JloG-
pymuga, Bemoxreno ¢ d™(z, y) =0.

3. Ecaiz ramuaproEMadn H TpPaBCIANNOHHO-MHBADUAH-
TeH, TO JUIf BCAKOrO IpefeJbHOro pacupefenernus ['m6Gca
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P ero cusur (I™)*P rtawme OymeT IpeieibHBIM pacIpeje-
nenmeM I'm60ca. OnmcaHHyi0 KOHCTPYKIMIO HETPYAHO BU-
IOM3MEeHUTh TaK, IT00bl P ObLI0 OBl TPAHCAANUOHHO-WH-
BapHAHTHBIM.

4, MeToasl [OKasaTeabCcTBa CYIIECTBOBAHUA IIpefiellb-
HBIX pacupepeienuit ['mG0ca 7a0T BO3MOKHOCTDL IOIYYUTD
cleyiollee «KOHCTPYKTHBHOE» omucanue Muoskecrsa G(H)
mpeeabHbIX pacupefeienuii ['n66ca, orBedalomUX JAHHO-
My ramibronnany H. Ilycrs GY (H) ecTh MHOMKeCTBO
KOHEUUBIX BBINYKJIBIX JIMHEHHBIX KOMOMHAIHUU YCIOBHBIX
pacmpefenenuii ['uG6ca B KomeunHoM o0Beme V ¢ pasmmi-
HBIMA TpaHm4HBIME ycioBusamu u Gy(H) — 3aMbikanue
GY (H) B mpocrpamcTBe pacmpefielleHNil BepOATHOCTel
co caaboit Tomosorueii. IIpy HEKOTOPHIX €CTECTBEHHBIX yC-
JIOBHSIX PETYJISPHOCTH, 3aBeJOMO BBINOJHEHHBIX B CIydae
NOTEHIMANOB ¢ KOHEUHBIM paJnycoM B3aUMOJENCTBUS,
G(H) umeer clIefyoIIyIo CTPYKIYPY:

a;)) P=G(H) B TOM # TOJIBKO B TOM CJydTae, KOI/a
MOJKHO HAiiTH BO3PACTAION[YI0 IOCHEI0BATEIBHOCTh 00BHe-
MoB Vo, Z' 1 PnEGQ/n(f[), Tarux, 4ro V, >, P =
= lim P,. I10 yTBepsK[eHNe IIOKA3BIBAET CMBICI HA3BAHUSA
«mpefienbHOe pacmpeneaenune ['ub6cay;

a;) G(H) ecTb HemycToe, BHIIYKJIOe, KOMIAKTHOE MHO-
JKECTBO B IPOCTPAHCTBE BCEX BEPOATHOCTHBIX pacipefe-
aenuit Ha Q, u G(H) = NGy(H), rne mepeceuenue Geper-
csi o BceM KoHeuHbIM V < Z° Kpaiinme toukm G(H) ma-
3BIBAIOTCS HEPA3MOJKUMBIMEU IIpeJeldbHEIMU pacipe/elie-
mnamu 'u66cea;

as) P=G(H) HepasmouMo B TOM ¥ TOILKO B TOM
ciaydyae, Korja P peryispHo, T. e. mia jgwboro A€ u
m000it mocixemoBaTenabHOCTH B,

lim | P (A B.) — P (4) P (B.)| =0,

Nn—>»o00

rae B, mpuHAIe;KuT O-ajreGpe, MOPOKAEHHOR CIyuvaii-
HBIMU BeJIUYMHAMUI {p(x) 2EL—Vay Vo o
a4) Pasnuunbie KpaiiHue TOYKE MHO)KGCTB& G(H) Bsa-
UMHO cuHryispHB, Tak uro G(H) ects cummiexc Ioke.
IIpumep. Cywyecreosarue npedeavhozo pacnpedeae-
nus I'u66ca das peweruarsviz modeaele KeAHTO8OU Teopuu
noas. B srux momerax @ = R!, a raMIIbTOHMAT MK 3a-



§ 5] NOPENEJBPHBIE PACHPEIEJIEHUSA THUBBCA 41

meyM B Buje (em. § 4, mpumep 4):

H=H,+ H™ -
= X @@= Fm Y ) - X Q)
e — =1 xezd xezd
(1.15)

2r
I‘JIQ Q (t) = E a[Jtpa a‘zr > 07 7‘> 13

p=1

Hy= 2 @@ —9@)*+mZe*@.

Paymmeronman  (1.15) — Gumapusiii, TpaHCIAINIONIO-
HIBAPHAITUBIN ¢ paanycoMm Baanyonenctsus R = 2. B ka-
ecTse Mepwl y, BosbMeM Mepy JleGera. Veiaosnsie pacnpe-
Jlellennss B T000M KOHEYHOM 0GbeMe V ompejesneHsl Tpu
0OBIX TPAaHMYHBIX yclonmax. Mbl IIOKakeM, IIOIB3YACH
teopenoii [lo6pymmna, wro B 3TOM ciIyuae cyIIecTByer
xota Obl OfHO Tpejenbiioe pacupeseienne I'ub6ca Juis
ramMuapronnana (1.15).

ITpu r=1 MBI mMeecM KBaJPATHYHBII IaMIIBTOHHAH,
KOTOPOMY OTBEYAeT TayCCOBCKOE CTAI[OHADPHOE pacIpefe-
nenne (cm. § 4, mpumep 3). Hmxe mpejmomaraercsa 1mos-
ToMy, uto r > 1. Bo3bMeM B KavuecTBe KOMHAKTHON (DyHK-
mun h(p) =ch . Torga 3amasa cBOJUTCA K HAXOMKIAEHWIO

raxnx mocrosuunx K, clz, ), 0<c<1, X2c(z, ) |<
Yy
<Lc <1, g0

[eb g (@) exp [2¢ () ” 21‘{; 90—t @0y <x>>} dg (2)
N \ X —12[= <
B

[ exp {2@ () @ (1) — m29? () — Q (¢ <x>>} dg (2)

Je—yll=1
<K+ 2 elr,y)chgly). (1.16)

ESM
Homomum ¢(z, y)=(4d)~! upu llx—yl|=1ln 0 B oc-
TaMLHBIX caydasx. flemo, uro N |cfz,y)| = 27". Ocraeres
wattrn K. Mbl mokasenm, uTo Haxoskjenme tpebyemoro K

BITEKaeT U3 HOKOTOI)I)IX (I)OpMyJI, r[().r[yqaeMbe Cc Tio-
MomLIo acuMIToTHYeckoro Meroga Jlammaca. Paccmorpum
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HHTEerpau

I (a) = V exp {ap — 7 (¢)} dp,

or

'u? ((P) = 2 cp(Pp, Cor > 0

p=1

Jemma. Ilpm lal -~ umeer mecro acmmurormia

F (a) ~ exp [af (a) — P )] 1/-97// 7 (@)

rae fla)— murnmym ¢ynxnun [at — P(t)], egmrcTBennbI
npu gocTatouHo Gombmux lal.

Msr moxamem memmy uyth mosske. Ilomomkum B (1.16)
b=2 3 o), P =0 -+ m?

y: lly—xl=1
f ch ¢ exp {bp — P (9)} ey
D) == =

exp (b9 — 2 (¢)} do

|
g3

1 [ exp{0+1) 9 —2 (9))do
Pl = +
[ exp (b9 — 2 (9)} do

-—00

1 [ exp{o—1) 9 —2 (9))dp
THE N N =D, (6) + Dy (0).
f exp {bp — P ()} do

Torua 11a OCIIOBAHUMU JIEeMMBL

Dy (b) ~~ exp {(b+1) f (b +1) — P’ (f (b 4 1)) —
—b] () + P (F B))),

Dy (6) ~ 5 oxp{b— 1) [ (b—1) — P (F (b — 1)) —
—bf (6) + P (f &)},
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Tonosxum L(b)=bf(b)— Q(f(b)) mpm mocraTouro Goib-
mux |bl.

Torga L'(b)=f(b). Upepmomomum, dto b>0.

Cryuait b<<0 paccMarpmBaeTcs aHaJOrmuHO. ILOCKOIBRY
f(b)— oo mpm b — o, 10

Dy (b) ~ 5 exp{L (b1 1) — L (1)} — oo

npu b— oo,

D) ~—exp|L(b—1)—LH)] >0 upn b0,

n mo teopeme Jlarpamma
<0(b)<1i,

D () ~ Dy (b)) ~

~ L exp{L(b41)—L

opu Heroropom 6(b), 0<<

(0)} ~ - exp {] (b -+ 0 (1)),

Jlerko Bmpers, uro f(b)~ const-bY* =D pgpum b—> o u

nooromy f(b+ 0(0))— f(b)— 0 mpu b — . OxonuarensHo
LOJYYaeM TeIephb

D®) ~~exp{|f(B)|} mpu

|b]— oo.

IIycrs A TaroBo, uro ommospemenno D(b) < exp {|f(b)|} u
GXP{”(b)|}<—;-Ch£-i npu |b| > A. Tlonomum £ =

max D (b). Torgampu [b] <A
|bl<A

DO <K<K+ 2

¢(z,y) ch o (y),
fle—yll=1

ampu [b] >4

D (b)<exp{|f®) |}<4d h(i)

4d
1
My—xll—

Ia OCHOBaHUM HepasemcTBa JVIeHCeHa [UIA  BBIIYKIBIX
by it

) <ig 2 how)<
<K+ X c(z, y)choy)

llx—yl=1
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Horxasareancrso. [omaraa ¢ = fla)+ ¢, momyunm
F (a) = exp{aj(a) — P ( (a))} X

o P (f (@) 12 PEN (f (a)) or
Pasobnem oOmactp unrerpupoBaHUMA HaA JIBE UACTH:
3/2—2r 3/2—2r
lt|<<a® ', m |t|>a®'. Tockomsry f(a)=

1 ( 2r—Fk
2 -1 ) 2r—1 o
=0 (a” ), ro PM (f (a)) = O \a¥ )n B 1epBOil  00-
JACTH HHTErPUPOBATIUS

2r—k 3/2—2r 3/2—h
| 2P (f (@) ™| < const-a® ™' 1 —const-a® ",

IIpn k=2 mocunennee soipaskenme crpemures K 0. Orcio-
Ha JIerko MOJYdYUTh, 9TO B IEPBOM 0GIACTH HHTErPUPOBA-
HIA HHTErpal SKBHBAJICHTEH

oo

M '@ﬂ R -y —
5 exp {_ e t'}‘” = Vﬂ’”i?(a»'

—o00

Hamnee, Bo BTOpoil 0o0iacTd MHTErpUPOBAHMA HPH HEKOTO-

o o ‘?”
poit wmocrommuoit o, 0<a <1, ¢ynsmmda (};(a)) v

go(?r) a 2
X{A—a)yt24 ...+ _*_()%l(l t*"  neoipumarenbHa.

Orcioa HemocpejcTBeHHO — BBITEKAaeT, 4TO WMHTErpail
0 BTOPOil 06JACTH MHTErPUPOBAHUSA Mal MO CPABHEHIIO
¢ MHTErpajoM HO IepBoil ofmacTu mHTEerpmpoBannd. Jlem-
Ma JoKazaHa.

§ 6. Ilpeneasabie pacnpenenenus I'nodca
JUIA HeNpepbiBHBIX MOJelH 1 s TOYeUHBIX IoJei

HMmeeTcs emme [Ba Kjlacca CIydaillHbIX IOJeH, Ie KO-
CTPYKIMA TpefielbHOro pacmpepenenus 1'mG0ca urpaer
BRAYI0 poab. MBI TOJBKO YIOMAHEM B3TH KIAcChl I B
HOCHeAYIOIMUX IaBaXx TOYTH Ie OyaeM HX KacaTbesd.
IloguepxHEEeM TOMbKO, 9TO H3yYeHHe DTUX KIACCOB HOJeHd —
4pe3BHIYAHO BajkHAA W ele He MCCIeMOBAaHHAg 0 KOHIA
obmacTh Teopnu rmGGCOBCKUX pacupeieseHui.
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HauneM co ciaydaitHBIX d-MepHBIX moseit ¢ HeIpephIB-
upiM BpeMeHeM. Ilycts Q — kakoe-nuGo JuHeiiHOe, TOMO-
JIOTHYECKOe HPOCTPAHCTBO BEMIECTBEHHO3HAYHBIX (PYHK-
muit ¢(z)=q(zy, ..., z4), onpegenennsix ma R* m po—
pacmpejelenue BEPOATHOCTEH, ompefejieHHoe Ha Gopeien-
cKoil o-anre0pe mogMHOMKECTB £, HaszbiBaeMoe CBOOOJ(IBIM
momem. Hampumep, po Momer OBITH TrayCCOBCKUM pacipe-
nenennem. Bossmem ¢ynxnuio Ulg), Taryio, 9ro mius imo-

Goit orxpeiToii obmactn V= R? U\ exp [-— ‘YU((p (2)) dx | x

v
X dpy (@)<Too. Torya, sadurcuposan sumavenns QyILRIHE
¢ sue V, 1. e. peamusanuio @(R*— V), MBI MOmeM IocT-
poutn yceaosubie pacupepenrenus po(-l@(R*— V)) ma pea-
mnsauuax (V) sBEyrpm  obGmactu V m BBecTH ycaoBubie
pacupegenenusa P(-|@p(R?*—V)), abcomoTHO HempepHIBIHIe
otnocutensHo pol-l@(R*— V)), mua roropsix

exp |— (U - d‘r>
P (@M |9 (RT—V)) P{ Vf (¢ () J
dp, (¢ (V)| ¢ (R —V)) ST
2 (p(RI—T)) = -

~ [exp {~ (U@ @) dx} duo (¢ (V)| ¢ (R — V).
\4

Onpegenenue 1.6. Mepa P masbiBaeTcs mpeein-
apIM pacupepeneHneM ['m66ca, ecam muasa moutm Beex (mo
pacnpenenenmio P) ycnosuit @(R*— V) ycmosroe pacmpe-
nenenue, upAynupoBanHoe P Ha peammsanuax ¢(V), on-
penemserca (1.17).

lipusemennoe ompeneseHue AOmycKaeT eCTECTBEHHOC
obobieHUe Ha CIydail, KOIja [y ecTh pacHpefelcHme
BEPOSATHOCTEI, OTBedYalIlee O0GOOIEHHOMY CIydaifHOMY
nomo. IIpu arom mosBuserca omum u3 Hauboiee BasKHBIX
OpUMePOB MpeJelbHBIX pacupefenenuit I'u66ca, BOZHUKAIO-
muii B JBYMepPHON KBAaHTOBOW Teopuu IOIAA. A WMMEHHO,
IIyCTh Mo — ABYMepPHOe CTAI[OHAPHOEe CHMMETPUIHOe Tayc-
COBCKOE CiIydaiiHOe moJie ¢ TaMUJIBbTOHUAHOM

1 = [ [(ve, ve) + mig?] dayda, —
=[] () + v
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Taxroe ciayuaiiroe mojie MOMHO ONPENEeNHATHh JIAMIb KaK
00061eHHOEe TayCCOBCKO® CTANMOHADHOE CJIydaHOE IOJie
¢ KOPPEeJAIMOHHBIM OHEPAaTOPOM, SABJIAIIMMHUMCA Ipeobpa-
sosannem Dypoe pynrmun 1 / (7»% 4+ A+ m?‘])

Pacemorpum st mo6oit o6racta V' cayuaiiEyio Benn-
TUAY

2r )
s’ h2’1 @y 2Ot (21, 7p): Ay dy = g™ ().
v =

DTy caydaiiHyI0 BeIMYHHY MOKHO OIIPeflelHTh JH6O C
IIOMOIBI0 IIPENeNbHOTO Iepexofia MO0 ONMCAHHBLIM BHIIIE
pemmeTdaTHIM MOJENAM KBAHTOBOH TeOPHH IIOJA, JIHGO
¢ TOMOIBI0 KPATHEIX CTOXAaCTHYECKAX HHTErPAlioB OPMIl-
ta — Urto (em. [19]1, [90]). A mmenmo, ecim

P (2, T) = S exp {i (Mzy + Aop) } AD (Mg, M)
— pasnoskenne Mypre 00001MEHHOTO CIYUAKTOrO TIOJS, TO

(nty , \PE g r ) _
Hy™ (9) =X a, | 9" (2, xy): dz,dz, =
R=1 v
2r
= Sa; [aD(LY)- ... a0 (0)x
=1

3
X jS (exp {23121: (x, > }\.(p)>}> dz,
14 p=1

rge S — cuMMerpusanua (QYHKOHH, CTOAmedl B CKOOKax,
M chopaBa CTONT KPATHBIA CTOXaCTHYECKHH MHTerpal
Nro. 3. Hemscom [103] moxasanm, uro mpum a5, >0
E(exp {—H™ (9)}) <o mus V ¢ pmocratouno xopo-
mreit rpanumeir. [loaToMy mis Takumx oGiacTeil MOKHO IIO-
CTPOHTL yCJOBHEIe pacmpepmeneEus ['m66ca. Herpymmo
OOHATH, 4TO CBOOOMHOE IIOJie Lo SABIAETCA 3[eCh MapKOB-
CKIM B TOM CMBICJe, UTO YCJOBHOE pacmpefelieHHe B 00-
gactH V 3aBHCHT IHIIb OT PEAJM3anHUH II0JNSA B CKOIb
YrOJHO Maloii OKpecTHOoCcTH rpaHmmBL. Torma ycioBHOe
pacupenmesenue I'mG6ca OymeT MapKOBCKAM B TOM jKe
CMBICIe, U IpefebHOe pacmpeneieEne I'mb66ca B aToM
clIyuae ecTh MapKoBCckoe ciaydaiiHoe moxe. Ilpmpmars Tou-
HBI{ CMBICJI BCeM DTHM YTBEDKAEHHAM JaJeKo He IPOCTO.
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Jpyroit Kmacc mpemelbHBIX pacmpenenennit I'm66ca
BO3HMKAET B CIyuae TOYEUHBIX Cxyuaiimerx moseir. HamGo-
Jee pacHpoCTpaHEHHOH ABIAETCA cuTyamus, KOTAA pac-
CMATPHUBAETCA MPOCTPAHCTBO {, TOUYKaM;m KOTOPOro @ CIy-
JKaT cueTHHe mogMHOkecTBa RY d =1, Takme, uTo mepe-
ceuenne @ C JIOOBIM KOMIAKTHBIM IOAMHOMECTBOM V < R¢
KoHeuHO. B KadecTBe HawambHOW MepHI, WrpamoIieil poib
MepHl §, 3/eCh eCTeCTBEHHO B3fATh IIYacCOHOBCKOE IIOJe
¢ mapamerpom A. B 3amagax cTaTHCTHUECKOd MeXaHHKH
9acTO BCTpeYaeTcs CIydail, Korja YCIOBHOe pacupefelne-
nue Tm66ca B o6beme V aGcomoTHO HEmpepHIBHO OTHOCH-
TEJHHO o U ILIOTHOCTD

a=goe{— 3 U] -

dp’o x'gx'EV
_ 2 U(ll',-—x”“.

x'eVv
x"eRd—y

3necy Ul(r)— dyrrnma, HassiBaeMasd MOTEHIMAIOM Hap-

IOTO B3aMMOJEHCTBAA, KOTOPOE W30TPONMHO, T. €. 3AaBUCHT

TONLKO OT I' W He 3aBHCHUT OT HampaBpieHmsa. JacTo mpen-

nonaraercs, aro Ul(r)= oo mpn r<a um momoronno y6m-
]

BaeT Ha OECKOHEYHOCTH TakK, 9UTO g‘ rd"llU(r)ldr<oo.

Omnpenenenne mpemeqsHOro pacmpenesnenmsa ['uO6ca Taroe
sie, Kak w BeIme. CymecTBoBaHHE MPENEALHOr0 pacipe-
nenrennma I'mG6ca MoKas3BIBaeTCI B TOYHOCTH TaK jKe, KaK
B KOMIDAKTHOM ciydae. MoXHO JOKasaTh CYIIEeCTBOBAHINE
npegenbHEOT0 pacmpenenennsa 'uG6ca m mpu Goree ciaabBIx
TpPenoosKenuAxX o xapakrepe crpemuerus U(r) x Gecxo-
HeYHOCTH B OKpecTHOCTH Hyda. Ommcamnble UpHMepH —
5TO OCHOBHBIE WTPHMephl PABHOBECHOH CTATHCTUYCCKOM
MEXAaNUKHA HEeIIPePHIBHBIX CHCTEM.

Bubanorpadpuueckue 3ameyanus K raase 1

1. OGuiee ompefeneHnme mpefcabHOro pacmpenenenust 'mbbea
mosaBmyock B paborax P. JI. MoGpyvmmma [13], [16] m O. JIsudop-
ga 7 JI. Proanna [95]. YacTHblil c1ydail 9TOTO HOHATHS ITOABUIICSH
ropa3jmo paHbmie B paGore H. H. Boromo6ora u B. . Xanmera [9].
PacmapeHHHi ¥ MOJAEpPHB3HPOBAHNGIA BapManT dTOil PaGOTH CM.
B cratee H. H. Boromo6Gosa, J{. fI. Ilerpunmr n B. M. Xanera [8].
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Ynomsanem taxxke paGorst P. A Mumimoca [25], [26] u . Poox-
s ,[109].

TeopeTnKo-BEPOATHOCTHIE ACIEKTHl TEOPHH IPeJeNbHBIX pac-
npepenennit I'mGbca cym. tamxe B xmEure K. Ipecroma [107].

2. TayccoBckne pacuwpefeleHHs ¢ TOYKH 3DEHHs TEODHH IIpe-
TenbHBIX pacnpefelenzu I'mGOca obcysrmanuch B padorax I0. A. Po-
sanoBa [38], ®. Cnmruepa [115], P. JI. lo6pymuna [57]. UnTepec-
npii IpEMep raycCOBCKOIO MOJisL, BCTPEYAON[Erocs B KBAHTOBOIL
YJIeKTPOAMHAMIKe, IpuBejeH B cTaThe @. I'yapper [82].

3. Homss fAara — Munica HHTEHCHBHO H3YYalOTCA B JINATEpa-
Type 10 KBaHTOBOII TEOPHH IIOJA, M MM IIOCBsNIena OOmIMpHAS JH-
reparypa. IIpoGieMsl, oTHOCAIMeCs K PelIeTyaTsiM moasM fnra —
Musinica, paccMaTpUBAJIMCh BIlepBble, TO-BHAMMOMY, B paborax
K. Burscoma [116] m A. M. ITousikoBa. Matevarmdeckye BOIpPOCHI
TCOPMH TaKHWX IoJell m3m0:keHHl B HegaBieM o6G3ope K. Ocrepsann-
nepa u 9. 3aitnepa [104].

4. IByMepunle MOJeIM KBAITOBOII TCOPHM IIOJSI TIPECTABIS-
10T c000if ¢ TOYKM BPEHHsI TEOPUM NPENETBHBIX pacupeieenii
I'mbbca OaMH m3 caMbIX WITCpecHBIX O0BEKTOB MCCIEOBALMSL, II
UM DOCBAIEHA MIIOTOUMCJIENIAs aureparypa. Umes crpouth npe-
Redblble pacupepesienusa I'mbfca, oTsewaronyie ABYMCPIBIM MOJ(e-
JAM KBAHTOBOH TEOPHH HOJSA, M ICPBHIC TCOPEMbI CYH[eCTBOBAMUSI
npunampiresxat 3. Heancomy [103]. Tuyboxme MeToasI cO3TaHBI B
oroii obmactr k. Tomvmom u A. Iikadde. MpI yIoMsmeM TOIBKO
o03opibie crareu [73], [75], T/Ie MOKHO HailTH M APYTHE CCHUIKM.
B xnmre B. Caiivona [41] u B cratee @. Tysppsi, JI. Posena n
B. Caitmona [81] mempepbiBubic W pemreTdaTnic MOJENH KBAaHTOBOIL
TCOPHUH TOJISI H3YYaNHCh C TOUKHM 3PEHHs CTATUCTHYCCRON MEXauu-
RII 1 TCOPUH HpejenhHbix pacupesencmiii I'nG6ca.

Hurepecunie pesynprarsl B 970l 00JacTM  NpHHAJTesRaT
10. @penwxy, KOTOPHIL, B 9acTimocTi, TipH Jlauboiice ITHPOKUX
UPEJIILONIOKEHNAX  OKABAN CYILECTBOBAMITE IIPECIBIIOT0 pacipe-
nenennsg I'mGGca st HCIPEPBLIBHLIX JBYMEpIbIX MOJeeil KBaHTO-
Boil Teopuu mogs [63]. Mopmens : ¢*:; n3yvanach B Ty0OKOH pa-
Gore k. T'mmvma u A. ixagde [75] u v ocnoBammoii Ha Heii pa-
dore Ik, Qexsmmana u K. Ocrepsanbaepa [62].

9. JIBoitcTBeHHOCTh DBepe3mHcKoro Gbhiiia BBeeHA U H3YyYanach
B ero guccepramuu [3].

6. IlpuBegenHHEle B § 5 Teopema CyHIECTBOBAaHHA M c€ JOKa3a-
TeapcTBO nIpmHamiesxar P. JI. MoOpymuny [13], [16]. IIpmmep
TICTIONIL30BAHMA JTOH TEopeMbl, OTHOCSNIMIICS K peIleTdaTbiM MO-
TeJsIM KBAHTOBOI Teopuu moJsi, ObLT paccMoTpeH crygexTom MIV
. M. XammEemM. B ero pafote mayuen HeckoIbKo Goxee o0mymii
caydgai.

TeopeMBI CYIIECTBOBAHNA 1IPeJleAbHOT0 pacmpefeienns I'u66-
ca JIsA MOfeNell, Ite ¢(x) NPUHEMAET HeorpaHHMIeHHBle 3HAYCHMS,
paccMaTpuBainch Takie B pabore [lu. JIubosuma m 9. Ilpesyr-
T [97].

7. Kpurepuii IIpoxoposa paccmorpen B kumre II. Bmmiumaresm
«CX0omMMOCTL BEPOATHOCTHBIX pacupenenenniiy.— M.: Hayra, 1977.



TIHABA 2

OA3OBBIE MTUATPAMMBI
HJIACCHYECKUX PEIIETYATLIX CHUCTEM
KOHTYPHBIII METOJ IIANEPJICA

§ 1. Beepenne

B pasnoBecHO# CTATHCTHYECKOII MEeXaHIKE PaccMaTpi-
paercsi o0BIYHO He OOUH raMmwibToHuan H, a ommomapa-
MeTpUUecKoe — ceMeicTBO  rammuapronnasos  BH,  rme
napaMeTp [ mpormopuuonasei 00paTHOil TeMileparype.
lipeyeavusie pacnpepenenuss 1'uG6ca, BBemeHHBIC B Tpe-
ABIYIel TaaBe, MOKIO CTPOUTL KaK TIPefesbl yCIOBHBIX
pacupenenennii I'nG0ca B KomeunpIX 00beMAaX MPH OTIpejie-
JICHITBIX TPAHUYLBIX YCIOBHIX, KOTja 00heM CTPEMHTCH K
decromeunoctn (eM. 1. 1, § 5). EcrectBenmas sajada,
KoTOpag TPM STOM BOBHUKAET, COCTOMT B OMUCANUM BCEX
TaKIX TIPeJeNoB AJa 3amgaHnoro rammibronmana PIH. Ira
3aada BechbMa TpPyHuas, m Oojiee M MeHee OKOHYATENb-
HbIC Pe3yabTaTH IojydatorTes ammn npuw Manbix §. Ecan
uepemennas @(z) TpUHEMaeT KOHEYHOE WHCIO 3HAYEHHIH,
a Mepa Y mopMuposaHa, To 1pu P =0 ycmoBHOe pacmpe-
nesnenne I'mG6ca (1.2) He 3aBHCHT OT TPAHMYHBIX YCJIOBHIA,
nepemennble @(x) CTATHCTHYECKM HE3aBUCUMBI W pacipe-
lejeHne KayKIOH M3 HuX cosiagaer c¢ . llepexon B aroM
ciydae K mpeferny V — oo TpuBHasieH: IpPefesbHOE pacipe-
nexennme I'm66ca mpu P =0 egmHCTBEHHO, U IO OTHONIE-
HHI0 K HeMY INepeMeHHBIC () He3aBUCHMBI M MMeEIOT pac-
npeneserne . Ilpu IMUPOKHX TPEIONOKEHAAX TOUKA
p =0 sBuserca ycToiuwBoii B TOM CMBICIe, 9TO OPH JO-
CTATOYHO MaJbIX B, T. €. MPH BBICOKUX TeMIepaTypax,
npegenbHoe pacupenesneHune I'mbHca MO-Npe;KHEMY €IHHCT-
nenno, a mepemennsie @(x) obpasywr mabop caabo 3a-
BHCHMBIX CIyYafHBIX BEIW4WH. TOUHBIE YTBepH[CHUA
nogo6HOro popma mamokens B kKuure . Posmis [39] u B
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paborax P. JI. Mo6pymmra [13—15]. loraszarembcTsa
0GBIYHO TPOBOMATCA € MOMOIIBI0 TAK HA3BIBAEMBIX CHCTEM
KODpPeIANMOHHLIX  YPaBHEHWH I  KOPPEJIANUOHHBIX
hyrRIMA.

Topasmo Gosnee wWHTEpECHO# W pas3HOOOPA3HOW OKA3BI-
BaeTCs CUTYal¥sg B OKPECTHOCTH Toukm P =oo, FEcunm
dopmankro 3anmcath pacmnpepmenenme I['mbGca B BUIE
const - e~P¥ 1o mpum B — o Takoe pacmpejeNenue IOIGKHO
BHIPOSKIATRCS B PacHpejesenre, COCPEIOTOYEHHOe Ha KOH-
durypanuax, rme H pocrturaer csoero MUHMMYyMa, T. €.
Ha OCHOBHBIX COCTOSHEMAX rammibrommana H. Pasymeercs,
3TO BBICKA3HIBAHWE HE NMMEeT HWKAKOTO OMpeaelleHHOT0o
CMBICIIA M3-3a TOTO, YTO PACCMATPUBAIOTCA KOHPUTYpaTHH
Ha Bceit Gecromeunoit pemrerxe. o OCHOBHEIE, BROIHMEIE
nanee DOHATHS, OO CYMECTBY, NMpeclemyiT Ielb CHeiaTh
ero Goxree TogHHEIM. MBI mOKakeM, WTO TOUKa B = o Tak-
/e JacTo ABIAeTcA ycToiumBoit. Mbl  BBemeM moHATHE
OCTHOBHOTO COCTOSHWS TAMUJIbTOHMAHA, W I TaMUJIBTO-
TIaHOB, ¥ KOTOPHIX THCJIO0 MePUOAMICCKUX OCHOBHBIX CO-
CTOSTHHIT KOHEYHO ¥ BHINOJHEHH HEKOTOPHIE YCIOBHUS
yeToffumBoCT 3THX OCHOBHBIX cocrosumit (ycmosue Ilaii-
eprca, CM. falee), YCTaHOBHM, UTO IS TaMIITOHHAHOB
B/l mpm Gombmmux B BO3HWKAIOT IpefebHBIE pPacIpeese-
nus I'mG6ca, cocpemoTouemHble OKONO BTHX OCHOBHEIX
COCTOSTHU,

B aroit TmaBe MeL  Gymem PacCMAaTPUBATh CHCTEMBI,
y KOTODBIX MHORECTBO @ 3nmavenmit OTMENBHONW MEepeMeH-
noit @(x) womeuno, a rammibroEmaEsl BH TIe PO THET
W TPAHCIATMORHO-WHBADUAHTHEL W WMEIOT KOHEYHBIH
pagmyc B3amMmopeiicTus. Torga ecTecTBeHHO, IO Kpaiimei
Mepe BHavYajse, MCKaTh A TaMIJIbTOHMAHA BH TlepuoIu-
YecKme WM TPAHCIANMOHHO-WHBADHAHTHBIE HePA3IOKU-
MBle TpejedbHBe pacmpeneiennsa [u66ca. Hepazmomu-
MOCTh 03HadaeT ¢ (OPMATHHOW TOYKM 3PEHUsA, 4TO IIpe-
nexsHoe pacupepenenue I'mGGca He TPEACTaBEMO B BHJE
anneiHOR KOMOMHAmWH APYruX HpefelbHBIX pacmpenese-
muit I'm66ca. VMemmo HepasioKuMble IpefeNbHBEIE pac-
npenmesennsa 'm66ca OMMCHIBAIOT CTATHCTUYECKHWE CBOMCTBA
yneTHx TepMmommmammuecknx (asz. Ecam H 3amucut eme
OT mapaMeTpoB Wi, ..., Wy (BHemHMX moxei), T. e. MH
nmeem meno ¢ k- -TapaMeTPHIeCKIM ceMeiicTBOM TaMWIIb-
ronmanos Hy, = H,J,. ., H=H, T0 MHO}eCTBO Hepas-
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JORUMBIX IepHOJMUECKAX pacmpemeneHmid 1'm66ca mis
raMmabTOEMaHa PH, craHoBurca QyHKmmeir u. B uact-
HOCTH, UHCIO TaKMX pacHpefielleHuir Tarxe Oymer QyHK-
nuen .

(Da30BBIA [MAaTPAMMOII  ceMeHCcTBAa TaMWJIbTOHUAHOB
pll, naseiBaeTcs pasOHMeHHMEe IPOCTPAHCTBAa IApPaMeTPOB M4
IIa MUO;K€CTBA IOCTOAHCTBA 9TOM (yHKOuH. MBI mokajkeM,
YTO IpU IIMPOKAX YCIOBHAX JuaA Goxpmux P aszosas
JuarpaMma ceMmeiicTBa raMUIbTOHMAaHOB P, Mano 3aBu-
CHT OT P M yCTpOeHa TaK e, KaK (pa3oBas Amarpamma,
ONUCHIBAION[asi CTPYKTYPY MHOKECTBa OCHOBHBIX COCTOS-
HUil cemeiicTBa ramuiabronuanos H,. Orciona, B 4aCTHOCTH,
BHITEKAEeT, YTO HOABJIEHHE HECKOJIBKUX HEPA3I0KUMBIX
npeeabHBIX pacupepenenuit I'mb66ca cBasaHo ¢ HaamumeMm
y HCXOJHOT0 TraMmIbTOHHAHA My HECKOIBKUX OCHOBHEIX
COCTOSHHII, T. €. C BBIPOKJAEGHHEM OCHOBHOTO COCTOSHUSI.
Y raMmIbTOHMAHOB, OOJAAIOLNX KAKOU-IH00 rpymioi
CUMMETpPHUH, BEIPOKIEHHE OCHOBHOTO COCTOSIHHAA OOBIYHO
BBI3LIBAETCA TeM, 9TO OCHOBHBIE COCTOSHHUA caMu 10 cebe
HEeCHMMETPUYHE H HepexofaT APYr B ApYyra IOJ JeicT-
BueM Ipeo0pa3oBaHWil U3 IPynnsl cumMerpmd. MusivMm
CJIOBaMHM, IPyIIla CUMMeTpPHU [eHCTByeT Ha IIPOCTPAHCTBE
ocHOBHbIX cocrosgHmit. llosromy mnosBnenme B Takumx cu-
cTeMax HECKOJIBKUX HEepasIOKUMBIX IIPeJIebHEIX pacipe-
menenumit ['m66ca HaspIBaeTcs CHOOHTAHHBIM HapyLIeHHEM
cuMmMmerpuu, BoobGme ke, [JIA DOABIEHUsA HECKOJIHKUX
npefleIbHEIX pacmpemenermit I'm66ca TpeGyercs He cre-
nManbHasgd CHMMETPHAS TaMIJIbTOHMAHA, a TOJBKO JIMIOD
BHIPOJK/IEHIE OCHOBHOTO COCTOSHHA.

[Ipu Gompmumx [ wucciegoBaEme (HaszoBBIX AHATPAMM
9aCcTO NPOBOAMUTCA HAa MHTYHUTHBHOM YDOBHE C IIOMOMIBIO
BBeJIEHUA IOBepXHOCTHOro HatsxeHus. llpmBemem ceitgac
COOTBETCTBYIOLIME pACCY;KIeHUs HA npumepe ¢eppomar-
HUTHOH Momeau Msmmra *). YooOHO uMeTh [elo ¢ Tak
Ha3LIBAGMBEIM MAaJbIM KaHOHMYECKUM aHcaMmbieM M OTBe-
JaoIIEMH eMy MAJBIMH CTaTHCTHYeCKUMH cyMMamu. [[jia
o6sema V u moboro ¢, —1 < ¢ <1, nmonomum

Z(Vie,p) = ) e—BHW@V),
(V) I ew)=le|Vlj
xeV

*) IIpusBopuMblii Hu/Ke TeKCT OBbUI_HAOHMCAH B pPesyibrare ILIO-
LOTBODHLIX M ILOJAe3UnIX i memws Oecex ¢ U. M. Jludnimnem.
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[
[

3necy HY — ramunbronmafi  eppoMarHUTHOH  MOJeNH
Wsunra, | V| — wucmo tosex B o6weme V, [-] — smak me-
JIOIl YacTH dmela.

Cornmacuo mssecrnoit Teopeme Ban-Xosa (cm. [39]) cy-
H{ECTBYET TIpefel

lim = In Z (Vic, B) = Bf (¢, B),

V—oo

paBublilt cBoboguoil sHeprum I['m66ca. Dyurumus f Beerma
ABIAETCA BHIDYKIOH mo ¢. HeegumHCTBEHHOCTH mpeentHo-
ro pacupesenerus 'uG6ca H>KBUBaNeHTHA CYIIeCTBOBAHHIO
II0CKOro  yuacTka B rpaduxe f rar ¢yurmum c. Ipn
p=oo ¢pynrmus f(c, ) pasma romcranre (cM. pumc. 1),
DaBHOII yHeJbIlol 9HEPrum 060l U3 KOHQUrYpamii
¢lz)=1, @p(z)= —1, Berunciennoit ¢ momompio "

716,00) )

A

I

1
-7 7z ~7-¢74) 7 e

Pxrc. 1. Pnc. 2.

YerofiunBOCTh TOURH $ = © HPOABISIETCS B TOM, UTO
npn P> 1 rpadur $yuxmuu f(c, B) mmeer Bmy, usobGpa-
JKeHHBIT ma pue. 2, rae ua orpeske |—c*(B), ¢*(3)]
dyurnus f numeiina. Bemmumna ¢*(3)—1 mpu B — oo,

OGbI4HOE J[OKa3aTeqbCTBO TAKOI YCTOWUMBOCTH 3AKITIO-
qaetcst B ciaenylomeM. Ilyers ¢ 6musko ® 1 u durcuposa-
mo. Pacemorpum Gosbmioit o6beM V ¢ rpaHUYHBIME yCIO-
Busamu +1 Bue V. Torma tunuanas womdurypanus ¢(V)
¢ TaKNMMHU T'PAHMYIHBIMHU YCIOBUAMU COCTOMT u3 mops +1
¢ PeJKNMM BKpammeHusMu apyroi ¢ass, t. e. —1. Iru
BKpanJeHus OMHO3HAYHO 3a[alTcs cBoell rpanumeii I,
T. €. BHe BceXx rpaHut I' crosr 1, a usaytpm kK I' mpumsr-
rator —1. Hamee Buyrpu I' =1 MoryTr uepemoBarnbcs npo-
H3BOJBHO, Juinb Obl u3HyTpu K I' mpumsikam cimoin —1.
Ha puc. 3 mpepcrasmem Bum THOHYHOH KOHQUrypamuu.
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SaganuM s kasgoi rparunsl I' kornenrpamuio x(T),
c KoTOpoii oHa BcTpedaercs:i B Koudurypanunm ¢(V),
u vg(I')— cpepnee wucio —1 Buyrpm I', BEIMHcIeHHOE IO
ycaosHOMY pacupepeneruio I'm66ca sryrpum . Torna

| —
+ =1+ + 4 +—[_-s:_!— -+
AN I I
+——FA1—++T+~—.J+
+ = -+ +]- P+ o+ 4
i I R +_iJ~:—!+

Puc. 3.

craTHCTHUECKAA CyMMa MO KOH(UIypamusM ¢ 3aJaHHEIMI
% (T") umeer BHJ

K ({= (D)) exp [V X2 (D) £ (I; )],

rge K({x(I")})— wucano cmocobos pacmomomuts % ()| V]
rxourypoB Tuna I' B ooweme V; F(I'; B)— morapudm cra-
THCTITYeCKOH CYMMBI B 00'béMe, OrpaHMYeHHOM KOHTYDPOM
I". HaGop ‘II/ICBJI %(I') nodsKeH yIOBIETBOPATH YCIOBUIO
SuI)vg(I')=1—c.. Ecnm 1—c¢ Mano m cymMapHas
KOHIGHTpalusaA 06beMOB BHYTPH KOHTYpoB I' Mmama, ToO
MOM(HO TpeHebpeun nepeceqeﬂnmm KOHTYDPOB U HAaIHU-
cars, uto K ({x (1)) =exp|{— VX% (D) Inx(T)]. Tlo-
clenHee Bblpﬂ?ﬂeﬂl[e 1HOJYyUlJIOCh, ecIn OI)I MbI pac-
mojiaranu KoHTYpHI I' Hesasucumo mapyr or mpyra. Haxomx-
nenue gyuxmuu f(c; B) cBoguTea B Takom anGJm;Remm

K HaXOMKAeHNI0 MAKCIMYyMa max[ Din(l yInw (T) 4
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+ 2% () F (I;B)], s3sroro mo BceBO3MOMKHBIM rabopam
%(I), mus xoropsix X % () vg(I)=1—c.

Bynem paccmaTpuBaTh KaMKAyH o00inacTh, OrpaHHYeH-
nylo I, Kaxk 3apopsim (assl ¢ IpeUMyINecTBeHHOH KOH-
yeurpanueii —1. B rakom ciyuae vg(I') 6umsko K o6nemy
[0()], orpammyennomy komrypom I'. O6brumoe momymie-
mge cocrour B ToM, 4uro ¢yukmua F(I'; B) momyckaer
upejcrapienne B suge F(T, B)= ol ()| — xe(I) T, rne
[I'l — gmuna komrypa I' m o me 3aBucur oT I, a 3aBm-
cuT ToabKo OT P, a Xs(I') ects moBepxHOCTHOE HaTIMe-
Hue, Xs(I')~ const - p mpm P — oo, Bemuumna o ~ e~°0"sP
npu P — oo,

Ilopcrasnsas seipakenue musa F(I'; B), momywum, uto
3a/laua CBORUTCH K MAKCHMU3ANUE BHIPKEHHA

— 2% Inn () + 2% () (@] 0 ()] — % ()| T])

10 neem %(1') npu yesosmun 2y % (I') vy (I') = 1 — ¢. O6pra-
HBIE MeToj MHokHreiein Jlarpamka mpPUBOOUT K TakoMy
pesyabTary:

x(l) =exp{—1+ap|0I)|—pvp(I) — % ()| ']},

rme MHOKHETENb | MOof0MpaeTcsa u3 chIOBHHZ%(I‘) v([)=
=1—c.

Vs mociepnero BHIpaMKeHHA BHUHO, YTO [MOJKHO OBITH
W= —op, IpHYEM 3HAUEHHI0 L= —Clg OTBEYaeT KAK pas
sesrauna c*. Ilapamerp p fomxen GBITH HACTONBKO GOJb-
OIKM, YTO pﬂﬂ_Zv(F ) e 4B <4, Ilpm raxkom ycimoBum
MOKHO IOKa3arh, 4To Qymknus f(c; p) asigercsa riaagkoit
¢ynkmueit mpm —1<c<-—c¢* mw c¢*<c¢<1, a mpum
—c* < c¢<c* pauboilee BHITOJHBEIE KOH(UIypanuwm, T. e.
KOH(UIypamuu, cyMMa @O KOTOPHIM BHOCHT OCHOBHOIL
BKIaJ B MAalylo cTatucTuieckyio cymmy Z(V; ¢, B), Ta-
KOBBI, YTO MMEETCsA OJMH OOJBINOH KOHTYpP, OrpaHMIMBAIO-

. S VT VY .
muii oovem V-, 2 (—c*) 4+ (1 — 7) c* = ¢, BHYTPH KO-
Toporo 0oJbllas KOHNeHTpamua —1, a BHe 3TOro oobeMa
Oonbiiag wKouuenrpanua + 1. VIHBIMM CJIOBaMH, OCHOBHOI
BKJaJ B MaIyl0 CTATHCTUYECKYI0 CYMMY BHOCAT KOHQU-

rypanuu, y KOTODHIX HPOUCXOAUT KONJEHCAIUsS M IIPOCT-
paHcTBeHUOe pasjeinemnue ¢as.
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Tlpn mociemoBaTenbHOM B Gollee aKKYpaTHOM IPOBe-
JIEHAN BCEX BTUX DACCYKIEHWE Heo6XOonnMo, B IEPBYIO
odepenb, TOKa3aTh BO3MOKHOCTH FPEJCTABICHHs JIOTA-
pudma crarncrmaeckoit cymms In E(T'[B)= F(T; B) BBuje

F(T; 8) = apl0(I)] — (DT,

T. €., II0 CYIIECTBY, ONpPeJeNnTh IMOBEPXHOCTHOE HATsHe-
ume. Hak m3BecTHo, mMOBEPXHOCTHOE HATSKEHHME He SBJIA-
CTCSI TEPMONMHAMHYECKMM IOTeHIuajioM. IlosToMy ero
MOCIeIOBATEIBHOE OTpeJeNlenre M3 pacupeneirenus [nb-
6ca BecbMa TpynmHo. Boiee TOro, ero MOKHO OIpefeIuThH
TONBKO BHE TOYeK (Pa3oBOro mepexoga BTOPOTO PONa, T/e
TTOBEPXHOCTHOE HATSKEHMe BOOOIme PaBHO 6ECKOHEYHOCTH,
Ilns paccmarpmBaemoro B 9Toff riaBe Kiacca pelmeTda-
THIX CHCTEM W3 NPUBOJUMEBIX Jajiee pacCyjeHuit KomOu-
HAaTOPHOTO XapaKTepa BBITEKAET BO3MOMHOCTL OIpeIese-
ANsI TMOBEPXHOCTHOTO HATSIKeHHS U3 pacnpemenxenus [ul-
6ca mpm Gompmmx PB. Jlpyras, Memee mpUEOUIHMANbHAA,
TPYAHOCTH COCTOMT B TOM, U4TOOBI JeCTBUTEIHHO MOKA3aTh,
9T0 KOH(UIypauwm ¢ OPOCTPAHCTBEHHBIM  Pa3METeHMCM
$a3 BHOCAT OCHOBHON BRIAJ B MAIyl0 CTAaTHCTHYECKYIO
cymmy. JTna Monenm Wammra aTo 6mumo morasamo B [28],
[29].

TIpenmaraemoe B 3TO#l riaBe McciaefoBanme (a3oBBIX
JarpaMM peImerdarsix cucTeM mpm Gompmmx [ mmeT B
HECKOJBKO JPYroM HampaBieHmH. MBI mpoBopmM Bce pac-
CMOTPERIA B paMKaxX GOIBIIOr0 KaHOHMIECKOTO amcambIs
7 TOKa3bIBaeM, 9TO CTATHCTHIECKHE CYMMBI B KOHEUHBIX
of0beMax YAOBIETBOPAIOT CHEeNUANBHON CHCTEME PeKyp-
PeHTHHIX YDaBHEHWH, M3 KOTOPHIX BHITEKAeT, dTO 9TH
CYMMBI MMEIOT BEChbMa CIENHANbHBIA KOMOMHATODHBIA Xa-
paKTep M, B YACTHOCTH, CBS3aHBl CO CHENUAIHHBIMU
KOHTYpHEIMI Mopiedsimu, Beefemnbivum B [28], [29], n ¢
IKOHTYPHBIMA MOJIENIIME € HapaMeTpoM, BBEJIEHHEIM B [34].
Tloce sToro modyuenme HY;kHOI mEPopManmm o daso-
BHIX JZarpaMMax yme He tpeOyer Gompmoro Tpyaa. Mos-
Ao 6bLI0 OB BEPHYThCST K IPUBEJEHHBIM BHIME PacCysk-
MeHAsIM 1 IOKa3aTh MX 3aKOHHOCTH, HO MBI yiKe DTOTO He
menaeM.

Ilepeiimem Temepb K 0ollee HOCTENOBATEILHOMY H3IO0-
ALCIIHATO,
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B aroit rmase Mepa y mupepcraBasier co0Oil  paBIoO-
mepnoe pacmpenenenme Ha @D, 1. e. yx(p)=1/|®| pgna
mo6oro ¢ € @. HacKoInbKo 3TO BO3MOMKHO, MBI Gyaem Ic-
noxb30BaTh obo3zHavwenms riapbl 1. 3ammen ¢ = Pla. s.)
I OPOM3BOJBLHBIX ¢, P S Q o3HawaeT, 4TO HEPaBEHCTBO
¢@(2)#= y(z) BEIMOMHAETCS MUIIL IS KOHETHOTO MHOKECT-
Ba z. [lanee, jyig W < Z' uepes 6(W) obosnavaercs jna-
metp W, r. e. § (W) = sup |z —yl,

x,yeEW
d(‘z.,W):m”]HI_yu, d(Vv W):lnln"‘L_l/H
vew xeV
yEW
Ry ¢ memrpom B Touxe x n co croponoit 25 ofozHava-
eresr Wiolz), 1. e. Wz)={yesZ lz—yl <s}. Jlaag muo-
iectBa V = Z¢ wepes V oGosnaueHo jomoauenie k V, 1. e.
V=Z'-7V, rpanuna 0V wmuomectsa V ectn 0V =
={zizeV, dlz, V)=1}.

Pagmye BsamMopeficTBis, oTBewaomuii moTemmmary
3, obosmagaercst R, 1. e. F(p(V))=0, ecim diam V > R.
V10610 Tarske B pAme caydaeB HCIOMDB30BATD $yHRmIIO

1
Us)= X 75 (0 ().
Wixew

Mot pacemoTpuM  ogHOmapaMerpuueckme  ceMmeiicTBa

rayuapronnanos  BH, 0B <<oo, H= 23 5 (9 (V)).
vczd

YcI0BHbIE BEpOATHOCTH [UIA YCJIOBHOTO pACIpEeNeHNs
I'uG6ca nmeror BuA

pleW e (z!—7)) =
1

s P, D, S M)

B nampmeiinieM ypo6mo moib30BATHCA OTHOCHTENLHBIM
raxmbronnanoM H(gly), ompenemennsiv s mpoussoni-
neIxX ¢, Y€ Q, ¢ =P(a.s.), rre

H (¢ ) = ; (S (@ (V) — 3 (p (V). (2.2)

B 2T0fl cyMMe TOJBKO KOHEUHOE WHCIO CJHAraeMBIX OT-
JIYHO OT HyxdA, YcioBHBe Beposarmoctu (1.2) ymosmerso-
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PAIT COOTHOUIEHUIO

plo (V)| (z4— V) \ A
® =exp(—pH ) 2.3
p($ (V)| (24—V)) exp {— B H (¢| V)] (2.3)
rae ¢(p) cosmamaer ¢ @(V)(W(V)) ma V u ¢(Z'—7V)
BHe V.
B camom meue,

29 exp{— BH (9] V), (2.4)

py (P)

ecin @(z) = P(z) guas rarux z, uro d(z, V) < R,— skBu-
BAJICHTHOE ONpejielleHIe YCIAOBHBIX BEPOATHOCTEH B TepMU-
Hax oTHOCcHTedbHOro rammabroHmana H(gly).

EcrectBenHOe TpeGoBaHMEe Ha B3aUMOfeficTBHE — Tpe-
foBauye ero TPaHCIANUMOHHOI MHBapuMaHTHOCTH. Ham, ofi-
Hako, OyfeT ymoGHO paccMaTpUBaTh HECKOIBKO Golee
IMIAPOKHUIT KJIace B3AaUMOMNEHCTBUH, a HMEHHO NepHOfUde-
CKUe B3amMOJEHCTBHA, B KOTODHIX 3 MHBAPHAHTHO OTHO-

d d
curenbEo moarpynnsl Zg — Z xomewHOro mHAEKCA.

§ 2. OcHoBHbBIE COCTOAHNA

Mger GymeM roBOpHTH, 94TO OJHOIApaMeTPUIECKOEe Cce-
MmeitctBo Py, B — oo, mpepmenbHbIX pacnpepeneHuit I'm6bGca
mia ramuibToHMaHOB PH mpepcraBisier coboit Manoe orT-
KIOHeHHe OT (PUKCHPOBAHHOM KoHEUrypanumm < Q, ecan
pas mo6oro s >0

lim sup Pg (¢ (W, (2)) #= ¥ (W, (2)) = 0.

Booo xe=zd

(MopmanbHBI mepexox K mpejexy mpum f— c B (2.3)
MOKasblBaeT, 4TO TUNWYHBIE KOH(PUrypanum, OTBEYAOMUe
YCIOBHBIM pacupepenenumsM ['m66ca, mpum Gompmux
JOIKHBL ObITH OIUM3KH K KOHPUIYpamudAM ¢ MUHAMAILHON
pHeprmeii B [JaHHOM oGbeMe (OCHOBHBIM COCTOSHHAM).
IToaroMy ecTecTBeHHO HAMEATHCS, 9TO IPU OOMBIIHX B CY-
LjecTBYIOT OpejeabHble pacupepenenus I'mG6ca, mpepcras-
astone coboit Majible OTKJIOHEHHA OT OCHOBHBIX COCTOSA-
HUil raMUAbTOHMAHA. [[JA mOATBepIKIeHMA BTHX DBPUCTH-
TeCKUX COOOPaKeHUN MBI BBEIEM OIpejelieHue OCHOBHOTO
COCTOSIHUA TaMHUJIBTOHHAHA U IIOKAjKeM, YTO IPH YCJIOBUH
VCTOMYMBOCTH DTOTO OCHOBHOTO COCTOAHNHA. HAZBIRAGMOTO
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ycinosuem Ilaitepica, MOKHO MeHCTBHTENBHO HOKA3aTh,
9T0 CYIIeCTBYIOT OFNHODApaMeTPHIeCKHWEe CeMeicTBa IIpe-
JeXbHBIX pacnpefernenuit I'm66ca, mpepcraBiAiomue coboi
Malble OTKIOHEHHA OT OCHOBHBIX COCTOSIHWIA, OJHAKO J0-
KasaTelbCTBO, KaK OyJerT BHLHO, JOBOJNBHO JIMHHOE.

Onpenenernme 2.1. Homdurypanua 1 maseiBaercs
OCHOBHBIM cocTosiHueM rammiasronnana H, ecmn H(glyp) =0
mast a06oit RoHQurypanur ¢ = P(a.s.). OcHOBHOe cocTos-
HHUe 1 HM30JHPOBAHO, eCIH U3 Toro aKra, 4To @ 7 1,
¢ = Yla. s.), crenyer, aro H(plyp)> 0.

MuoyxecTBO IEPHOAMYECKAX OCHOBHBIX  COCTOSHHUIL
raMuiabToHEaHA [ 0GosHaumm uepes g(H).

Mosuo mate Gomee HArsAHOE ONIpENeleHHe IIePUOIH-
YeCKHX OCHOBHBIX COCTOSAHHWi., A HMEHHO, 0003HAYHEM
MHO;KeCTBO BCeX IePHOJMYCCKUX KOHQHUTypammit ¢ mpous-
BOJILHBIM HepHofioM Ueped Q U mIa ¢ € Q moxo;kmam

B () = lim ———— U, ().
(9) Hm - (O)Ixe;s(o) ()

e e

Nusimu crosamu, k() ecrs ymeapHas oHeprua ¢. Ilo-
cronbKy S mepuwopmuen, 1o k(@) ompefeneEa M KoHeuHa

Ha Q. Biejiem
h = inf h ((P).
IY=(v)
flcno, ar0 A > —oo,
JJemma 1. MHOKeCTBO TEpHONHYECKAX OCHOBHEBIX
cocrosanuii ramuibToHHMaHa H coBmajgaeTr ¢ MHOKECTBOM

U= {p:p= Q, k()= h}.
Hoxasarenscrso. llokamem smavame, aro glll)=
sg(H). Ecmm @@, hle)>h, a y=g(H), 0o pua
Kordurypanun ', copmamatomeii ¢ Y B W,(0) m ¢ @
pue W,(0), Gymem, oueBuano, mMeTh

U @)=(h — () [W,(0)] + OUaW.(0)])< 0

apu pocrarouno Gonpmux s. ClegoBareqbHO, ( HE MOMKET
OBITH OCHOBHBIM COCTOSIHHEM.

Jlns pmokasarenbcTBa 0GpATHOrO BRIKYEHHS BO3bMEM
Y g,(H) u gomycrum, uTo Haitmerca Komdurypamusa P’ €
€Q, ¢ =vla.s.), mra woropoit H(P'|P)<0. Ilocrpomm
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¢ moMombio P KoH(PHUrypammio (DEQ, mas koropoit k()<<
< k(). Ousa sroro Bosemem V' (W,(0)) m mpomommnm ee
nepuopmdeckn Ha Belo pemetky Z?. Ilonyuemmas xomdm-

rypamas ¢ =Q u s wee b (9)=h () + ITV%‘W H ')

HIPA TOCTATOYHO GONBIIMX S, YTO NMPOTHBOPEUHT OMpefese-
oo k. Jlemma morasama.

WUHTYynTHBHO ACHO, YTO MMEHHO M30IMPOBAHHLIE OCHOB-
HBle COCTOSTHUS MOIKHBI OBITH CBA3AHBI ¢ HEPA3JIOKAMBI-
MH DOepHOAWYEeCKUMH INpEefelbHBIMHA  pachpefleleHuaMu
I'mbGca mpm Gomsmumx B. B mambmeiimem, BasKEYIO POIbH
6yner mrpath yemosme Ilaiiepica, BEpaskaiomee TOT (aKr,
YTO TEePHOAUYECKHEe OCHOBHEIE COCTOSIHASA H30JMPOBAHBI I
B OnpeneseHHOM CMEBICTe paBHOMEDHO yCTOIU/I‘II/IBBI.

Onpenmenenme 2.2. PaccmorpmM mepmonmueckmit
TaMUJNbTOHWAH ¢ KOHEUHHIM PagmycoM B3ammofeiictBus R
n 0<|g(H)| < . O6ozmaunm vuepez N ofmuii mepuox
mis H © ero mepmommuecKux OCHOBHBIX COCTOSHUI,
1 nyers s=max{N, R}. Tpanuneir 8¢ xondurypanuam
¢ = Q HazbHIBaeTCA MHOKECTBO

09 = Ud{Ws (2): @ (W, (2)) #= b (W, (2)), b= g(H)}

xS Z

T'paEnna Be 06GA3aTeNLHO KOHEYHA, HO 5TO 0E3YCIOB-
HO TaK, ecau ¢ =1\P(a.s.) mra mexoroporo Y= g(H). Ou-
penenenme A 3asmcut o S m g(H), HO ero 3aBHCAMOCTBH
OT § He OYeHH CYIMECTBEHHA, IIOTOMY UTO

docd'oc= | W (x), (2.5)

xE0Q

ecim @'Qp — rpammnma, ompefeNeHHAas Ipm momomu s’ > s,
T. e.

l8gl < 10"gl < [4s” + 11%]dgl. (2.6)

Mur omunaem, uro H(gly) mpuGrmamrensso mpomop-
nuonanen |9¢l, ecrm = g(H), nocronsry h(p)=h na

g(H). Onenxa cpepxy
Hplp)<Clagl, p=Q, v=glH), ¢=1la.s)

MOMKET OBIThH JIETKO noJiydyeHa, OTHAKO HaAM BajXHa OIeHKA
CHWAV.
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Onpegenenme 2.3. Tamunsronman H ymomierno-
paer ycuosmio Ilaitepica, ecim cymectsyer p>>0 Ttaxoe,
aro H(plp)=pldpl panm  moboit  womdurypammn ¢ =
=la.s.), = g(H). Vaursmas (2.5), MOKHO yTBEPK-
IaTh, UTO CIpaBeIMBOCTL ycropusa Ilaifepiaca He 3aBH;-
CHT OT §, XOTSL P yMeHbLINaeTcA mpH BoapacTammm s. Cire-
AYOIas TUIOTe3a KajkeTca BepHOil, HO He JOKA3aHA.

Tunmoresa. |g(H)| < oo = ycmosue Iaiteprca *).

Iockomsry |8l > 0, ectn ¢ 7 P, P = g(H), m3 yeio-
sus Ilafiepica caemyer, 4To TepHOAMIECKHe OCHOBHEIE
COCTOSIHAA M30TAPOBAHEL

§ 3. OcHOBHBIE COCTOAHIA BOIMYNIEHHOTC raMILIbTOHHAHA

PaccMOTpEM mepmoAmueckmii TaMIILTOHMAH ¢ KOHEU-
HBIM pafumycoM BaanMojeiictsus [y m mpegmoroskuM, UTO
UICTO €ro IEePUOANTCCKNX OCHOBHBIX COCTOAHUIT KOHETHO
1T HOTOKATENBHO W Hy yOBIETBOPSCT YCIOBMIO YCTOITIM-
soctn Ilaitepmca. Tlyern g(Ho)= {y, o, ..., P,}. Iexnio
BTOIT TWIABHI ABIAETCH OMUCAHME TPH GOTLIIAX § Tpemennb-
HBEIX pacupepenenuii I'mG66ca nns (r — 1)-mapaMerpruecko-
TO ceMeiicTBa TaMIJILTONHATIOR

’Iu = ]{0 -+ LI1H1 +...0F ]J,-_llfr_l, (27)

rme w= (g, «+ ., o), |0} = max || m nammmit ra-
1<i<r

murprounan I, i=1, ..., r—1, Tawske upeanoraraeTcs

TePHOMIECKUM 1T C KOMEUHBIM PAUyCOM B3aHMOJeICTBHA.
Tamnavronmausr H; urpator ponn smemmnx  moreit. Cy-
mectBenno (cM. mamee), 4ro mx umesno ma 1 MeHLINe, Tem
THCITO OCHOBHBIX COCTOSIIUM,

Tlyers N mw R ofosmavaior obmmmit Tepmom M Makch-
MaJbHEI paguyc BaauMoneitcTsus H-x. Ynpeanmas suep-
rus 000l meproanIeckoit ROHPUTYpamuu ¢ Mo OTHOIIe-

Hmo K H, ofosmawaercs wepes hy (¢), h, = min h, (),
- 1<q<r

M Tpanuma KoHurypauum 6yger OUPeNeNATLEeS ¢ Io-
momeio s >max{N, R}. 9t npeguonosmenna n obozmave-
HUA OYAYT MCHOONB30BAThCS B madLueimieM 0e3 JNOMOoIHH-
TEIBUBIN cchimon. Jlemaa 2 nposicniser erpyrrypy g(H,).

*) HepmaBHo oTa rmmoTe3a GblLia ompoBepruyra Ilegepcrmy.
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Jlemma 2. CymecrByer g9 >0, 3aBucAmee JINIIL OT
H,, Hy, ..., H._,, Taxoe, ato misa |pl < e

&+ g(H,)< g(Hy),
gH)={p:p=gliy), hp)=hl,

n I, ynosaersopser yciaosuio Ilaitepica.

Bomee Toro, ecim |ul <eo, mo Huplp)= poldpl mpm
¢ =1Pla.s.), p=g(H,), dp onpenenserca ¢ NTOMOUIHIO
g(Hy) m po =0 ne sasucur or p. Kpome Toro,

HJ(plp)=p o] mpn ¢ =1la.s.), p = g(H,),

rjie 0, 0003HavaeT TPAHIIILY, OTMpeIeJeHHylo ¢ IIOMOIILIO
(H.), lpl <eo Komcramra p,>0— PyERmma u, ymos-
TeTBopAINasg yeIOBMI JIMNMHKIAa 0O | Ha MHOMecTBaX,
rae g(H,) me mensercs.
fioxazarexncrso. Obosmaumv wepes hi(p) ymemrs-

yio sHepruio @& Q mo ormommenuio kK /;, i=0, 1,
.. r—1. B neppoit wacTi mMoKazaTeanCTBa IPaHMNA KOH-

Qurypaunn (pEQ ONPEJIETALTCA 110 OTHONICNHIO 1t g(Hy)

n s=1+max{N, R}. Mlan moboii xomdurypammm @< Q
PaccMOTPHM KOMIIOHEHTHI

O ()={z:2&dp, oW, (2))=1,(W,(2))}, q=1,

Hocroasry H; — raMmiInLToOHIaR ¢ RKOHETHBIM  paguy-
COM B3aUMOMEHCTBH, CYIIeCTBYIOT KomHcTanTsl C;, 3aBH-

camue surrb or H;, N, R, d, npnm KoTopsix
VHi(@19) — 2 94 (@) [ hi (o) — hs (1) [ < Cil 0],
(2.8)
ecin @ =Pla.s.), = g(Hy), m i>0, B To BpeMsa Kak
Hololp)= plogl (2.9)

w3 ycmonmst Ilaitepmea ps Ho. Taxma  oGpasow, ecan
PEQnN

~ (@x), mpn [z <L,
~ |y (@), npu |2> L,
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Mbr IoayyuM us (2. 8) 1 (2.9) npu lim L = oo, uro
’hi (@) — E g (@) h ll>q)’ <20, (9)  (210)

g i>0u
hol@)= ho(p)+ pmio(o), (2.11)
rae

Dy (@) =1, w(9)=0, ¢g=0,...,r, (2.12)

[0%, nw, ]

Ty () = %EB, T O] (2.13)
.o (e)nwL 0] )
T[q ((P) = II,LE L l WL (O) 'L 9 Q> 0. (—)"14)
Mycrs ¢ = Q, Y e g(Hyp), Torna
r—1
h (@) = kg () + i§1 wihi (@),
z u3 (2.10)—(2.12) cmexgyer
r—1
b (@) 2= kg ($) + 7, () [P— 2 2 [ i l'Ci] +
r—1
+§m2hq®hwwﬂmm—num2th)

—gmmmm—mw+gmmmmF
—ho(wq)]>hu(1p)+”0 (@ p—3C|n|l+

+ q§1 g () [P (Yg) — by (D)1,
r—1

rie C = 3 Ci, 1. c.
i=1

s (9) = by () + - 071, (0) + ) 71 () [ (o) — Fow (W),
=1
’ (2.15)
ecnr g Q, v g(Hy), Ipl <eo= p/4cC.
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Taxmm obpasom, h.(@)= h,(}), ecnin § = g(Hy), Tako-
Ba, 910 A, ()= - hy, © HepaBeHCTBO OyjeT CTPOrOe, eciH
@ E g(Ho) nmu ¢ = g(Ho), Ho h(@)> h,.

Tem caMbiM mepBoe U BTOpPOE YyTBEDIKIEHHA JEMMbI
JIORa3aHBbI.

Yrobsr gokasars ycmosume Ilaiiepmca mpu |ul < eo, om-
penenuM rpanuny c¢ momompsio g(Ho). B asrom  caywae
ycaoBue llailepiica MOKHO HOJY4YMTL KAaK HPOCTOE Clej-
creue (2.8) m (2.9). [leiicrpurennno, eciu |ul < gy m
¢ = (a. s.), ¢ = g(ll,), rorga

Hy (@) = Hoy (@) +

+ 3w 210, (0) (s b)) — i () — || C 09 =

=2 01001+ D104 @) | (b (b) =l (4),  (2.16)
g=1

OpudeM HOCHe/Isist CyMMa IeOoTpPHIaTe/ibia. SaMCTAM Te-
mepb, 910

9w = d¢p | U g (9),

a3 VgES(Hy)

H (@) =pu|dpe ls

TOrgAa

rpe

. 3 .
pu = min [7;— o, min (i (1)) — @o},
Wge(H)

9eM U 3aBepIIAETCHA [OKA3aTeabCTBO.

Cxepryromee yciaosue o3mauaer, IT0 J1000e HEIYCTOC
nopmuoKecTBo g(H,) sBIseTCA MHOMKECTBOM IIepHOJMTe-
CKUX OCHOBHBIX cocTosHuil If,, Korga | mpoGeraer KyO
lul < eo. OHO BBIpasKaeT HeKyl0 JHHEHHYI He3aBHCH-
MOCTb BO3MYIAaOIUX ramumibronmanos H; i=1, ..., r—1.
Vimenno smech HaM BaKHO, UTO HX UNCIO B TOYHOCTH
pasuo r — 1.

Onpenenenne 2.4. Ilycrs 2, =01, ..., (),
rae tu(he)= hu(ps)— k. Bypmem rosopurh, ur0 CemeiicTBo
H, monmocreio cHuMaer BBIPOKIEHHE OCHOBHOTO COCTOS-
uus ly, eciu t, oroGpakaer IPOCTPAHCTBO NAPaMeTPOB
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L Ha BCIO TPaHUIY
0r={a:a—_—(a1,..., a,), min ag =0
1<g<r j
TIOJTO3KUTEJNLHOTO I~-MEPHOTO OKTaHTA.

OcroBBIBasiIch Ha 9TOM YCJIOBHH, MbI JOKasKeM, d9TO
TOIIOJOTHYECKAA CTPYKTYPAa MHOKECTBA IEPHOAMICCKUX
opefenbHBIX pacmpepnenenmit ['m66ca miua  ceMmeiicTBa
raMunbToHHAaHOB I, mpm Gombmmx § W MajBIX | HMeer
TaKyIo e CTPYKTypy, 910 1 O,.

§ 4. ®DaszoBbie mepexojsl
B IBYMepHeit (heppomarantHoii Mofean Msnura

Tenepb MBI OTCTYIHM OT W3JIOKeHUA OOIIEH Teopuit
N paccMOTPUM OCHOBHOH HpHMeEp, ¢ KOTOPOTO HAdaloch
pasBuTHEe Bceil Teopum, HM3jdaraeMoil B sToit riase. Peun
noitner o (peppoMarHUTHOH ABYMepHOoii Mopenm VamHra,
T. €. 0 MOZIEJH ¢ TAMUJIBTOHNAHOM
Hi=—J 23 o@)e), o)==x1, 1, "eZ

e <T=1

B ¢geppomarauraHom ciyzae J > 0. He ymensimmas obmgmnoc-
TH, MOJKHO cumTath, 9r0 J = 1. CymmupoBaHuUe IpPoOUCX0-
pur mo mapam t’, t”, It" —t”I=1. Ouesmamo, 4ro sra
Mofelb HMeeT J[[BA OCHOBHBIX IIEPHOMUIECKHAX COCTOSHUSA
Yt =A{pt) =1}, v~ ={pt) =—1}, u ramursronnan H,
¢ BTHMHI JBYMS OCHOBHBIMU COCTOSHISMI YIOBIETBOPHET
yeaosuio laitepica,

Teopema Ilaidepmca (em. [105]). Cymecrnyer
raxoe Po, 9T0 IpHm Becex P > Py rammiabronnau B, mmeer,
no Kpaitmeii Mepe, ipa TPAICHSIIONIO-IHBAPUAHTHBIX TPC-
mexbubix pacnpefenenns I'nGoca. Rar @ynwinu § orn
pacipefieienuss 00pa3yioT Majibie BO3MYIIEHHS OCUOBIBIN
cocrostmit P*, P,

Horxaszarenncrso. Durcupyem obomem V<Z2 n
rpammansie yeaonis @(Z* — V). Veaosuoe paciipepernciiie

I'mG6ca B obneme V npu rpammansix yeaosusax ¢(Z% — V)
uMeeT B PACCMATPHBACMOM CIydae BHJT

(@ (V)9 (Z2—V)) =
! exp j—— p 2 ¢ ()@ (t”)}’

ET ) ey
it —t"=1
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BE(V; B; @(Z*—V)) — cratucrudeckass cymma, p=>0—
napamerp. Ilpn mameit sanuen wampmas mapa t', t”, rme
xorss OBl oo us t', ¢t” npumammze:mur V, Berpedaercs
OJTUH pas.

ITpoBegem Bcromorartenbubie mocrpoenus. O6bem V
Beerjia Oyiem BeIOMpaTh B Buje nLBagpara W.o(0). 3ama-
jquM rpamimunsle yexosusg B Buge + 1 Bme V. Coorserer-
Bylomiee yciloBHoe pacnpefeicune I'iGoca oGosmaunm ..
B pgaumom ciyvae rpanully KOHQUTYPAIUI MOMKHO OIIpe-
JleTUTH 1IpOILe M ecTecTBelnmice, UeM B O0ImIeM cjyyac.
Wmes wougurypaunio ¢(V), pacemorpum V' =V, V' =
={te V]p(t) = 1}. Oxpymnm ramayw Touxy V' samxmy-
TBIM €JINIITIHBIM KBAJIPATOM C TEHTPOM B DTOM TOYKe.
OGbenunenne TuX KBafgparos oGosmawum &(V’'). I'pa-
uuy MookecrBa (V') OymeMm HasbiBaTh TpaHduell KOM-
gurypamum (V) n obosnavarn d(@(V)). Konrypom rpa-
umel 0(@p(V)) uaspiBaercsa saMEHyTas liecaMoliepecera-
masca Kpusasg, npunajgieskamas 0(q(V)). Bearas rpa-
HHULA OJHOBHAYIIO PACIIAJIACTCA Ha KOUTYPHL

o rpaunne 0(@(V)) momuo opmosmauno BoceTamo-
sirh kouduryparo (V). Jlas nroro, nsuragcn or rpa-
unuer Vosnyrpn, 6yaem crasnrn +1 o Tex nop, 1ora
He moizieM jio nepsoro womrypa. llepeceras wonryp, Oy-
Jem craBut, — 1 m T, I

B ocuoBe pokazarennersa TeOpeasr JesKUT nepaBerct-
Bo [laiiepica.

Hepasencrno Ilaiiepaca (em. [105]). Iyers
Y — ¢urcupoBanmusiit ronryp, p,(y) — BeposriocTh TOrO,
aro Y€ d(@(V)), perancienmnas ¢ HOMONLIO pacnpepesc-
mus P,. Torga

p+(y) < exp {—2plyl},

[y| — mumma rkonrypa v.
Moxasareancrno. Jlan moboii  wondurypami
¢, Kotopast comajiaer ¢ Pt npme V,

I (@) = H(p(V)) + H(p(V)|pHZ2 - V)) =
= =2V +2]a¢((V)].

B camowm jexne,

Iy (9) = — S e)et)=—3t—3",
{1t INV#ED
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rge X1(27) ects 9acTh CyMMBl, B3ATasg [0 TAKAM IapaM
{t', t7}, uro @) =¢") (@) =—¢(")). 3Bamerum
tenepb, 910 — 2~ = |8((V))|, MOCKOIBKY efUHUYIHOE pe-
Opo, paspgensiomee ¢ u (7, TPUHANIEIKUT TPAHALE
d(p(V)). Obmee umecro map {¢, t”}, {t/, t"}NV+3,
pasuo 2|V|, a Z* —uumcno map, rae ¢(t') =¢t”). Ilo-
aTOMY

ot =2|V| —|Z°| =2V +Z".
OnroHTATeNLIIO
Iy (p) = =2V — 238 = -2V -+ 2[a(p(V))].

Hlanee, 1o orpesenenuio

exp [~ Bily, ()}
@(V): vCa(e(V)) —
2 exp{—- Bty ((p)}

»(V)

P+ ()=

exp 28| V[ —2B|d (e (V) |}
— «(V): vCo(e(V) —
Dexp 2B V| —2p[ap (V)]
®(V)

exp{—2Bla (e (V) }
— o(V): v_ca((P(V))
D exp{—2B|a (e (V) I}
(V)

IIycrrs @y — mHOKecTBO woHurypamuin @(V), mus

rxoropeix Y < d(@(V)), ®y — MumOsKecTBO KOHUTY paIHil
@(V), mua roropeix d(@(V)) Ny=D, YcraHoBuM B3aumM-
HO OJHO3HAYHOE COOTBETCTBUE ¥; MEMKIy KOHQuUrypa-

muavmu w3 @ uw Oy, lua sroro, B3sAB KOHQUIypamuo
¢(V) € @,, yauurokuM y Hee KOHTYD Y, 3aMeHUB BHYTDH
Y Bce 3HaKu Ha mporuBonono;kubie. [lomyuennas romgu-

ryparua ¥ (@(V)) €y . Ouesupno, 4ro
(V) = d(y,(@(V))) U,
[0e(V)] = a0y (@(VIN] + Ixl.

IIpu samamsoM § orobpajkemue Y; B3aUMHO OJHO3HATHO,
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TOIIGPL MOKHO HalluCcaTh

p+(¥) =
D exp{—2B1a9 (V) ]} 3 exp{—2Blag (V) [}
_AVIED, o(V)ED, _
T Moexp{—2plop()l} D exp{—2B1ap (V)]
o(V) :

o(V)EDy
> exp(—2B1ap (V)|
fv(V)ea)v

2 exp{—2B | (1,0 (V) |}

WV)ED,

=exp{—2B|v[}.

Hepasencrso Ilaiiepica noxasawo.

CremcrBuaHepaBencrBa llailepiuca:

I. IIpz pocraTouHo GOABIINX [ CyIIECTBYET IIOCTOMH-
mag CB)=C>0, C(B)—0 upnm P— o Takag, 4uro
P Ae(V): 1y >CIn |Vl =xoras ©Om pus ommoro Y&
€ d(p(V))} - 0 mpu | V] — .

Hoxazarenbcrso. Kammomy wourypy mpummimem
[avyal0 — ero KpaWHIOK JeBYyI0 HIKHIOI TOYKy. Torma
BCe MHOKECTBO KOHTYPOB PacHajaeTcsi Ha KIACCHL KOI-
TYpPOB, HMEIOLINX HAYaJIOM J[AHHYI0 (PUKCAPOBAHHYIO TOY-
Ky (3amermm, 9To «Hauaja» I1Ie SABIAIOTCS TOUYKAMHU 00be-
mMa V, 160 B TouKax o0'beMa PECIIETKH MOTYT GBHITH TOIBKO
IUTIOCHI MJIN MUHYCHI).

Tlogcunraem BepoATHOCTH TOrO, 4TO TOUKA fy ABIACTCH
HavaJoM KOHTYpa minmHbl, Goxbmeii, wem C;In|V| (C,
OIpefielluM TI037HEe). 3aMeTHM IIpe;KRJAe BCEro, UT0 eCIH
N (r) —umcao koHTYpoB IUIMHEL r ¢ HAYaNOM B TOUKe
to, TO CIIPABeMIJINBA CJIEYIOMIAs OIeHKA:

Ny (<87,

TaK KaK, OTHPABIAACH OT TOYKH fp, MBI OyIeM KaKIbIi
pas uMerh He (ollee Tpex BO3MOKHOCTEIl JUIA IIPOJIOIHEe-
HUsA KOHTYpa, KpoMe nepBoro mara (crporo Bmpaso). Ilycrs

rarke 3e~# <1, 1. e. ﬁ>—2— In3. Torma Ha ocHoBamuH
HepasencrBa llaiiepica

P {@(V): ty— mavamo woutypa ¥ < d(@(V)) pmmmn
r} < 3r-1. e—25r,
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P {@(V): ty— mavano womrypa y< d(p(V)) pmuunst
3(01-—26C1)1HlV|
Goubureit, wem C; In | V |} 3r‘1e"2ﬁr<—1—3—_2-ﬂ—— =
— o€
r>CpIn|V|
_ | V|01(1—25)1113
1— 3728 °
P {p(V): maiigerca wouryp y < d(q@(V)) muunsi, 6oin-

|V ‘01(1—213)1n3+1
meii, wem C;ln|V|}<<

1— 372

Iocmepmee Bbipaskenue crpeMnTess K myio ipu | V] —
—oo, ecim C1(1—28)In3+1<<0, 1. e. C;< @ =D s
Bribepem C| ymoBIeTBOPAWINUM DTOMY YCJIOBHIO.

Cuencrsue I moraszamo.

I1. TIycrs 0= (0, 0) — Touka BHYTpH o6Bema V. Tor-
na pasaomepuo 1o V P {p(0) = — 1} - 0, § - oo,

HoxasareancrBo. Ecim ¢(0) =—1, T0 TOUKa
0= (0, 0) nekuT BHYTPH HEKOTOPOTO KOHTYpa. 3allHIIeM
aro Tak: 0 Inty. Ipu Gompmux B u V — o ¢ Goxpiuoit
BEPOATHOCTBIO HTOT KOHTYpP He OyHeT HMeTh CIMITKOM
Gompiryto muuny (me Gompme Cy1n |V]). Hauamo rasmmoro
KOHTypa Y, fua roroporo O« Inty, ompepensercs mapoit
nexasix gucex (p, ¢), npuuem B cuiry caefgcrsusa 1 mocra-
TOYHO paccMarpuBaTh p u ¢ Mensiomumuca or 0 no
CiIn |V| (umawe womryp, mmewmuii mavamo B (p, ¢) u
comepsrawmuii Toury 0 BHyrpm cebs, Oymer Goxbplimei mim-
mp1, weM C;ln|V]). 3amernMm, 4TO AJIHHA HAHMEHBIIETO
KoHTypa ¢ HavamoMm B (p, q), cogepsamiero (0, 0) BuyT-
pu cebs, pasua 2(p + ¢q) + 4.

Torpa
P {p(V): Oehllt Y, ryie Yy Haunmaerea B (p, q), |yl <
cyIn|v|
. 2(p+a9)+3, ,—4B(p+g+2)
<oV Y Fher? e
r=2(p+q)+4 1—3e
Pifg0) = — 1} < P (0 & Inty < 0g(V))<
AT 5 20Vl
27e~ —4B\p- y
< E T_i?,—e—ﬂ’ 2 (e 2 (p+ g+ 1) +
pg=0 p+a=1
Ip|+lgl=0

+ P4 {xora Gm omum womryp 7 < d(@(V)) raros, uro
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[y =Ciln IV} <Coe® + P, {xors 6m ognH KOHTYD
y < dp(V) raxos, 4o

[9]=>Ciln| VI<Coe ™ 4 (1 — 3e—28) 7" | V| Cxt—2P)Ins-+1

B cmry caexctsus 1. flcHo, uro mocmemmee BBIpaKe-
npe crpemurcsi K O mpu B — co paBHOMepHO 1O BeeM V.

Cienmcrsue JTOKa3aHo.

IIpucTynuM HEHOCPEJCTBEHHO K [OKA3aTEIbCTBY TEO-
pembl. PaccMoTpuM mocieoBaTENbHOCTH PACIIUPAIOINAX-
ca KBagpaToB V ¢ rpamumumeiMu yeaoBusmu +1. Ilpe-
mespHOE pachpepenenne [u66ca Kak IIpefielbHAS TOYKA
TaKOH IIOCJIe/[0OBATENHHOCTH PACIpefeleHnuil B pacmups-
omuxcea obdwseMax cymiecrByer. O603HAUUM DTO IIpeflesIb-
HOe pacmpejeleHne, MOIYYEHHOE II0 IIOCIEe0BATENBHOCTI
00beMOB ¢ TrpaHHYHBIMEU ycaoBusamu +1, gepes PY. U
Hpe/IBIAYIIET0 CIefyeT, 4TO IPU AOCTATOYHO GoXbmux

PP{o(0) = — 1} <.

ITposepss Takme ske paccy’KueHHs, 3aMeHHB TPAHHY-
BHe yeaoBus + 1 ma — 1, moayuum amalormuHo, 9TO

PO (0) = +1}<%, r.e. PO (0) = __1}>_;__

Orcioma ciaexyer, 410 P(_")#P(f), T. €. CyHIecTByeT II0
Kpaiimeli Mepe 1Ba NpeJelIbHBIX rEGOCOBCKUX pacIpesese-
mug. Herpynmo mcenemosars tummumbie Komdurypamum

(0) (0
mis P2 wm P". B nepeom cayvae THIMYEBIE KOHQUIypa-
nun GyJyT cOCTOATH H3 «MOPS» ILTIOCOB C (OCTPOBKAMI)»
MHUHYCOB, BO BTOPOM ciydae — Haobopor. Uz caemersusa 11
JIG(BI‘RO (cnenym', ITO TpesiebHOE pacipenenenne I'u66ca
0) 0) .
p, (P_) npejicTasiger coboii Majoe BO3MYIIeHHE Oc-
HOBHOTO cocTosnist Pt ().

§ 5. OcHoBHOE yTBepsK/ieHHe M ero CIefCTBHsA

Bosspamasce ® cnryauuun § 3, oGosmaumm wepes I,
TIePUOAMYECKIIT TaMILTBPTOHNAT ¢ TIePHOJUYECKIMH OCHOB-
UBIMH cOCTOATAAME i, Vo, ..., {3 Hy, Ho, ..., Hoop —
TPOUBBOJILIbIE 11ePHOJAUNECIiIe IaMUABTOHNMAHB ¢ KOHeU-
HBIMH pajmycaMn B3auMojeiictBusa. MsI mpefmonoKuM, uTo
Hy ynoemersopser ycmosmio veroiumsoctz Ilafiepaca 'u
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H,=Hy+ wH+...+ p,—H,_, — sosmyirenne, oJI-
HOCTHI0 CHHMAIOLIee BBIPOMKIEHHE IIePHOJUIECKHX OCHOB-
usix cocrosHmii [y Uepes P(ﬂq,)u 0003HaYuM IIpeflesIbHoe
pacupepenenne I'uG6ca mgma rammapromumana BH,, sBisgIO-
ujeecsi IpefeNbHONl  TOYKOIl II0CIE0BATEIBHOCTH YCJIOB-
uplx pacnpejenenuii I'mbGca B Komewunsix o0Bbemax V
1pH TpamNYHBIX ycloBusx P, Bue V. BymeM roBOpHTS,
uTo Pf;q,L ABIsAeTcs uncToil (pasoil, ecau CyIICCTBYeT Cla-
Oblil npejes
P = lim Py,
Vo>

rge Py — yrasamnoe ycioHOe pacupejencune I'u60ca.
CMmblcsT DTOro masBaHWMA B TOM, YTO HTH Ipeflellsl B pac-
CcMaTpUBaeMOM HaMU clydae OKajKyTCsA TPAHCIAMUOHIIO-
HHBADHAHTHBEIME ILTH IE€PUOJMYECKUME paCHpe/eeHusIME
BEPOATHOCTEH ¢ OBICTPHIM yObIBaHMEM KOPPEIAINNMil, ABIs-
ON[IMICA MaJIbIMUI  BO3MYI[EHUAMI  COOTBETCTBYIOIIUX
OCHOBHEIX cocrosumil, OCHOBHBIM pe3yJLTATOM DTOM Tia-
BBI CIY;RHT CJIEyIOIas TeopeMa.

Teopema 2.1. CymecrByor Takue IIOJO;KUTENLIbIE
KOHCTAHTHI Po U €o, 3aBUCsALlme TOIbKO or Ho, Hy, ...
H,_y ud, wro pas p=po mw peUp={p: Ipl <eod
1). Cymectsyer Touxa W(B) € U, raxas, d9TO Kaskmoe
npejebHOEe pacIipejelleHne I‘H660&P§3q,)u‘(ﬁ), g=1,2,...,r,
apirsgeTca ducroit ¢asoil, 1 Bce OHM Pa3INMIHEL

2). CymecrByior Taxne OTKpbITEe kpusbie Yi(B),

ooy

Y2(B), ..., v.(B)=Uy mauunaommecs B p(B), wuro
P, ..., PE", PV, ..., Py, sBImoTCs  pasiMYBBIME
yncreiMn daszamu, ecinm W E Y,(B), ¢ =1,2, ..., 1

3). CymiecTByiOT Takue OTKPHITBIE JBYMEpHbBIE I10-

sepxmoctn Y;(B) = Uy, 1<i<j<r, uro rpammma 7;(p)
- )

cocrout us vi(B), 7i(8), p(B), i moms Pyl smasmorcs pas-

JNUHBIMH 4neThIMI (azamm 1pu P Evyy(B) m ¢gFi u

q7].

r—1). CyniecTByOT Tarue Henepeceralonuecs OTKpPHI-
roie nopmuomectsa Y V(B), ..., Y (B) B U, orpanmuen-
geie (r— 2)-MePHBIMII TOBEPXHOCTSMI COCYIECTBOBAHMS

(
nByx (pas, uTo UX 3aMBIKamuaA nmoxpeiBalor Up, u Pﬁq,)
ABagercA ymcToit gazoir mpu p < Y9 (B).



§ 5] OCHOBHOE VTBEP¥IAEHUE W ET'0 CJIEACTBHSI "

ITpuBemeM fpyTyi0 SKBUBAJEHTHY0 (DOPMYIHPOBKY
HTOH TEopeMEI.

Teopema 2.1°. CyuiecTByloT Taxme IOJORUTEILHBIE
KOHCTAHTHL Py M €p, 3aBUCAINNEe TOALKO or Ho, Hy, ...
oo ooy w d, wro mus Beex p = Bo cymecTByer romeoMop-
dusm Jp = Jy(p) orpecrmoctm Up = {p: |pul < ey} rTaroir,
uro obpas JyU, comeprur memukoM oxpectHocth 0 ma
0,, u P‘(fﬁ, g=1, 2, ..., r, ABIAIOTCS PA3TUIHBIMU Y-
croiMu (ha3aMu /U TeX 3Havenuii ¢, mpu KoTopeix b, =0,
Jo(p) = (by, by, ..., b,).

3ameruM, 9T0 B TeX ciayuasx, worga H, obmamaer fo-
TIOTHUTENHLHON cuMMeTpueil, oroOpaskenue Jg, ommcanmnoe
BHIIIE, TaK;Ke 00JajacTt Toi ke cuMmerpueit. Uto6sr cghop-
MyJHPOBaTh 3TOT IOJNE3HBIH (paKT Oolee TOTHO, IPEIIONO-
FKUM, 9TO MBI MMeeM TPyIIy JiepectanoBok G, jeilcTByIO-
myio B npocrpanctBe 3Havemuit @. Toit e Gyxsoit 0603-
HawMM JieiicrBue rpymmel B mpocrpamcrse Q. Jlomycrum,

uro Hy G-nuapnanren (cm. § 1, ri. 1) u G orobpasmaer
T

cemeiicrso My = 2 wiHl; ramuapronmamnmos Ha ceds.
i=1

flcro, aro G jeficTByeT ma MIIO/RECTBC OCHOBHBIX CO-
croaumit g(Hy). Ioaromy G HOPOXKAAeT MOACPYINY Cpyll-
OBl IIepecTaHoBOK MHOsKectBa {1, ..., r}, ompemenenmyio
PaBEHCTBOM gq = 8¢, U paBeHcTBO gH,= H,, omnpepens-
er meiicreue G B IpoCTpaHCTBE napamerpos. Bynem roso-

puTh, 4TO Hame oTobpaskennme Jy G-MHBapHAHTHO, eCiIU
Jolgn) = gJu(n) naa Beex p um g; cumBox gl osmauaer,
uT0 KOMHOHEHTHI by, by, ..., b, Bexrtopa Js(u) mepecras-
Jenbl B COOTBETCTBUE ¢ feilcTBHeM g Ha MHOMecTBe {1,
2, ..., rhKar HEIOCPEJICTBEHHOE CIE/ICTBUE U3 TeopeMs 2.1

oKaseiBaetcd, uTo G-mmBapuwantHOCTh Hy u cemeiicta H,

BreueT (-mHBapUaHTHOCTL Jp B YKA3aHHOM CMBICIeE.
JdroT (akr GymeT moleseH s pAAa TPHIOKEHMI.
IIpogemoncrpupyem temepb yrBepspenme Tteopem 2.1
u 2.1" Ha HEKOTOPHIX mpUMepax.
Mpumep 1. Masvie sosnywenusa epponaznuriioii mo-
deau Hsunea. Ilycrs @ ={+1, — 1}, d =2,

Hy@)=— 2 o@9@),

lls—yll=1
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M(9)= X ¢(2), H=Iy+eH +hM,

xezd

rge Il; — Tanoil TPAHCAAMUOHHO-MHBAPHANTILII TraMHIL-
TOHMAH ¢ KOHEYHBIM PaJIyCOM B3AMMOREICTBISA, 4TO yHesb-
nasg pHeprus KoHdurypauuit ' m ¢~ II0 OTHONIEHHIO K
H, ogma u rta me (Wr(zx)=+1, ¢ (2)=—1, z€Z).
Torga mas mocTaTouHO MaJdblx 3Hauenmii & g(Ho + eH)) =
= {y*, 7}, u ycaosue Ilaiiepica BHIIONHACTCA, IIOCKOIBRY
lg(BH)| =1 mpm h # 0. Tagum 06pasoM, crpaBeJINBa Te-
opeMma 2.2,

Teopema 2.2 (cm. [35]) Cymecryor Takne HOTORE-
TeJIbHBIE KOHCTAHTHL Bo U €9 u QyHKiua h = h(B, &), ompe-
meneHHas mIa p =Py u lel < g, 9r0 mIA 3mauenus mapa-
metpa k= h(B, ¢) y ramunpronuana BH cyuiecrByoT jse
pasImuHbIe dHCTHIE (asbl.

IIpumep 2. Peppomasrurnas modeav Hsumea c¢ He-
cKoabKuMU sHaueruamu cnuna. Ilyets @ ={1, 2, ..., 1},
d=2u

Ho = E Z atv(x),cp@;’

xezd ll—yll=1

rorga g(Ho) = {1, Vo, ..., P}, tme P, (z) =g pmua secex
z. Hy ymoBmerBOpsier ycioBmIO ycroitumBoctu Ilaiiepica.

Teopema 2.3. CymecrByer rtaxoe Po>>0, uro upu
Bcex B> Py y rammibronnmaHa B, cymecrsyer r mpemein-
HBEIX pacupefenenuii I'n66ca. Hax dyuxiuu § sru pacmpe-
JeleHNSA paclafaoTcd 1a I' KPHBHIX, Kay{gas M3 KOTOPBIX
SBJIAETCA MAJbIM BO3MYILIGHHEM OJIIOT0 W3 OCHOBIBIX CO-
CTOAHMI.

HoxasarenbcrBo. Bsegem r— 1 Buemmee mole ¢
IIOMOINBI0 (JOPMAIBHBIX IaMIIBTOHHAHOB

Hy=2Uqs(p(2), q=1,2,...,7—1,
rge U/m)=1 npu m=q u U,m)=0 B ocranpHBIX ciIyda-
r—1

Aax. Boamymenne Hy = H, 4 > wif; mONHOCTHIO CHIMAET

i=1

seiposkaenne g(Hy). Taxum obpasom, a1sa Bcex P =>Bo cy-
mecTByer rakas Touka W= p(B), uro Bce Pg%(ﬁ), qg=1,
2, ..., I, ABIAIOTCA Pa3IuYHBIME YHCTHIME (asamu, Ms-za
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CMMeTPHH OTHOCHTeNLIO TPYIIEL IepecTaHOBOK MHOKeCT-
sa {1, ..., 1} n(p)=0.

B bprom mpocron ciywae Tipemenbubie pacipefeleHHst
T'ub6ca A BO3MYNIIEHHOTO TaMHIALTONMANA TAK/KE MOTYT
OBITH OlNpeIeNens .

Hpumep 3. Awrugeppomaenurnas modeav Hsunea
(ex. [13]1—[15]). Tlyers @ ={—1,1},d=>2n

H=2 2 o@e@+r 2 o).
xezd yillx—yll=1 x=7Z

THockombry

\Y h
Ho= 2 % [0@el) +7 0@ +o6)]=
xezd yillx—yl=1
1 h
=7 2 2 [0@+ew)i+gro@+

xezd yix—yli=1

+o @) —2],
MBI BUJIIM, UTO OCHOBIbIe cocrosuusa Hy ssaaoTces Kougu-
rypaunsMH THITa mraxsaruoil pocki: ¢lx) =—q@(y), ecan

lz — yll =1, mo wpaiineit mepe npu || < 4d. Jlerxo npo-
BEPUTL, YTO B 9TOM ciIydae ycaosue Ilaiiepica ymoBierBo-
psHeTCs ¢ KOmeTauToit, mponopruonanbuoit 4d — | Al.

Teopema 2.4. Ilyers |kl <4d. Torma cymecrsyer
raxoe Bo = Po(k) >0, uro mus B> By OCHOBHEIM COCTOTHU-
M P; W Py COOTBETCTBYIOT PA3iUuIIble YmcThie (asbl, SB-
JSTIONUeC MaJbIMU BO3MYLIEHNUAMII 3THX OCHOBHBIX COC-
TOAHUH.

HorxasareanctBo. Uz Teopemsr 2.1 cuegyer, dro,
1o Kpaitmeit Mepe, ojna 4ucras (pasa, cBg3aHHAS C P WIK
YPg, ecTb. llockombry i, P — IepuoguIecKue OCHOBHLIO
COCTOAHHA C IIePHOJOM 2, To 3Ta yucras ¢asza Taxke Oy-
JeT HepHONMYECKNM paclipejieieHneM BepositHOcTeH (cM.
mamee mpennono;iente 6). Cxiras ero, moIyduM APyryio
yneTyio gasy.

§ 6. Kourypst

Hasgoe openennaoe pacnpenenenne I'm66ca, cB3aHHOE
¢ ocHoBHEIM cocrosuuenM P € g(H,), crpouress Kak ciIalBIil
ubemes VCIOBHBIX Dachpeneienuin 1'm66ca ¢ TpaHUIHBIME
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yenopuamu (Z¢ — V) =y(Z* — V) npm V — oo, I'pannna
KOHQUIypanuii Mrpaer BayKHYI0 POMb B H3YYEHHH DHTUX
pacupenenennit, Tak xax H(plyp) aBrgerca B meficTBuTeNH-
noctu ¢ynrnueii mapsr (¢, @(dg)). Amammns mpenerbHBIX
pacupegenenuit I'm66ca, 0 KOTOPHIX MAET pedb B TeopeMax
2.1 m 2.1, ocHoBHIBaeTca Ha WCCIeOBaHHU IPANUI] Pas-
mella MEKIy O0JacTAME, 3aHATHIMH PAa3HBIMU OCHOBHBIMA
COCTOSHUAME. DTH TPAHUIBI Ha3bBalOTCsA KoHTypamu. Omm
MPeACTaBIAIOT co00ll ecTecTBeHHOE 0000IIeHNEe KOHTYPOB,
HCIIONL30BAHHBIX NPU aHAJW3e AByMepHoit Monmenum Jsmim-
ra B § 4. B arom paspene mpedsiayniue 0003HAYEHUA HC-
noubayoTcs 6e3 Kaxux-1m6o CCBUIOK, 0@ ompefiesieTcs ¢
nomomisio g(Hy) m s> max (N, R).

IlonsaTne KOHTYpa HCIOIB3YET TOMOJIOTHUECKYIO CTPYK-
Typy Z°. Tem He MeHee HAIOIM METOMBI JETKO IePEHOCATCH
U Ha JpyrHe pemeTKi.

Honmuoskectso M pemerrku Z° nHaseiBaeTcsa CBA3AHNLIM,
eciau Jro6sIe JiBe TOUKA Z, Y € M cBA3aHBl KONEUIOil 1IeIbIo
T=Ty, X1y ..., Tn-1, Tn=Y TaK, utT0 ;€ M, |zi—2ip1| =1,
i=0,1, ..., n—1. Isa nogmuomncectsa M; u My pancku
7ipyr ot mpyra, ecau d(My, My) > 1. llogmuosectso M < W
HaspiBaeTcsa KoMmmouentonn W, ecniu M saBaseTcs Maxcu-
MaJbHBIM CBSI3AHHBIM IOAMHO;KecTBoM W, 1. e, u3 M <
cM =W, M’'#* M cnenyer, ato M’ me cpasamno. Ciegyer
OTMETHUTH, ITO0 J1060€ MMOIMHOKECTBO ABJIACTCA 00hEIIHe-
HIIeM CBOMX KOMIIOHEHT, 3TO IIPeJICTaBjIeHne eJUICTBEHIO,
7 pasiIMYHbBle KOMIIOHEHTHI JaleKH Apyr OT Apyra.

Onpenenenune 2.5, Iapa I'= (M, (M), rne M =
= supp ¢(M) sABAAETCA KOMEIHBIM CBSI3ANHBIM MHOIKECT-
BOM, Ha3BIBA€TCSA KOHTYPOM KoHgurypamuu @, eciu M ectb
KOMIIONICHTA Tpamunsl d¢ xoudurypaunu ¢. Ilapa I'=
= (M, ¢(M)) naspiBaeTcsi KOHTYDOM, eCIH CYIECTBYCT
xorg Obl ofHa romdurypanua ¢ < Q raxas, uro I' — wom-
TYp_ Q.

MmuosxecTBO BCeX BO3MOKHEIX KOHTYPOB 0003HAwaeT-
ca ¥. Homeuno, xondurypamusa ¢(M) ma HOCHTeNE KOH-
typa I'= (M, ¢(M)) me MomeT OBITL IPOM3BONLION, Tak
KaK OIa JOJKHA COBIAMATh C OJHUM M3 OCHOBIBIX COCTO-
ARmA B Toukax M oxomo rpammust. ITycrs I'=(M, ¢(M)) —

HKOHTYp, paccMoTpuM Kommonenthl A, MHOKecTBa M =
=Z'—M. Mo noxacem, uro ¢ Kangioil xomuounenroi A,
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CBs3aI0 OMPC/CJICIIIOe eUHCTBCHIIBIM 00PasoM OCHOBHOE
cocrosimie P,(A,). Tar Kak A, MOMET CONEpPKATH BHYTpPH
cebsi mpyrume KOHTYpHI, ¢(A,) nyumie ompemenanTs depes
0A, = {z: d(z, M) =1, z = A,}.

Jlerko mpomepuTn, uro 04, — TasKe CRAZANIIOC MIIO-
JRCCTBO (]Iﬂl‘lOI\IUHM, ITo S B OITPC}[OJIGHHII TpaTni{pL 6()«7”)““3'.
qeM  Hepuojt Jiodoro  octosnoro  cocrogmig). Taknm  00-
pasom, ecan ' — wouryp rondurypaimn ¢, 1o (W (2)) =
= (W, (z)) ma dA, ¢ opmun 1 rtem sre P g(lly); momep
COOTBETCTBYION[EIO OCHOBHOTO cocroamist u ecth ¢(Aq).
Ipu mammom T waucno ¢(A.) me sasucnt or BHIGOpA .

BasxkupsiM BBIBOMOM 13 TPCHBIAYILIEr0o SABIAETCS 3aMeUa-
mue o oM, uto moboii kouryp I'= (M, ¢(M)) oupemenser
eJIUHCTBEHHYI0 KOHQPUTIypamuo ¢r, TaKyIo, uro ' — egmmer-
BEHHBIIT KOHTYD @r. Ota @r coBmagaer ¢ (M) ma M u c
Wy(4,) Ha KOMIoOTenTe A, u3 M. Ilpu d =2 ongHa | TOIBKO
ofana u3 woMmmouent A, orsedaionias M = supp I', meorpa-
nudena u Oymger oGosmauvarnca ExtT (smemmocts I'). Ue-
pe3 Int,.I' oGo3radeno obbegnHenNe TAKIX KOHEYHBIX KOM-

—_— T
moment A, mws M, ato q(Ag)=m, IntI'= | Int,T
m=1
(smyTpennocts I').

Ecmn ¢(ExtT) =m, t0o MBI roBOpUM, uTO I' — KOHTYp
¢ TPAHUYHBIM yCIOBHEM V. Wmngexc ¢ B sammcum 1 mop-
YeprHBaeT I'paHWuHble ycioBusa s [, O, — MHOXKecTBO
routypos I'%. OueBuzHO, 4T0 Qpg = g (@. s). [lampreiinmme
0003HAYEHUSA:

Vau(T) = [Int,T'l, V() =|IntTl, |IT|=|suppTl.

Ecmm Ve Z!, Te®, 1o I'<= V osmauaer, uro supp ' =
cV, IntI'cV udlsupp T, V) >1. Ecim ' u T — xom-
Typsl opmEOH woudurypamuu, 1o m3 supp TS ExtI’ u
supp I = ExtT' caegyer, uto ' Ext [V u TV < ExtT.
Amnanormuno, supp I'cInt I = supp 'cExt I u ExtI'<
cExtI”. Tax rax sBrmouenuns suppl <Intl’ u
supp” = Int ' me MOryr BBIMOJIHATHCS OXHOBPEMEHHO,
r0 I'cIntT’ sBBOmuT uwacrmuHoe ymopsgoumBanue B U,
nipuuem [ < Int, ' HeBo3MOMKHO, eciu ¢ 7 m.

Omnuncanue uuctbix ¢as OymeT OCHOBAHO HA CTATHCTH-
eCKIX CBOMCTBAX BHEIILUUX KOMTYPOB.
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Onpepgenenne 2.6. Kouryp I' xonurypanum ¢ ma-
3BIBA€TCA BHEIIHNM KOHTYpOM ¢, ecium I' < ExtI maa mio-
Goro mpyroro xourypa I komdurypamun ¢. Uasimu crosa-
M, BHEIOIHHE KOHTYDHl SBIAITCA MAaKCHMAIbHBIMH Die-
MEHTAMU B MHOKeCTBE KOHTYPOB KOH(PUIYPALHH @ TO OT-
HOIIEHUIO K BBEJEIHIIOMY BBINIE UYACTHTHOMY YHOPATOUYE-
HUIO.

Tar xax rpanamna d¢ KOHEYHa, TO MIIOJKECTBO BHENIHUX
KOHTYPOB KOHMPHUTYpANHU () — OJIIO3NAYIIO ONpe/ieTeHHoe
HeIyCcTOoe MHOJKECTBO, H JI06O0H APYroil KOHTYP COMEPIKMT-
cA BO BHYTPEHHOCTH OJIHOTO U3 BHEINHHX KOHTYPOB. B 5T10M
cllygae BCe BHEINHIIE KOHTYDPBI MMEIOT OJIHO U TO 3Ke Tpa-
HIYHOe ycJoBHe. Bce mociefyiolne T0oKazaTelbCcTBa TOI
IJIaBBl OCHOBAHBI HA CROMCTBAX CIC/AYIOIINX BapHAHUTOB CTa-
THCTHIECKUX CYMM.

Onpegmexemme. 2.7. OGosmauunm uepes Q(I') amo-
JReCTBO Komgurypamiit ¢, ¢ = P,(a. s.), mism rotopeix I
ABJAETCA eIHCTBEHHBIM BICIIEHM ROHTYPOM @; TOTAA

alpr S Wb
Z(UpH) = 3 exp{—BH (¢]1]g)}
eeQ(r9)
Ha3BIBAETCH RPUCTALIIYECROIT  CTATHCTIMCCKOT  CyMMOI
g I
Onpemenenne 2.8. Ilycrs V — romeunoe momMio-
smecrBo  Z% O6osmauum wepes Q,(V) mmoskectBo Taxmx
rouurypamuit ¢, ¢ =1p,(a. s.), uro 'V, ecim T' ects
KOHTYp 0¢; Torma
W .
Zq (V|BH) = S, OP (= BH (@] pe)}

Py

HasbIBaeTCA pa3pe:KeHHOU CTaTHCTHUYeCKON cymMoil B V.
Z(IM|BH) n Z,(VIBH) cBasaubl APYT ¢ [PyroM clIejyoleit
CUCTeMOH PeKYPPEeHTHBIX ypaBHEHMUII.

Jemma 3. [laa kamaoro xoueunoro V < Z?

n
Zy(V1pH) = 2 1T 2 (r|pn), (2.17)

i=
Ifie cyMMa OepeTcs 110 MIOKECTBY BCEX BO3ZMOJKHBIX ce-
meiicts {T1,..., %} Bmemnnx xomrypor 8 Vr.e. Ifc

cV 1<i<nu McExtlY, TYC ExtTY, ecam i#j.
YcaoBuMes cumTath, uTO NpPOM3BEJEHHUE IO IIYCTOMY Ce-
MeiicTBY paBHO 1.
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Jlns kourypa I' nmeem

Z(T?|BH) == exp [— BH (TY)] El Zm (Int,T9|B), (2.18)

rpe I (I‘q) =H (¥pq | ¥q) — ormocnrennuas snepri I,

JlemMma 4. llyern pamn gynrm Z(I) na Mmokect-
Bax U, KONTYPOB ¢ IPAHMYHBIMU YCAOBUAMHE g, 1 < g <7,
n ZV) ompenensiercs ¢ momompnio cueremur (2.17) mo
Z(I9). Ecan semwanust Z(I') u Z,(V) ynosieTsopsior cu-
creme (2.18) jst moGoro koutypa I, To Z(I') = Z(I|BH)
na ¥,

JlorasaresbcTBO ATHX JIeMM TPHBHAILHO, HO OHH OYEHB
BayKHBI, TIOCKOJLKY OIMCHIBAIOT CHCTEMBI PEKYPPeHTHBIX
ypasuenuit pust Z(I'|BH), B Koropble BXOAUT (YHKIHOHAI
H(I'Y). ax 6yger moxasauo, Grarogaps yciaosuio Ilaitepr-
ca g 6oibmux  OTa CHCTeMa ypaBHENMil MOKeT OBITh
3ammcana B BHJe C/KHMAIIIErocs OnepaTopa B COOTBETCT-
BylomeM (anaxoBoM IpocTpancTBe (yHKIME Ha O, 5TO
1 Oy/leT OCHOBHBIM CPEJCTBOM JIOKA3aTelbCTBA TEOPEMEL.

§ 7. RourypHbie Mofenu

Jlns meee/[oBaHusI CHCTEMBI DEKYPPEHTHEIX ypaBHEHMIT,
rotopsiM yuosiaersopsior Z(I|BIT), Ml GymeM IpEMEHATH
TEOpUI0 KOHTYPHBIX Mojexeil. HoHTypmas Mopensb — 370
cucreMa BepPOATHOCTIBIX PAcIpe e e HHil 1a MHOKeCTBe Tpa-
Hun, 06pasoBanHbIX COIVIACOBAHHBIMI IafopaMI KOHTYPOB
¢ ONMHAKOBBIMH TpaHUYHBIMEH ycaoBusmu. OroBopumcs,
YTO COTMAcOBAHHOMY HA0OpPy KOHTYPOB Iie 00s3aTeNbHO
TOJRHA COOTBETCTBOBATH KOMQUTYPAI(Hs, FPAHUIia KOTOPOil
1 ecTh 2TOT HA0OpP KOHTYDOB, HO BHEIINNE KOHTYPHl Tpa-
unnsl OyAyT BHEIIHUMH KOHTypamMu Kouduryparuu. Bomxee
T04HO, mycTh ¥, — MHOFKECTBO KOHTYPOB € T'PAHHIHBIM
yeaosueM P, Mu1 Gyjem rosoputh, uto rourtypst 1V, I'” co-
raacoBauel, ecaun d(suppl”’, suppI'”)>1. B wacrHocrx,
MosseT ObITH Tak, uto I'” < Int, T, m + q.

Onpemgenenne 2.9. Homeurioe uian cuetHoe MOIMHO-
secTBO 0 < U, HasbIBaeTCA TpamuIeil, ecan Jgo0ble IBa
rwoutypa I'', I'” = @ cormacosaust. MuOskecTBO Bcex Tpa-
i, o6oznaunM depes D, [0] — mumoskecTBO KouTYpOB, KO-
Tophie He coryacoBaubl ¢ ueroropsim I' €4, || obosnaua-
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er umeJo0 KOoHTypon B 0, |0f= ZolI‘l, oV, rpe V—
i€

nopMuoMkecTBo Z¢, os3mauaer, uro 1'< V mua seakoro I'€ 0,
1, acV,
Ay (0) = 0, a V.

Iycrast rpaunia roxe npuuajgiessur D,

Dy =1{0:1'€ 0} — muo:kecrBo  Tpamuil, CoAePIRATIIX
I'e ¥, Cnexyomas rombumaropnass jJemMma OyJerT uacTo
NCIIOJIB30BATHCA B JlAJbIeiinieM.

Jlemma 5. Iyerp xz =Z* PurcupoBano. Torma cymie-
cTByer KomcraHTa a>> 0, 3aBUCAIAA TOJLKO OT pasMep-
noctu pentetku u | D[, rakas, uto

H{:T e, IsuppTl =n, d(z, suppT) < 1} <e™.

HlorxasareabcTBOo. MBI GyaeM MOMCYUTHIBATD TUCIHO
cBA3amHbIX MHOMecTB M = supp I, Tak xak 4umciao BO3MOIK-
HelX Komgurypanuit ma M me Gonbme, wem |®|". Ilycrb,
rak u mpeskpe Wi(z) — map paguyca i ¢ GEHTPOM B TOUKe
z, kM) =0Wlx) "M, koM)={x}NM, ki=I|k(M))I.
ITockonbry M cesasamo u n = 4,

n—1 n—1
M= U ki(M), n= 2 ki
i=0 i=0
Muoskecto k(M) mosker GbiTh BhIGpaHO He Gomee deM

2hi_1+2k; ok;
27T cocoGamu, ecim kg u ki samambl, ko Off-

nosuauno ompepensierca ko(M). CBasmocTh osmavaer, uTo
kM) =0 upu j>n. Ilockonbky umcio pasOueHuit
n—1

=

n =‘Z k; me Gombime, wem 2"*!| To umcao KOHTYpOB, pac-
1=0

CMATPUBAEMBIX B JieMMe, He MPEeBOCXOMUT

n—1
2(hj_1+k;
| Do+ [] 27 < const. | @ ot inem,

i1
ITootomy @ =1In|®|+ 3+ 1Ind -+ const ygosmernopsier ye-
JosusAM JemMmbl. JleMma jorasamua.

Ms1 paccmoTpuMm Temephb eilcTBUTENLIIBIE (DYHKIIONA-
aet F =F (I') ma ¥, ¢ HOpMOIL
sup | F (L) |
|| =2l 2 O],

F umasvpacres T-Qyurinonanom, T > 0, ecran F (') = ¢|T].



§ 71 KOHTYPHBIE MOJIEJIN 79

AjaTHBIOE pacIIupenmne
9’(0)=1%05’(F), F(F)=0, =D

Toe ymoBierBopser Hepasenctsy F (9) = tldll, xoropoe

3[lech UTPaeT Ty ke poib, 9To ycaosue Ilaitepica. Kouryp-

nelii pyHumonan & -NePUOJUYECKH, eclIH CyIIeCTByer

Takasg moxrpymma Z < Z' KOHEYHOTO WHJEKCA, UTO

F(T.I") = F(I) gua moboro z € Z,

r.L'=TM,T.oM), TM={y:y=z-+2z 2z M},
I'= (M, ¢ (M)).

Onpenenenue 2.10. llycts F — T-QyHRIIOHAI HA
¥,. OpeiesiM paspesReHHYI0 I KPUCTALTHIECKYI0 KOHTYD-
Hple CTATHCTHIECKYE CYMMBI, COOTBETCTBEHHO, COOTHOIIEC-

IIMAaMu
Z (Vl g.) = 2 e—@'(ﬁ)’
oCvV

_ —F (0
Z(I‘Ig-)_:e F(T) 2‘ eg-()’
9:T€d, I’ CIntT

nas mo6oro

I Co,I T
rie V = Z* — xoneunoe n I' = ¥,. MHOKeCTBO BEPOATIOCT-
neIX pacipejienernii Py(4) ma D, ompemenseMBIX cOOTHO-
LIeHAeM

Py(8) =5y (D) Z-N(V|F)e™ FD |

11a3BIBAETCH KOHTYPHOM MOJENLIO.

JleMma 4 I KOHTYPHBIX Mojienell MoskeT OLITL Tepe-
dopMynupoBana Tak:

JJemma 6. Paspeskennas KonTypHAs CTaTHCTHIECKAS
CyMMa BHIPajKaerTcss d4epe3 KPUCTALIMYECKYIO0 CTATHCTHUE-
CKYI0 CYMMY IIPH TMOMOIIM PaBEHCTBA

Z(V|F) =ZPI6];(,Z(F|¢>, (2.19)

IJic cCyMMIpOBaHHe BefercA Mo BceM rpamnniam 4 < V| co-

CTOAIMM W3 BHENIHMX KOHTYpoB (O OTHOIIEHHIO K ).

HAas KpucTamImgeckolt KOHTYPHOII CTATHCTHIECKON CyMMBI
T

Z(N| &) = eFDO I Z (IntaT| F).  (2.20)
m=1

Konmrypubie Momennm BBITIAAAT KaKk OYCHbL YacTUHBLH
Kiace psauMojiciicrayomux cucreM. Loxee Toumo, B3amno-
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JielicTBue TIPOMCXOJUT TOJBKO OjarofapA TOMy, YTO 1Ie
KayRmaa womdurypauus KoHTypoB oOpasyer rpamumy. Lc-
TECTBEHHO ORUIATh, YTO TpaA GOJBLINX T KOHTYPHBIE MOje-
JI IMEI0T «XOPOIINe» KOpPeIANIOnHbe QyHKIHN.
Onmpenenenue 211, Koppeaaunonnas ¢yrkima
pv(9) rpannust @ ecth Py-BepoATHOCTL COOBITHS, COCTOSI-
ero B TOM, UTO 0. ABJIAETCS HOJMHORECTBOM TIPaHHI(B,

T. €. N
w@=_3 _Py(3)
oeD,0C 0

Jlemma 7. Roppersiunmonusie (yHROHUI KOHTYpPIOIT
MOJIeTH yJoBIeTBopsiioT HepaBenctsy Ilaitepiaca

py (0) L e 7@

u ypasmenusM Hiprsyjna — 3anxsudypra

ran ,
ov (9) = gy (9) =7 [1 + 2 O X oy <0'>}-

0'|1=1 clol
(2.21)
Hoxasareuncrso. 113 oupeperscunii umeenm
—_ N
Py (@) =eF@ 3 P, (@)=
ouyo'eD
oNo’ =& )
—e Ol — ¥ py)].
0’:0U0’&&D

Orciona  memeenuo  caeayer 1uepaseucto  1laitepirca,
Tak wak 0N €D rorja I TOILKO TOTjia, Korja LA] N
No'#+0, r.e.9 & U Dy
relo]
C nmpyroii cTopoirr,

py (0') =P v( ﬂd’ DJ'),

re
M, HCHOOJbL3YH M3BECTHOE BBIPAMKEHNEe JIIA BEPOATHOCTI
CYMMBI COOBITHIT, MBI 110JYUaeM, UTO

> Pv(a')=PV( U Dr)=
0’:0U0’€D refo]
1o o ,
- |a'|2——1 =1 a'cz[a] ov (),
0 moraspisaer (2.21),
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Wsyuenue KOppenAlBOHHBIX (QYHKINI OCHOBBHIBAETCH
na ypasmennmu (2.21). Meronsl maydyeHmss aHAJIOTHTIHEL
MeTofilaM, IpPHMEHAeMBIM IR W3YYeHHA paclipejelennii
I'm66ca mpu Mambix B HIM Magpix miorHOCTAX. OCHOB-
Hoii Bompoc — mnosefenue py npw V1Z* (8 cmbicae Ban-
Xosa). JToT BOmpOC pemraeTcs B cieyiolieM maparpadge
B IpEJIIOJNOKEHIH, UTO MOjeNh 3agaercs T-QYHKINOHA-
aoM & ¢ gocTartoyHo OONBIINM T.

§ 8. Koppeasuunonusie PyHRinn Aisi KOHTYPHBIX Mopeneil
B 0eCKOHEUHOM 00'BeMe

Msr pacematpmBaem npasylo uacth (2.21) wawr omepa-
Top B 0aHaxoBOM IIPOCTPAHCTBE T'PAHNUHBIX (PYHKIHOHA-
sioB. I'pammumeii  gynknmonan §=E(9) — aro peiicTu-
renbHas (QYHKIOUS, onmpejiefieHHAA Ha MHOecTBe Dp=
={0: 0= D, 9l <o} womeumbix rpannm. MmHoKecTBO
rpaHnYHbIX (QyoKknuoHasoB o0pasyeT IHHeiHoe MPOCT-
panctBo, Brawuatwomee 9, |d] u t-dynkmmomansr, an-
nutuBino pacmmpennsie na D. llyern ¢ obGosmavaer ao-
CONIOTHYI0 KOHCTAHTY B Jdemme 5. Tax max d=2 u
D] =2, To e < 272,

Iyers paust t-gynximmonan F ¢ 1> 3¢ 1 Komeuwoe
nopymnoseerso W < Z8 (monyexacress W= @), Mp1 Bge-
nem cicnyontyo sopmy lEl, rpamuumoro ¢ymuxumona-
aa § rak:

| Ellw = su | E(9) ]
0

x| = 2.2
Cl%oexplalli)ll—[’}"((’))+(a_T)d(a’W”’ (2.22)

e
d(2. W) =mind (supp ', W), W=2"_w.
reo

Rampan makass nopma onpepessier GaHaxoBO HpoCTpan-
c1B0 Bw rpaununblx ¢ysrmuodanos. Ilpasas vacts ypas-
wenns (2.21) ompepensier omepatop A Ha TpaHUUHBEIX
dyHKUMOHANAX, AeficTBYOINi 0 Popmye

HGal]
(45 (0) =™ 7@ 3 (— 1)1 3 @), (2.23)
a’'cro]

10']=1

-F _ —F0
xy =xv(@ 1 e? =e 7O gpamorca rparmaEbIMI dynax-

nuoHajaMu, mo OymayT Tarike HHTEPIPETHPOBATHCA KAk
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MYJbTUIINKATUBHEIE OIepaTophl. VIcmomb3ys BBeJieHHBIE
obosHauenus, ypaBHenme (2.21) MosKHO sammcaTh B BUjE

E=yve " + ywAyvE, V< Z® romeuno. (2.24)
Roppenaunonnsie  Qyurnun py(9)  ymoBIeTBOPAIOT

(2.24). Pemenne ypaBHeHHSA
E=e T+ 4t (2.25)

OyfmeT MHTEPIPETHPOBATHCA KAK KOPPEIANIOHHBE (DYHK-
nun B OeckomeyHOM 00beMe, TaK KAK MBI JOKAKeM, UTO
p =lim py cymecTByer mmpn v +Z% e V npoﬁeraeT mo-

d
cmejoBarenpuocts Vi, Vo, ..., V., ... 1u U Vi=1Z
(unm, Gosee o6wmio, V mpobGeraer HOCJIelIOBaTeJII:HOCTL Vi,
Vo, ...y Va, ... maryino, uro lim d(z,V,) = oo gasa -

n->o00

ooro z = Z°).

Jlemma 8. Cymmecrsyer abcomoTHas KOHCTANTA
To > 3a Takas, uro lAlly, <27 jqaa moboro W, ecin
F — t-Qpynarumonan, u T > To.

Howrasarenscrno. lpeamomomum, uro IEN, < 1.
Torma

(48) @) | <
<70 eplla—n) ([0 1+d@, W), (220
'c

rax kaxk F (0’) = tlo’l.

B saBucumoctu oT TOro, BepHO WU HET HEPABCHCTBO
d(@’, W)=d(o, W), mpl pasOuBaeM cyMMy Ha JBe da-
cTH, BO BTOPOH wactu 9’ comepKuT OONBLIIOH KOHTYP.
D oGoux caydyasgx MBI OIEHHM CyMMY Nl 5 =10,
I BO BTOPOM CIy4ae Mbl TONYYNM HYSKIYI0 OIGHKY JUIsi
lmax I'l, ' € d’. 9ra onenka MoseT OBITH IIOTyYeHA TaK.

Hycn; 0’| =k PurcupoBanmo. BribepeM k pasmumanbIX
TOYEK T1, I3, ..., &, U3 MHOKECTBA M=u supp I, Teo.
Bribnpas I{OIITyp F rax, uro d(z;, supp T )< 1, Rax-
Jyio | rpammny "= [0] wMokHO mONyUMTL Kak 0 =

{Fl, F2, cee ]‘k\ Tax rax M — o0beguHenne GOIBIMUX
1.y6013 1 KOHTYDPH B @' Nallekm APYr OT Jpyra, TO MHEI BH-
nuM, uyro |9 <10ll) ccun 9’ <= 1al. Ilooromy, neuounwsys
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jeMMy D, IOIyvaeM UpH ¢ == ¢

1o h .
3 i< Y Cﬁ%uﬂ( 3 e““'“')<

a"Clo] d(x4,0y) <1
f«)”

' [ »
< u (’uo“[ 2, e("“c)"J = “ . e""'cjmna", (2'27)

k=

30 propom cayuac d(d’, W) <d(d, W), uto BosMom-
10, Tomnko ecmu 6(8') =240, W) — 240", W), e
8(0") = max [IV]. (2.28)
rreo’
IToaromy umeem
llall

- \k—1 _s(a—c)
—CI'O I o1=c e _
< Z C”(')”k ( ¢ 1 a—c

1 — €
6(6 I§>e
— a0 ” ) “ [1 _ ea—c] —llail_ (229)

Tonaras d(d’, W) =p u upumenss (2.27) u (2.28) x
mepBoil ¥ BTOPOil wacTu cyMMbl B mpaBoif wactu (2.26),
MBI TIOJIyYaeM

[(48) 0)| <
<expl—F (3) - (a— ) d (0, W) [1 — e 1.

d(d, W)—1 _
Hlof[t — e e @ 3 exp(2(d (@, W) —p)x
pP=0
X (2a—1) +pla—n<[t—e ™ x
el
[1 R ]e\p [@]0] — 7 (0) - (a — 1) d (3, W)].
Mpbr MoseM Temneph omucartdh cIaldbid Mpeseln
P('\g"')=‘}impv('|9'), (2.30)
V>, xax o0piuno, osmauaer, uro V=V, n=
=1, 2, ...,— MOCHeIOBATEIHLHOCTH KOHEUHHIX  IOJMHO-
smeers Z' rarag, gro lim d(z, V) = oo. p (- | F) OGynmer
n—>oo

BEPOATHOCTIION Mepoil Ha o-ajiredpe, TOPOIK/EIIION IMITHIL-
apuaeckumit Muoskectsamu Dy, I''€ 0y,
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MIpegnomenune 1. Iyers F — T-pyHRIuEOHAT,

T > To. Torma mus mo6oii komeunoit rpamumsr 0 € Dy, cy-
MEeCTByeT KOPPEeNANNOHHAA (PYHKOUA B OECKOHEYHOM
oopeme p(d) =1lim py(d), V — o, o ynoBIeTBOpSIET He-
pasencrry Iaifepica

p@A<e 7P
n

[0 (0) —py (9) | << exp(a—7) (0] +d(@, V),

ecim 0 <=V, a n 1y 0603HAYAIOT KOHCTAHTHI, BBEJEHHbIE
B JIeMMax 5 M 8 COOTBETCTBEHHO.

HorxaszareawbcrBo. MLI onpefielIMM O Ka® pele-
HHe ypaBHeHHS p=¢€ —I—Ap Tarw wxax A1 <1,

—-F
le™ I < e 10 p emmmcrsemnmo u 3agacTcs BHIpaKEHEEM
—-F
p = 2 A", (2.31)
n=(Q

C napyroii cTOpoHSI, py = yye ° - wvAyvpy. Tak Raw
Yv — ITPOEKIS, TO
a0 — pv = xvAlp — 3vp) T 3vA(yvp —ov),

I Tar HKakK X‘rp‘—pv — OIIATHh HeIoaBM/ARHAI TOYRa, TO
AvP — Py = Z (1vA)" (1vAp — yyAyve). (2.32)

Huast oumenrnm wopmsr 1) —XVAP—X‘ Ayvp 3aMernm,
uro  (p — va)w )=0 mpu 9'<V u (p— pr)<0)_
= p(0’") npn 9" = V. Bo Bropom cayuae, 9' = 3] Buaeuer
8(D’) =2d(9, V), n us (2.29) MbI nomyuaenm

@) <e™ ™ O,CZ[ [(o—xvp) ()<
<lpllo|[1t— e~ ’]‘“"’“ exp[2d (9, V) (2a — 1) —F (O)I<<
<lollo n[ J‘ exp [a] 0 |— & (9) +(a—) d 0, )],

TaK Kak T > 3a. IT0 03HAUaeT, 41O

Invi<fel<e™ (1 —]4])7, (2.33)
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lxve —povly<e™ (1 —[A])F A —[A]y)7Y,

OTCIO/IA CPasy BHITERAIOT YTBED:KAeHUs mpepaoskenus 1.
Cremylomue pe3yIbTaThl IOKA3bIBAIOT, 4TO KOHTYDPHbIE
MOJIeJII OINCBHIBAIOT MAaJble BO3MYIEHHS OCHOBHOTO CO-
CTOSTHUSI.
IIpepgnomenne 2. Ecam 1> 1y mua t-pyHrmnmo-
nara &, To cylecTByer caalBli mpemen

pCIF) =1limp, (- |F), Voo
pleseIntl, ', [Tl =n|F)<e? 7" (2.34)

nas mioboro x = Z°. Boaee Ttoro, ecian $(9) — MHOMmKecTBO
BHEIIHHX KOHTYPOB B OeckoHeuHoil rpamume 0 < Dg TO
0(0) momno ¢ BepoaTHOCTBIO 1 B TOM CMBICIe, YTO 00O
ROHTYp mu3 0 IeKUT BHYTPH eIUHCTBEHIOr0 BHEIIHETO
romtypa. Ilosromy cpepgmssi maoTmHOCTL TOuek B 0Ol
BHEIIHOCTH BCEeX BHEIIHHX KONTYpoB cTpeMmurca kK 1,
KOTHA T CTPeMUTCA K .

HdorxasarerncrBo. Tak kKax YHCIO KOHTYPOB B
RonevHOM o0’BeMe KOHeuHO, TO [) — KOMIIaKTHOe MeTpH-
JecKOoe  IPOCTPAHCTBO 1  cymectBosamme p(-|F) =
=lim py(-|F) — npamoe  caemcTBHe  CYIeCTBOBAHIA
UpeesbIbIX  KOppeldAnnoHuslx  ¢ynwumii. Duxcupyem
reZ' nu upamyw L < Z' npoxomamyo uepes z. Torma
r& IntI', I' =0, Boamoskio rompro, ecian d(L, supp I') <
< 1. IToaromy, 13 JeMMBI 5, YUCIO KOHTYPOB TAaKUX, UTO
zeExtD, [Tl =n, me momer mpesbmaTh ne™™<<e?",
OTKyfa cienyer HepaBeHctBo (2.34), Tak Kak mo Hepa-
sencry Iaiiepiaca p(T) = p(I'€ d|F) <e 7™,

IIpexonossum Temephb, YTO MbI HMeeM OeCKOHEUHYIO
NOCIeJOBATEILHOCTL KOHTYPOB TaKyw, urto supp [ <
< Ext Toey, [Thi| = 1101, n cymecrByer Touka = Z* ra-
rag, uro z < Int I, Usupp I, pgas awGoro n. Tark xak

2" < oo, npumensis nemmy Bopens — Kamremrn,
n

IOITy4aeM, 4TO TaKag CHUTYalUsi OCYIIecTBIAETCA TOJBKO
¢ BepositHOocTBIO O, T. e. U(0) KOppekTHO oOmpepeNeHo H
nmonuo. Ilocimenmee yTBepsKieHUE IpeJIOMKeHHS CcleyeT
uemocpencTBenHo u3 (2.34),
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Rax wmbr yBumum, wmcrteiM ¢pazaM, ABIAOIMUMCH Ma-
JIBIM BO3MYIEHHEM OCHOBHOIO COCTOSHUSA Vg Oyaer or-
BeuaTh T-Qyuknuonanx ¥, rakoir, uro Z(IYBH) =
= Z(T*F,) pua Beex I, mpuueM T IpONOPIMOHANLHO B.

§ 9. Kourypuaa cratuernueckas eymMma

I orom maparpade ML mOSYyunM IEKOTOPBIC ONCHKIT
Jun Z(VIF). Ouu momamodsress Hpir 0TOMKIECTBIEHILL
KPHCTATHYECKUX CTATHCTHUYECKHX CYMM uuCTOii (haspr W
COOTBETCTBYIOLIEH KOHTYPHOU MOjIeJH.

A~

IIpemgunoxenune 3. Ilycrs Z — mopgrpymma KoHeu-
moro mufmexca Z°. Mpi paccmMaTpuBaeMm Z-TiepHOfUUECKHE
T-(YHKIIMOHAJBI, T > Tp. TOrfa CUpaBeInBO CJCYIoOIee
npencrasiemue mua Z (V| F):

Z(V|F)=s(F) | V]+AT|F),

. Z
Voo | 14 ‘
[0V ] .
B cmbiciic Ban-Xosa, T. e. Vi 0. OcraToumsrii wren

A(VI&) ynosierBopsier nepaserncTBam
AV |7)|<eZ, 7)|aV]|,
lim s (#) =0, lime(Z,1)=0;
T—>00 T—>00

06a COOTHOMIEHUs BHINOIHAITCA PABHOMEPHO MO T-QyHK-
nuoHasIaM .

Hoxasarenncrso. Ilyers &, =1t%F, t=1. Bse-
nem Bepoartuoctu pv(T, &), p(T', t) Toro, uro rpamumna 0
copepsnT KouTyp . 3amerum, 4To

dlnZ (V|&F
—%L—t‘)=“— Z?([‘)PV(FJ)

rcv
nln Z(VIF ) =0, Tar Rak nycTas TPaHMIA TAKAKE IPH-
napmessur D,. [TosTomy

o0

mZWV|iF)=\ 2 # @) pr({, Hdt. (2.35)

rcv

-
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§ 9]

Jlas orumcsenus npasoir wactu B (2.35) meoGxomumsl
cJe/lyIolne OTCHKH, TOoJyuaeMmble m3 mpenokenus 1 u

JICMMBI D:

00

MV F) =] D Fm)py @ 0—p@,old<
{ Tcv
<3 F@expla|T|—tF (1) 4 (a—tv) AT, V)1dt =

1 I'C

— 7 (T B ]
T F (D) 1, T expla|T|—g ')+
Fa—0d@NIS B epila—n (J1]1+d T I<

<oV i 2 @2k + 1% expl@—1) (n+ k) <

- exp [2a — 1] 9
. 2.36
<| I(i—exp[Za—T])2 (2.50)
Ilance, nyern N — nujicke nojrpymin Z, TOTJIA
MVIF = 3 Foprya<
1 d(T,0V)<N
< g‘ 7 () e-t;r(r)dt< e*TII‘|<
1 d(T,0V)<N d(T,0V)<N
<OV (2N + 1)° Y o |9V|(—2i'—11—{: (2.37)
n=1 ¢
Uro racaerca (2.35), 1o
mzviF)<| 3 &0 Pa<
: 1 TCv
< Y e <IV1Y e KA AP,
==L

=

2
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PaCCMOTpI/IM pasiioyKeHue

oo

mZ(V|g)=[ 3 & @)pw i+
i ICv

+

«

Irc

14

Bropas cymma orpaunmuena mo momymrio A(VIF), a or-
HOCHUTEJBIO TIEePBOIl CYMMBI MOKHO CUNTATL, YTO B Hee
BXOJIUT TOYHO [VI/N xonrypor mu3 xasjgoro kiacca
Z-rourpysntupix KouTypos (komrypst 1" m I'” masssa-
10TCST Z-KOHTPYSHTHBIMU, €CJIH CyInecTByeT z  Z TaKoii,
yro I'” =T.T). Cymma arux wumenoB paer |V|]s(F),
a CcyMMa OCTRILHBIX CJIaraeMBIX (JIOMOKHTeNBHBIX MIIH
orpunaTenbuex) orpamuuyena Ao(VIF). Oto moxassBaer
peIoRenye.
Hauxee,

(1'—‘5

3<5‘")<m,
LAV V<A (VIF)+ A, (V[ F).

Wasyuenue mamsueitmux csoitcrs Z(V[F) norpeGyer Bpe-
JIeHHsI HOBOI TOPMBI JUIS T-YHKIUOHAJOB., A HMeHHO,
BO3BMEM KOHCTAHTY ¢ >>1 1 nosoMmnm

| F ()]

rae 6(I') = diam (supp I‘).
IIpennosxenune 4. Eom F u F' — uepuopuue-
ckue T-yHRUMOHAIH, T > a+1n ¢, To

|s(F)—s(F)<e( ollF —F'll,
rae lime (7,¢) =0, ¢ gurcuposano.
,IITo_);coa daTeabcTBO. JlocTaTouHO MOKA3aTh, UYTO
ImZV|F)—mzZV|F)|I<e(vo)-|V]-lF—FIl
Ho u3 mepasencrsa Ilaitepica crexyer:

dlnzZ(V|F)| _ r -7
WZOD — py <,
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u F=tF+U—1)F — cuosa t-Ppyuxiuosar. Tosromy
[Inz(V)g)—mZVIF)I< Z e Mg O)—7 O
'

<UF =7l Z ™ (T +V @) O

<IVIlF — "Il Z (n+n) e,

rag Kax O(I) < [T, V(D) <IT|% u npemnomxenme po-
Kasamo.

Onpegenenune 2.12. Ilyers b =0, F — t-dpynk-
nnoHaJ HA ¥4, TOTAA

ZV|F, b= [[I &' We 7@
8CV TEX0)

Ha3BIBAETCS TNAPAMETPUYECKOl KOHTYPHOH CTATHCTHYE~-
CKOIl CyMMOIL.

Jlerxo Buers, uto Z(VIF, 0) = Z(VI|F), u Tar Kax.
b=20,0< VD) <|VlmpuT'=V, 1o

ZWVIF)<ZVIF, b) < Z(V|F)ev.

s Z-nepuopuaeckoro t-QyHKIuoHAajga F MblI IMOIyYaeM:
13 IpeIoKeHnsd 3

—blVI+eZ, 1)V <
< ZWVIF, b)—(s(F)+ bV <eZ, vlaVl, (2.38)

rje e(Z, 1) ompenenserca B npemaoskennu 3. Boiee momi-
10e OIHCaHie CBOMCTB ITapaMeTpPUYecKOil KOHTYPHOI cTa-
THCTUYECKOII CyMMBI Ja€TCA B CJIEAYIONEM IIPe/JI0MKeHNH,
[Mpepgmoxenune 5. Onpememum A(VIF, b) pus
HePHOINYECKOro T-QyHKIHoHANa & COOTHOIIEHHEeM

In Z(VIF, b) = (s(F)+ ) VI + AVIF, b).

Ecoin ' un &” — nepuopuveckue T-QyHKIMOHAIE,
t>a+tlInec, b, b" >0, to

AV &, 6)— AV F", 0| <
<2|b—b’||V|+( ! +s<r,c))c‘“”|V||usr'—9~"|'nz,

c—1

rae (1. ¢) ompedelsaercsa B IDeLIOMKEHUN 4,
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JoxaszarenxbcTBo. Mpsl paccMOTPEUM TONBKO J(BA
YacTHBIX cayuas: b =b" u F' —=F"”. Bo BTOpOoM ciy-

qae MMeeM:
Iaan((;;lg', b) <V,

a O0TCIOJIa ICMEJIENHO BBITEKACT YTBE[IRJICINC TiPeJIIo-

ikeHUsA. B mepsom cayuae:

AWVIF ) =AWV F", )I<Is(F)—s(F") VI
+ImZV|F", b)y—InZ{V|F", b

W3 mpepmoskenna 4 ciaenyer

|s(F) —s(FNI<eollF — F"|,
1 1AM OCTACTCH JIOKa3aTh, UTO

MmZV|F, by—InZV|F"bh|<
SV , , o
<IVI;=zll# —7"Il. (239

IMyern  py(-1F, b) — BeposituocTiioe  pacrpejieneniie
HA MHOKecTBe rpaunt 0 <= V,

ov(0|7,0) =27 (V| b) Il "D,
red(o)

Jlerko mposepurs, uTo

alnzZ(V\F,b)
Srm s =~ 2 ev 017D,

mZV|F ,b)—Z{V|F", b)=
=— 2 X py(@|F, b)(F T)—F"(T),

I'CV 45T
rae F =1F' +U—0F" paa nexoroporo t, 0<t<1,
-2 2 evOlF, 0@ [0)—F" 1) =

=— 2 oy | F, b) (F' (0) — F"(9)),

OTKyZla HOJydaeMm
IInZ (V| &', b)— I Z (V| ", b)|<

SHE =1l Z ov @15,0) Z (0| +V (D)™,
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Ocraercst oKasarh, uro P
V)

|V|2(|1|+V1‘ ML (2.40)

I'eod

a (V) __max

Obosuauum y (n) = max o (V), rorma
§(Vy<n

S (T 4+ V() ML
I'eod

< X (U+va)lT 4+ X v a(nth) <
I'e9(9) T=0(9)

VISP v 3 (V) — 1),

rag  wax  O(I), S(IntD)<d8(V)—1, ecrn I'<V,
a X (IT|4+VI)<|Vlupu d<V. Mp muomyuaem
I'ev(o)

a (V)< 4y (5(V)—1).
Orcioma cremyer
() <"y (n—1),
n __ ,1

O R A b

OTKyJa HeMeienHo BeITeraer (2.40).
JloxazaTelneTBO 3aKOHYEIO.

§ 10. HoxasaTenbcTBO 0CHOBHOI Teopembr 2.1

OcHoBHasg uJies [[OKA3aTeJIbCTBA COCTOMT B ONUCAHUN
CTaTHCTUYECKUX CBOMCTB UYUCTHIX (Pa3, COOTBETCTBYIOIIUX
1IepUOJUYECKUM OCHOBHBIM COCTOSTHHAM. [lis sTOro wmc-
TOJB3YIOTCSI KOHTYDHBIE MOMEIM TaK, UTO JA KaKmoi
assl COBMECTHEIE PACIPEJIeTEeHNs BHEIIUUX KOHTYPOB B
TOYHOCTH COBIIQ/Ial0T C COOTBETCTBYIOIIMMU pacIpeene-
HUAMH B MOAXOJAMNM o6pa3oM mOM00paHHON KOHTYPHOI
moyenn. Iloaromy upejmoskenue 2 Mosker OBITH mepe-
opMyTMpOBaHO B TOM CMBICIE, uTO uymcTas ¢asza XapaK-
Tepudyercsi KaK Majoe BO3BMYIIEHHE COOTBETCTBYHOINEro
OCHOBHOT'O COCTOSHIIA.

Koutypsl, xax m pamee, ONpefeisioTCss 10 OTHOMIIe-
HUIO K MHOKECTBY IePHOJMYECKAX OCHOBHBIX COCTOSHHIA

ucxogHOro rammiabroEuana Hy, Z o6osmagzaer HauGOIb-
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myno moprpynmy Z° Taryio, 49TO BCe OCHOBHBIE COCTOSI-
gusa u ramuasToHuaEsl Hy, Hy, ..., H,-; Z-nuBapunanTHEL

Paccmorpum Temepsr Mamoe Bosmymiernme H,= H,-+
+ wiH + peHy+. . .+ p,—1H,_; 0CHOBHOTO TaMHIIBTOHHAHA
Hy. Omeprus wroHtypa I'Y Moer GBITH pasloeHa Cile-
ayomuM o6pasom:

H, (T9) =¥, (I 4 mZ__l[ku (Pm) — Py (hg)1 Ve T9),
(2.41)

rne ¥, — KOHTypHBII yHKIUOHAN, ompeeNseMblil COOT-
nomermem (2.41), h,(Yn) — ynemsuas omeprmsa 1, IO
ornomenuio K H, [ua p=0 mun momyuaem Wy(T9) =
= Ho(T'") u3 memmsr 1, a 1o npegnogoskeruio Hy ymos-
JeTBOPAET YCIOBHIO YycroitumBoctu Ilaftepmca Ho(I'9) =
=plI*| ¢ momourensHOlt KoHCTamTO p (cM. ompepeie-
mme 2.3). C mpyroit cropomm, Hy, H,, ..., H,_; ompene-
JIEHBI TOCPEJCTBOM OTPAHWYEHHBIX JOKAIBHBIX TaMUJIbTO-
HHAHOB, TaK 4TO CYIIECTBYyeT go>>0, mpm KOTOpOM

L, () — 1, (T9) | < - 17,
ecan
[p]= max |p;|<Te,

1<igr—1

OTKy[Ja clienyer
\q 0 \q )
v, (1 )>—2 [T7 mpi |u|<<e,. (2.42)

Ha ocuopammm seMsMpr 2 MBI MOKEM IIPEIONOKUTL, UTO
€0 >0 rtag Maxd, uro momumo (2.42) pelmosHsercH Takrske
u coornomrenune g(H) < g(H,).

ITpegnoxenue 6. CymecrBywor Takie KOHCTAHTEH
T>0 1 go >0, saBucsiue Toianko or Hy, Hj, cen H,,
uTo A JT00BIX W, T, B, Takux, uto |pl < e, T=T, p=
=p=2(1+1)/p, cymeciByer 1 eIMHCTBEIHO MHOECT-
BO Z—Hepuommecuux T-yURHonaron

F = (T, Fa, ..., F)), F=F9, e,
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TaRHUX, 4T0 miaA xioboro e,
z (Y| pH,) = exp [0,V (1))} 2 (9] g7,).  (2.43)
3nech
bq:ﬁhu(lpq)—s(g-q)*l‘a’ q:17"'ar1 (2'44)

a o OlipefeasaeTcsa U3 pPaBeHCTBA

min by =0, (2.45)
1<qg<r
1. ¢. b=1(by, ..., b,) = 0,. Boinee TOro, 3T0 €TUHCTBEH-

1HOe peIleHHe HeIIPePHIBHO 3aBUCHT OT I1apaMeTpoB § u
W B c1aboil TOIOMOrHMH.

HoxasarexbcTBo. 3aMeTum, 4TO IPU 3aQHHBIX
B u H, (2.43) samaer cucremy ypaBHEHHII OTHOCHTEILHO
F. Jlan poxasaTeabcTBa CYIIECTBOBAHHS €WHCTBEHIOIO
pemeHus Mbl mepemumenm (2.43) B Buge F =p¥,+
+T(F,, B, w, tne ¥,= (YY), ..., ¥(IM), a T —
cuMaomiee orofpaskennme mpu Mameix |ul, B! Heiict-
BUTeJbHO, cpaBHuBas (2.43) u ompepenenue 2.12, MOMKHO
monyunth us (2.43)

Zo(VIBH,) =Z (V| T4, by (2.43')
u, mopcrasasa (2.43) m (2.43") B (2.18), mamucars
eXP[qu(Pq)]Z(Fq | g-q) =

=exp|— pH, (T'Y)] H Z (Inty DY F o, bn).  (2.46)

Ypasuenue (2.46) sksuBasenrno (2.43). C mpyroit cro-
ponbl, ncmoibays (2.20) m pasmosKeHHmA NpeIosKeHHi
3 u 5, MBI IMeeM:

Iz (|7, =
—s(Fg V() — 7, (1) - XA (Int,, D] F);

InZ (Inty, '] F oy ) =
= [$(Fm) + bml Vm (T9) + A (Int, I I F m, bm)v
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1 coornowenue (2.46) uepemmimercst B Buje:

[bg + s (F1V (L) — Fq (Fq) -+ 2_31 A (Intm | a,) =

= — B, (1) + ,,,2:1 18 (Fm) + bl Ve (1) +

+ E A (Illtm Fq' ?m, bm)- (247)

Oxouvarennno, nenounsya (2.41) u (2.44), womyunm

F (1) =W, (') + T (F, B, k), (2.48)
vae k= (h,(P)), ..., k() 1
T (F, B, h) =
=X [A(Intn T &) — A(Inty T Fpn, br)]
m=1

— ¢yurnuonan ma ¥,; MBI paccmMartpuBaem b Kak (yHK-
muo or &, B u hy, ounpenersemyo (2.44) u (2.45). Bse-

nsa obosnavemne 1= (I, Ty, ..., T,), MBI MOMEM COLpa-
menno nepenucath (2.48) B Buge:
F =PV +T(F, B, ), (2.43")

W, n h, — auneitasie ynkmum or p. Ypapnenme (2.43”)
cuosa dKBHBaJeHTHO (2.43), m, Kak Jerko cleayer u3
(2.43), (2.18) m (2.20), moBoe mepmommueckoe pemenne
(2.43) obsasarenbno saBusercs Z-mepuommueckum. C To-
IO MOMEHTa MbI IIPEJNONAaracM, UTO € HOCTATOUHO MAJO
IJIA BBIIOJTHEHUA JIeMMbl 2 i coorTHomenus (2.42), u pac-
cmatpusaem (2.43”) kak ypasmenmme B GaHaxoBOM Iipo-

cTpaHcTBe B Z-TilepHofuyecKuX KOHTYDHBIX (DyHKIHOHA-

we F=(F,, Fo, ..., F,) c HopMoi &=
=max ||| |||, rme xomcramra ¢, yuactByoImas B ompe-

q
nenennu ||| Fq|ll, pasna 13.

Ob6osravum qepes B: MHOMECTBO TAKMX KOHTYPHBIX
dyrrnuonamoB & < B, uro kaxmgas KoMmmoHeHta ¥, fB-
asgerca T-QYHKIUOHAIOM Ha cooTBeTcTBylomeM O, fcHo,
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yro B. — 3aMKHyTOe, BBINYKJIOe NOAMHOKecTBO B. Mt

noraykeM BHauame, uro (BW,+ T) orobpaskaer B: B ce-
0s1, eCIM T U P JOCTATOIHO BEJTUKIU.

Jeiicteutensno, nycrs t; >0 TaK BEIUMKO, UTO BB~
nmoJaHgTea mpemroskenus 1—5 muma t=t,. Torga, mc-
noanaysa (2.39) u npeposkenue 3, moxyyaem

To(F, By ) = — 262, 7) 3 [0 (Inty 1) [ >

>—2.9%Z, |1, FeB, 1=1. (2.4

B£16epeM T TaRHM OOJIBIIUM, HUTO T>17 u npu
T=>1 .
2-9%(Z, 7) <1. (2.50)

Nanee, ecu Bp =2(t+1), t=7u F e By, 10
B (L9) + Tq(F, B, by =><| 17, (2.51)
T. €. ﬁ{\Pp-I-TEBt, TAaK Kak {I}uEB, i’(g?', B, h)EB,

gro caegyer us (2.39). 3amerum Teneps, uTO IpeEMITOKe-
nusa 4 u 5 gaior

To(F, B, 0 (1) — T (F, B, 1) (T | <
<23 [bn— b V(1) +

r2ftrtema) 3T @) lra-rill<

m=1

<2Blh—W|+e@)l|F —F 1V (1) +
2y e )| F - F Y ()
| o= b = max |k (pq) — B’ (py) |

1)
4

Orciofia cpasy ciemyer:
WT(F, 8,0 —T(F, B, W) I
<2 (%2 + 2 (x, 13)) W& —F ll+281h—H] (252
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Hpennomoskam, 4uT0 T BEI6paHO TaK, d9TOGLI HOMHMO
(2.48) m T> 1, BHIOJHANIOCH eIIe COOTHOIIEHHE
e(r, 13) < 1/12, ecin 1= 1. Torga mpu b =h" us (2.52)
cieayer

WT(F, B, ) — T (&, B, )<l 7 — F" |,

UTO JIOKA3BIBAET YTBEPKACHUE IIPEIIOKEHIS.

Bepmemcsi ® jokasaTembcTBy OcHOBROi Teopemsl. M3
IIpejIosReHus 6 ciaemyer, 4TO IS JIIOOBIX (3>[3 Hus
e Up={n: Ipl <eg} cymecrsyer madop F =F (B, p)
KOHTYPHBIX (pyHRIUOHAIOB F 1, F9, ..., F ., YIOBIETBO-
pawomux (2.43). Boxee Toro, Kasmumbrit .‘.’7" 4 ABJISAETCS Z-1te-

pUOAMIECKUM T-PYHKIIOHAIOM, ‘c:—é—ﬁp —1, u us (2.52)
ceyer, 4ro
1= T ¥ W A
S F B —F B, W< BT — V| +- 26—
(2.53)
Tax rar ffr ‘T" ruh ——h v/ ORHOPOJyITBIE 1 TuHeii-

ubie YHRIMI ®, TO (2 53) o3favaer, uTo 9'([3, i) yuos-
JgiersopseT yeaosuio Jlunmnina OTHOCIITEIDIIO f-u ¢ KOH-
crauroit, nwe sasucsaineit or p. IMepermmenm (2.44), (2.45)
B Busie b= Eg(p). Ua (2.53) u upemnoxennsa 4 cienyer,
uro  Es(p) yrosmaersopser yesaoBuo Jlunmmmna orxocu-
TeabHO P - p. Ml morkakeM, 4TO TPIT JIOCTATOTHO OOJTb-
mux B orobpaykenne Ky ocymecrsisier romeomopuam Uy
B O,, mpuyem

EgUy oV, = fb be 0, max by << 11

Uro0B /I0RA3aTH 9TO, PACCMOTPHM CHCTCMY JINTIEIiTIBIX
ypaBIIenuii OTIOCHTEILIIO [
r—1

hu (IFq) - hu (Iyq+1) = iz-]l Wi [hi (‘Irq) - hi (\P‘q H)],

r—1
Ilockonpry mosmymenne H = Hy -+ X piH; monmoctsio
i=1
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cunmaer Beipokgenne g(Ho), to {P1, Yo, ... Poo1, Porly---
.ow Pob=g(H,) npn HEKOTOPHIX W BO3MOKHO Is JIO-
G0ro ¢, MOPTOMY MaTpuna [ Pigl=)Pi (Wq) — hi (¥g11)
nMeeT pamr r— 1, W KaKmoe |1; MOKeT OBITH BBHIPAKEHO
rar JuHeiinas KoMmOuHamua pesHocTedr AlYg) — A(Pe1).
IlopcraBnas 5T0 BHIpaKeHHEe B PABEHCTBO

BR(py) — BR(Per1) = by — bgyy + s(F Q) — s(F 441,

MBI NOJy4YaeM CHCTeMY HEeIWHEeHHBIX ypPaBHEHMl IA Ha-
XOJRIEHNA 0TOOpaKeHUsA, 00PaTHOro K Lj:

= — 1 5’ @iq (bg + s (F ), (2.54)
P
k03PPUIUEHTH @i, 3aBUCAT TONBKO oT Bemumuus Ak ({,),
i=1,2,..,r—1; ¢g=1, 2, .,ras(g')—(bym\uua
or Bu. HpennonomnM, To Eg(u) = Eg(p’) muas meroro-
pex u, p' €U, Uz (2.49) u us npemioskenus 4 ciae-
JYeT, uTo

lp—p ISLB) [p—p'], éi‘il‘(ﬁ) =0.
C gpyroii CTOPOHBI, 10 IPEIOKEHNI0 3 El5im S(FP=0

pasnomepno no p< Uy mua Beex g. IToaromy Mbr MomeM
BEIGpaTh Bo = B Tak, uro L(3) <1 mpum B > By, u mpasas
qacth (2.49) 0T06pamaeT Uy B ceba gaa Bcex be U,
1 3 =Po. Iro foKaspiBaer mame yrsepskaeHme. [Isa BBI-
BOJla IOCTEJHEI0 YTBEP)KAEHHA OCHOBHOH  TEOpEeMbI
naM  ocTaercsA TONBKO 3aMeTHTh, 4TO O0TOGpaKeHHe

(F 1, Fay ..., F) = F (B, p) onpenerser T-HyHKIHOHATEL
F, mug rex ¢, miA Rotopbix b, = 0, MOpOKIAIONINE KOH-
TypHbie MOJeJH, KOTOPhIe COOTBETCTBYIT IpeNeTbHBIM
pacupenerenuam ['uGdca, orsevaromum PH,. [laa nmx
pacipefieleHile BHEINHUX KOHTYPOB TaKoe ke, KaKk I B
COOTBETCTBYIOIIEl KOHTYDHOH  MOJENH, TO3TOMY H3
IpeJIOReHNsT 2 CIeRyeT, 4TO PasimyHble (aspl cocylle-
CTBYIOT B COOTBETCTBHH ¢ ()a30BOM AuArpaMMOM, OIMCAH-
1O B OCHOBHOI Teopeme 2.1.

ITpenmosxenne 6 sBiseTcs OCUHOBHBIM IIPH [OKa3aTelb-
crBe rteopeMbl. OHO CBsA3bIBaeT KOHTYPHBIE MOIENI 1T
KOHTYpHbBIe MOJeJIN ¢ MapaMeTpoM C PeNIeTYATHIMH MOJe-
aamu.  OKaspiBaeTcs, 4UTO  CTATHCTHUECKHE  CYMMBI
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Z(I9|3H,) mpu Bcex I'Y B TOYHOCTH paBHBI CTATHCTHYE-
CKUM cyMMaM Ju0O COOTBETCTBYIOIIEHl KOHTYPHOW Mope-
au, aub0 COOTBETCTBYIONIEll mapaMeTpPUYecKOl KOHTYp-
noi Mojenu. ITor (AKT TpPeNCTABISETCS JOBOJIBHO He-
OJKUTAHHBEIM, HO HMEHHO ero OOHApy:KeHHe OTKPBLIO
OyTh K JIORA3aTeNbCTBY OcHOBHOI TeopeMmbl. G Agpyroil
CTOPOHBI, TpeosReHue 6 comepskur B cebe ycCIOBHE DPaB-
HoBecus ¢as.

B camoM jene, paccMoTpmM Tagoii Ha0Op IapameT-
poB w, xorma b, =0 mpu Bcex ¢q=1, 2, ..., r, T. e. KOT-
Ja Bce CTATHCTUYECKHE CYMMBI DPaBHBI CTATUCTHYECKIM
CyMMaM COOTBETCTBYIOIIUX KOHTYPHBIX Mojeineii. Bosn-
MeM Kaxoii-mu6o roHTYp I'% Torgma ecrecTBeHHO IpepcTa-
puth ceGe, uro B Int, (I') comepsxurcs m-s ¢asa u I
ecTh rpammma paspgena ¢as. BosbMeMm KoHEUHEIH 00BeM
W, ¢ rpamnumbsiMu yeaoBusiMu P, BHe W, u omeHuoM Be-
posrHocTh BHemHero KoHTypa 1M <= W, ®urcupyem KoH-
¢urypamuo @(W,— (Int 7 U I'")) sme I'. Torga craru-
cTUYeCKas cyMMa mo KoHpurypamusMm BHyTpu ['? paBHa
B cuty mpemyosreHus 6

eh(wq)V(I‘q)Z (Fql BHM) — eh(¢4)‘7(FQ)Z (Fq | g-q)

C nmpyroit cropomsi, mpu Toii ke @(W,— (Int I'?7U I'?))
CTATHCTHYECKAS CyMMa II0 KOH(UrypammsM, y KOTOPBIX
BCe BHeINHIe KOHTYpHl JeRar ambo B Int I, amGo BHe

- hy(bg)V(re
I'%, oramuaercs MHOKHTETeM € " (Pg)V(r9) OT paspesKeH-

uoit crarmeruueckoii cymmur Z(I|BH,), koropas B cuiry
neMMBl 3 m mpemtoskenma 6 pasma Z(I'F,). Orciona
HOMyuaeM, 4YTO BEPOATHOCTL BHEITHEro KOHTypa I? me
npesocxofur Z(IUF )/ Z(TUNF,). Ecmu F,— t-Qyun-
IJIONAJM, TO0 TOCHeJHee BBIPAKEHHe e IIPEeBOCXOJIT
exp {—const - 7|T%|}. Boxee rpymmo, mo Tak:ke BO3ZMOK-
110, TIOMYYUTH AHAJIOTHIHYIO ONEHKY CHH3Y.

OLeHKH TaKoro THIIA KAK pa3 BLIPAsKaloT YCIOBUE
paBHoBecus (Das: BHIUTPHIIN B CBOGOHON SIeprum OT 3a-
MeHBI B KaKO-in0o0 obiacTH OmHON (haspl APYTOH MOPAI-
Ka JUINIbBl TPAHUIB], a He o0beMal

IIpu mponsBOJABUBIX 3HAYEHHAX || NPHUBEJEHHbIE BHIIIE
paccy;KieHnsa IepeHOCATCS Ha CTATHCTUYECKHE CYMMBI,
ONICHIBAEMBIe KOHTYpHBIME Momeasmm. CMbca mapamer-
PUYECKIX KOHTYPHBIX MOZedell B TOM, 9TOOBI ONHCATh
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TepMOJMHAMUYECKI HEBBLITONHBE, T. €. HEyCTOH4nBBIe (Pa-
3pt. B paborax [I. I Maprupocana [23] wuccremyercs
CTATHCTHKA KOHQHUTYpAIMii, OTBEYAIOIUX IapaMeTpuue-
CKUM KOHTYPHBIM MOJelAM ¢ mapaMerpoM. OCHOBHBIM pe-
3yJbTATOM SBJIAETCA «TeopeMa O IOJOCKe», YTBEePKIAI0-
umiasg, 4TO IPH HEYCTOMYHUBBIX TIPAHHYHBIX YCIOBHAX
THIIIYEbIE KOHQPHUTYpAlLH YCTPOEHBI TaK, UTO TOJBLKO He-
0oJpIIag IOJOCKA OKOJO TIPAHUIbI YYBCTBYeT BIIIAHUC
TPAHHYHBIX YCJIOBMI, a y THIMYHBIX KOHQUIYpanuil BHe
9TOI IOJOCKU DPAaCIOJIOKeHBI ycroiiumssie ¢assl. Hceaemo-
BaHUA B OTOM HANpPABJIEHUH OBLIO OBl WHTEPECHO IIPOJIOI-
JKUTH € TeM, 4TOOBI B IIOJHOM O0'heMe 0KA3aTh YTBEpPIK-
lieHue: IIOCTPOeHHBIe B OCHOBHOII TeOpeMe UMCTHIe IeplHo-
JuvecKue IIpeflejibHbIe paclpefeneHuda 1'u66ca ucuepmsi-
BaOT BCe IIEPHOAMYecKUe IIpeflelbHble pacIpeJlese s
I'u66cal

§ 11. JlonoanutenbHble 3aMevyaHus

1°. Beenennoe B § 2 5T0ii IJIaBbI OIpejeIeHIe OCHOB-
HOTO COCTOSIHHA NPUMEHIMO HE TOJBKO K IePHONMUECKITA
KouurypanusMm. Moryr ObiTh, pasyMeercs, II OCHOBIIbIE
COCTOAHUSA, He ABIAIIIHECH NePHOTUYECKUMH ROHQUTY-
pauusamu. Hanpumep, mycrs Ho — raMuapronman d-Mep-

HOIi (heppoMarHuTHON Mojemn MsuHra, g ; — KoHpUTYpa-
nust, gua xoropoir @(z) =-+1 mua xr= (zy, ..., z,) npn
ri<a un ¢lz)=—1 B ocrampubix cryuasx. Torpga, wan

JIEeTKO BHETH, VYo — OCHOBHOE cocrogume. OHaKO BOI-
poc 0 TOM, KOIa V; IOPOKAaeT NPH OOJBLIINX [ THOO-
COBCKOe [oJie, SBIAII(EECH MAJIBIM BO3MYILEHIEM i,
Aanexo me mpocr. JIx. Iammasorrn u C. Mupaxas-Coms
[68] u A. Meccasme [102] mokasamm, wro mpu d=2 u
Gonbmux § TaKkme OCHOBHBIE COCTOAHIA He NPHBOJAT HII
R KaKuM HOBBIM IIPeJedbHBIM pachpejeneHusM 1uoéoca.
Hpuunna sroro Ta e, 4TO I MPHYMHA, BHIZBIBAIOUIAS OT-
cyrcrsue (pasoBRIX IEPEXOJ0B B OJHOMEPHOM Clyuae:
OTKJIOHNEHUA OT OCHOBHOTO COCTOAHUsI MOTYT OBITH OOJb-
IIIMI 110 CBOUM pasMepaM, HO pAa3HOCTh HYHEPTHil 1pu
9TOM MOKeT OCTaBATHCSA KOHEUYNOIl W He 3aBUCAIIEIl OT
Pa3MepoB OTRIOHEeHUs. HbBIMU CO0OBAME, TaKOe OCHOBHOE
COCTOsIHIEe eCTeCTBEHHO cumuTarh HeycToiunseiM. Hao6o-
por, mpu d>2 3ro yme He tak. P. JI. JloGpymnH pmoka-
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3a7, 9To mpu d =3 u FocTaToyHO GOJBIIEX § CYIIECTBY-
10T IpefeibHble IMO0COBCKIE pacmpefeleHus, ABIAIOLIe-
¢S MAIBIM OTKJIOHEHHeM OT OCHOBHOTO coctosiHms (cM.
[17]). KpacuBoe mOKa3aTeNbLCTBO HTOTO YTBED:KACHUA JUIA
monexu Msunra 6pimo momyueno X. Bam Beitepenom [46].
BrLto 6B upe3BHYAHO WHTEPECHO MOJYYHTH OOIIYIO Teo-
peMy, KoTopas HoOKasspBaga Obl, Opu KaKHX YCIOBHAX
HemepruoJuIecKoe OCHOBHOE COCTOSHHE NOPOJK/aeT HpH
Gonpmux B Guuskume K HeMy IuGOCOBCKHE COCTOSHMA.

2°. B mepapEmx paborax [k. Tmamma, A. Jmadde n
T. Cnencepa [77], [78] Gruio moxasamo cyImecTBOBAaHIEe
¢daszoBoro mepexoja B MOJeNH KBAaHTOBOH TeopMU [OTA
A:@*:o mp:m KOCTATOYHO GOTBIIMX A/m3. TIpuMengemas
WMII TeXHUKA JOCTATOYHO CJIOKHA, W MBI He MOKeM ocTa-
HOBHThLCA Ha 3TOM mojpo6mo. Msl mogcHMM, OfHAKO, UYTO
MOHMMAETCH B MOJENAX KBAHTOBOW TEOPUM IIOAA MO OC-
HOBHBIMI COCTOAHUAME I TOYeMy TP GOIbImix M/mg
ITPOHCXOMMT BHIPOJKIIEHNE OCHOBHEIX COCTOSAHMI, KOTOpOE
I sBIseTcA mpuumHoit asosoro mepexona. Ilpm msmosxe-
Hum »ToTo Bompoca Msl caegyem_[106].

ITpome Bcero paccMorpers pemerky Z2 ¢ marom h
7 B OKOHYATENHHOM BEIpasKeHmm yctpemurb h — 0. Mrag,
PAacCMOTPHM pEIIeTIaTyio MOJielib, B KOTOPOHl OCHOBHELIE
nepeMennblie ¢(z) NPUHUMATOT JeliCTBUTENbHBIE 3HAYe-
g — oo < @lz) <o, x=(x, zo) u rammrsronuman H
nMeeT BUJ

H= 2 [(é_ @ (24 -+, 25) — @ (24, -752)\2 +

x=(x1,x2) /
+ (@ (21, Ty 4 1) — @ (4, 73))® +
+ % my 192 (x):m%h"' 4 AP (9 (.7c)):m3 h2] =

= H 0. 3P (0 (27,0

31eck
an

2n
P ()= kgl aQ*, P ((P)img = hgl ap 1@"36(,,%),
re :(phzg(mz)—k- il TOMMHOM OPMUTA, BBIUHCIEHILIT 10
0

rayCccoOBCKOMY PACIIpeieIeHHI0 CAyYailHoil BeTUImHEl olx)
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¢ pucmepcueit 6(mgy), MOPOKEEHHOMY CBOOOHBIM IIOJIEM

H_,. 3amernm, urto o(mg) ~const-Ink~! upy A0 m

o(mo) — o(m,) ~ const - In (mi/my) npu m; — ~ pasmo-
MepHO 1O K.

Ecnmu meiTathcA ompejenuTh OCHOBHOE COCTOSIHHE IIPH-
BeJ[EHHOTO TaMHILTOHHAHA KAK NePUOJUYECKY0 KOHQH-
Typanuio 10N ¢ MHUHUMAJIbHON yMeIbHOU SHeprues, TO
MBI JIeTKO HaiileM, 4TO B3HaYeHwme 3TOl KOHQUTrypamuim
OyneT cTpeMUTBhCA K ==oo mpu kb — 0. ITO mMOKA3LIBAET, UTO
TpsAMOe IpUMeHEeHHe COOTBETCTBYIOIIETrO OIpefeleHHud His
peIIeTyaTHIX MOJenxeil 3ech He TMOMXOMUT, IIOCKOILKY OHO
IIPeJIIoNaraeT, 4YT0 KOJeGAHUA IIONS OKOJO0 OCHOBHOTO CO-
cTOsTHUA a0coM0THO Madbl. B paccMaTpuBaeMoM ke Ciry-
Jae eCTeCTBEHHO OJKHIATH, UYTO STH (QIYKTYAIIM Maibl
TOJILKO B CpegHeM, KOrja MPOW3BONNUTCA YyCPeJHEeHHE II0
MaXbIM 00JacTAM, He 3aBUCAITUM OT A.

Koppexruoe omnpenemenne OCHOBHOTO COCTOSHHA Jie-
Jraercs ciaegyoiuM o0pasoM. BymeM mcKaTh OCHOBHEIE CO-
CTOAHNA, SABIAIINECH Komcrantamu, T. e. @(z) =A maa
Beex z. Ilomomum ¢ =A -+ u momcraBuM 5TO BEIpaKe-
HHe B TaMHIbTOHWAH, [[OIYCTUM, UYTO pe3yJLTAT MOKeT
OBITH 3amIlcal B BUje

Ho=H ) =5 35[0 (2 + by 2) — ¥ g, 2+
4+ (b (g, 2o + B) — P (21, 5))% -+ h® (0® :P2:6(m) +

2n ’
-+ 2" 7r (4) :lphzo(m)) +V (A)Jv
K=—3

rae V(4) — nocrosinuas, ¢, — Koadpdumuent, m = m(4) >
> 0.
IMocnemnee BHIpaskeHme IOKA3BIBAET, UYTO TaMUJIbTO-
manau H(yp) comepssut wacts, OTBevAOIIyI0 CBOGOTHOMY
2n

00 ¢ Maccoii m, a X qp (A) :pE: g(my — B3AUMO-
h=3
TeilcTBHE.
HpI/I 3TOM A — COCTOAHUEe JTOKAJIBHOTO MUIHIMYMa. Pa-

syMmeercsi, A m m MOIKHBI 3aBHCETH OT eNHHCTBEHHOTO
p 2
Ge3pasMepHOro mapaMeTpa TEOPHH A/my.
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Onpenenenne 2.13. Ilycrs cyimecTByoT Hempe-
posabie gynxmun A (A/m3), m (A/m2) raxue, uto q,/m? —
—~0, 3<k<2n, npu A/m3— co. Torna mapa A (A/m}),
m (Ay/m?) HasbIBaeTCA ACHMITOTHYECKHM JIOKAIBHBIM OC-
HOBHBIM cocTosEMeM (a. 1. 0. c.) ¢ TONOHl Maccoi m =
=m (7“0 /mo)

Onpenenenme 214 A. 1. o. c. (A(A/md),

m (M/m?)) nassiBaercs aBCOMOTHBIM a. J. 0. C., eCIH
V(4A) =min V(4’), rge wmunumym Gepercs 10 BCeM
a. 1 o.c. A

EcrectBeHHO OKHIaTh, 4YTO TOIBKO aGCOJIOTHBHIE

a. JI. 0. C. IOPOKAAIOT IpejeibHble pacnpefeseHns I'n66-

ca npu Goxpmmx A/mg.

Ceiiuac Mbl BoiBeJleM ypaBHeHusa mia 4, m. Bocmoias-
3yeMca CIeNYIOIMM CBOMCTBOM MOJIMHOMOB Jpmura (cM.,
manpumep, B. Caiimom [41]): myers 00>0;>0, E=
= 09— 0;. Torga

1" 6o =:0@"E) g,

Ionomum og = o(mg), 01 =o0(m), E=0p—o0y. Ilpn dux-
CHDOBAHHEIX Mg, M TPeEMe hm (O(mo) — o(m)) cymectBy-
>0

eT U TPOIOPIUOHATEH ln(m/mo) MomxeM Temepr Ha-
nmncaTh

H () =+ 2[00 (@ + B, 2) — b (27, 2)° +
+ (b @y, 25+ B) — P (@1, 2))® + k2 (MG :(§ + A)%g(mg) +

an
4+ A El ay (Y + A)”‘:a(mo))] =
— A0 @+ by 2) — 0 () (20, 7 1) —
— (@, @) + B2 ((m (W + Ayip +

4+ A :é: ap (Y + A)k:E>a(m))]'
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R
O603HaYIM Illjk!E=H(E)(l|J). Torpa u3 mnocienHero
BBIPAJKEHUA

A 2 a, HP (A) =V (4), (2.55)
2n dH(k) A

om2d + 3 Y P Ae Dy, (2.56)
S HP (A

2my -+ A 2 ——EQ me, (2.57)

Ilocnemume pBa BEIpAJKEHUS CIYIKAT UIA  ONpefeie-
nusa 4 u m.

B xBaHTOBOHi TeopuM IONA BHAYANE IPOU3BOJUTCA
npefienbHBI nepexon h — 0, a 3areM mccieqyeTcs acuMIi-

rorura A/mg—> co. IoaTOMy BCe ACHMIITOTHYECKHE BHIpA-
eHUsA MOJKHBL uMerh cMblca npu kb — 0. Tlomosmum M =

= m?/mg. Ilpn A/mj— 0o ecrecTBeHHO OKHJATH, UTO
M~ o, E — o, Beugy H® (t) = E**H® (t/E'*) (2.57)
MOJKHO II€peIcaTh B BHJe
2+En —1 7»[: H(?”)(A/El/z 'P""]=2M27
m
0

rjle MHOTOTOUHME O3HAYAeT WieHbl, comepskamue EV2 B or-
punarenpuoin crenenn. Ilomaras B = A/E'Y2, nonyunm B
IJIaBHOM IIOPSAIKE

7\, (2n) ﬂl2
[dtg Hi (B)] (2.58)

n—l

[Ipu h — 0 mpaBas uacth CTAHOBUTCA IIPONOPIUOHAILHON
M?/(In M?)"-1, Ypasuenne (2.56) npunuMaeT BUI

dH{®™ (B)

- =0, (2.59)

Bypgem paccmarpusarp (2.58) kak ypaBHeHHE OTHOCH-
Teabno A npu usBectHbIX m, E. OGosHauuMm b; KOPHEH MHO-
rowtena dH®™ (by)/dt, i =1,2, ..., 2n — 1. C momompio
0OBIYHOIl TeOPHH BO3MYINEHWIl JIErKO HoKasarb, uro (2.59)
HuMeeT pemIeHHs B OKPECTHOCTH TeX b;, IpU KOTOPBIX
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d2HE™ (by)/dt*=£0. 9tn pememus nmeior Buj Bi=
=b;+..., Ile MHOTOTOUMEe O3HAa4YaeT WJIEHH, CTpeMALlue-
ca K 0 mpu E — o, QueBugHo, YTO IpPHA TAKUX i JIISA JO-
cratouno Gomsmux E 6Gymer d*HS™™ (By)/dt*==0. Jlo-
KaJbHbIE MUHHMYMEHI IIOAYYalOTCA IpPH TaKuUX b; Korjga
d2HE™ (B;)/dt > 0.

Wrax, MBI BHOUM, 4TO OCHOBHEIE cOCTOAHHA A HMenT
Bun: A =FE"Y2B;=FEV"%(b;+...). Ecin mopmcraBuTh BHIpa-
menne miaa B; B (2.58), momyumM 3aMKHyTOe ypaBHEeHHUe

wis M
A (d211§2") (B;) | ) M2
A W) =

2 2
mg dt

En—l ’
H3 KOTOpOro

M35 ~ const (—7"5) [ln %]n—l, h—0.
i ’n
A n—k/2
Hanee, g, (4;) ~ const-A [In ——2] , k=3, ...,oTkyna
m
0
qn (4;)/m5—0 mpu A/my—0, r.e. (E2B;, m;) ects a. .
0. cC.
Teneps obpatumcs K Beipamernnio V(4;). Nmeem

|4 (At) =V (El/2Bi) ~ }‘aann (ngn) (B'z) “+ .. .),
OTKYHA o
V(4y) BT (By)

Y (41)) THE (Bi)

MBI IPEXOAMM K BaKHOMY B3aKIIOYEHHIO: abCONOTHLHIE
muauMyMbl V(4;) cOOTBETCTBYIOT aGCOMIOTHEIM MUHEMYMaM

HE™ (¢). Wssecrno *) (cm. xumry T'. Beitrmem um A. 9p-
meitn «Bricmme TpamcmeHmeHTHBIe PyEKmEEY.— M.: Hay-
xa, 1966), uyTo veTHBIA MOMMHOM OpPMHTA HMEET TOIBKO
nBa abcomroTHEIXx MuHHMyMa. TakaM o0Gpa3oM, ecTeCTBeH-
HO OKH/IaTh, 4TO mpHu Jw0GoM P m mocTaTogHo GOIBIIHX

A/mi cymecTByeT TONBKO [BAa TPAHCIAMHOHHO-HHBADH-
aHTHBIX INpelelbHBIX pacnpefenenus I'm66ca, orsedaro-
mux raMuiabronunany H.

*) Mn1 o6as3anbl aToM 3aMedanmeMm @, Hamomxepo.
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3°. Ilomesno mpuBectu emie ogHy IepedOPMYyIUPOBKY
OCHOBHO#l TeOpeMBl 3TOi TIiaBH. PaccMOTpUM BHavame
$ynknuio peiicTBurenbHOro mepemennoro y = f(z), xoro-
pas uMeeT I OJMHAKOBLIX HEBHIPOJKIEHHBIX MUHUMYMOB
ai, @z, ..., @, T. . fla)=fla)=Ff u flz)>f npu z+
*ay, ..., . Tarag QyHKug, pasyMmeercs, He SABIAETCA
¢ynrumeir ofmero Buja, W [JIA Hee MOKHO IIOCTDOHUTD
BepcaJbHOE CeMeiicTBO B CMEicie o0mmeit Teopuum ocoben-
gocreit (cm. [1]), 1. e. mocrpomts cemeiicTBO PYHRIfI
y = f(z, A), saBucamux or r—1 mapamerpoB A= (A, ...
..., As) Tag, uro f(z; 0) = f(z), u mpocTpancTBO mapamer-
POB A [OIyCKAaeT CTpaTHUKAIIAIO, T. €. paclajaerca Ha
rouky A =0, r xpumx, C3 [BYMepHEIX IIOBepXmoCTeil
¥ T. 1., upd Kotopoi f(z, 0) mMeer r ONMHAKOBHIX MHHH-
MYMOB, Ha KajKIOH W3 r KpuBbIX r— 1 OfMHAKOBBIX MI-
HAMYMa, a OJMH MMHUMYM IIpH 5TOM BooOIle Ipoma-
faer, HA KaKIOH H3 C; NBYMEDPHBIX IIO0BEPXHOCTEIL
nMeeTcs I — 2 OMMHAKOBBHIX MUHHMyMAa U T. [. JTa CTpPa-
TuPUKANMUA HBISETCA B OLNpPENeJIeHHOM CMBICHe YHI-
BepCaJIbLHOIL

B paccmarpuBaeMoii HAMH CHTYAIHH TaMHJbTOHMAH
Hy(p) menp3s paccMaTpuBaTh Kak (YHKIMIO [eHCTBHTED-
HOTO IIEPEMEHHOr0, W ero OCHOBHBIE COCTOSIHHS, YHOBJIET-
Bopsmomue ycaopmio llaitepica, HeXb3s paccMaTpHBATDH
KaKk TOUKM WM30JAMPOBAHHOIO MHHUMyMa. TeM He MeHee,
pasfuenne OKpPEeCTHOCTH TPOCTPAHCTBA IIAPAMETPOB HMeeT
TOT ;Ke BHJ, 4TO M CTPATH(UKAMIA, IMPOU3BORUMASN Bep-
CAJLHEIM CeMeliCTBOM ONMCAHHOrO THia. Dhuto OB MHTe-
pecHo, BO-IEPBHIX, MOApo0HEe WMCCIe[0BATH CBOHCTBA
INIQKOCTH CTPATOB, CTPOSAMIUXCS B TeopeMe, M, BO-BTO-
peix, cOpPMyIMpOBATH A HAIINX 3a7ad IOHATHE Bep-
CaJIbHOTO ceMelicTBa M IIOKA3aTh, UTO CEMEUCTBO TaMIIb-
rognanos Hy+ w H;+ ...+ p.—H. | sBIsercss Bepcalb-
HEIM ceMeiicTBOM s rammibroHuaua Hy, umeoliero He-
CKOJILKO OCHOBHBIX COCTOSTHUIA.

Bubanorpaduueckne 3aMeyaHHA K riaase 2

1. ENTECTBEHHOCTh OpPeNeJbHOr0 pacmpefeneHns I'mO6ca s
ramaasTonnana PBH mpm Mansix B noxkasama B kHmre JI. Proamia

] = B crateax P. JI. loGpymura [13], [16].

2. Muoromepras Mofensr Wsmmra (d>=2) mpu Gomsmux f GB-
na paccmorpesa B paGore P. Iaitepaca [105] B 1936 r. B sroit
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paGoTe MOABHIOCH OCHOBHOE HEDABEHCTBO IS BEePOSTHOCTH KOH-
Typa, npuBefeHHoe B § 3. B raxom :xe gyxe mopmens Mamnra OBINTa
paccmorpeHa B paGorax P. I'puddurca [79] m P. JI. MoGpymn-
ma [13].

3. Anaum3 mHpefieNBHLIX pacOpemenenmit I'm6Gca, OCHOBaHHEIHR
Ha M3y9eHNM CTATHCTHKE KOHTYDOB, HA3HIBAETCH TAacTO KOHTYDHBIM
meromom Ilaifepica. STHM MeTO[OM YAATOCh HCCIENOBATEH pasimy-
HBle KIIACCH peNmIeTdaThiX MojelNeil. YIOMAHeM H3BECTHEIe HAM pa-
Gorsi: @. A. Bepesun, fl. T. Cmmaii [2], K. Kumu6p, A. Tpoce-
yal, M. Poamms [72], P. JI. HoGpymmm [55], B. M. Tepnux,
P. JI. lo6pymmun [10], B. M. Tepnuk [11], O. Xeiumar u E. Jiub
[84], O. Xestmman [85], C. A. Ilmporos [33], [34], C. A. Ilmporos
A. I'. Cumait [35], M. Kaccangpo, M. {a” @amo, Ji. OumBepepu
[51], JI. Pymmenc [111]. YciaoBme ycTORYMBOCTH OCHOBHBIX COCTO-
AHWil, Ha3BaHHOe B TIiaBe 2 ycioBuem llaitepica, GHIIO BBEJEHO
B paGore B. M. Tepmuxa [11]. VIHTepecHbIe Pe3yNbTATH LMOIYdEHE!
B cratbax B. Xompmrmeckoro m . Cuasmoro [86], M. CmaBHOTO
[114]. OcroBHas Teopema, m3iaraemMas B DTOH TiaBe, COJEPIRATCA
B paborax C. A. Iluporosa u fI. I. Cunaa [36], [37].

B paborax A. Boprua u P, Ipudgurca [49], B. A. Maursmesa
[100] m 3. Jim6a [98] moxasbiBaercs cymecTBoBaHHe (Pa30OBHIX IIe-
PexoloB i HEKOTOPHIX JUCKPETHBIX Mojeleil, rae ¢(z) mpEHH-
MaeT HeNpepbIBHbIE 3HAaYeHHA. BbuI0 GBI MHTEDECHO IepeHecTH
OQIIyI0 TeopeMy HTOH IIaBH HA BTOT CIYHAil.

VaTepecHEle De3yNbTATH, OCHOBAHHBIE HA Hee HEKOTOPO
ABOMCTBEHHOCTH anre6pamveckoro Xapakrepa, LpeJCTABICHH B
kumre 1. T'pyGepa, A. Xunmrepmana m J[. Mepamnu [80].

4. OCHOBHBIe COCTOAHHA [UIsi HEKOTODHIX pENIeTYATHX MOJe-
Jeit mcemefjoBansl B paGore M. A. Kamanmosa [21]. Papy ofmux
Pe3yinbTaTOB 0 CTPYKType MHOMKECTBa OCHOBHEIX COCTOSHHEH IIO-
ayueH B paborax B. Xoxpmruackoro m U. Ciasroro [87].

Kouryprbie Mofean Gvlim BBemennl B paborax P. A. Mmmaioca
a fl. T. Cumasa [27—29]. TaMm ’xe GBUIM W3y4eHH TpeleJbHEE N
JApyTHe CBOKCTBA OTBEYAIOIINX WM KOPPEJANMOHHBIX (DYHKIMIL.

5. B pabore [I. Tamnasorrz m C. Mumpaxus-Cons [68] 6ruto
OKa3aHO, 4TO y Mofjeau M3mHTa mpm GOXpMIAX [} MMeeTcA TOIBKO
JBa TPAHCIANHOHHO-MHBADHAHTHBIX IPEJeIbHBIX pacipelenenns
I'mG66ca. 3Tor pesynsrar moroMm ob6oGijamca B pabore A. Meccaxe
un C. Mupawias-Coxa [102]. . T. Maprupocsiz B [23] moxasam, uro
Ui TeX 3HaueHHMH ITapaMeTpoB W, mPH KOTOPHIX B OCHOBHOM TeO-
peMe IOKa3aHO CYIeCTBOBaHME I WIH I — 1 IEePHORMYECKOro Ipe-
AeJNbHOr0 pacupepenenus I'm60ca, APYTUX IHePHOAHYECKUX IIperelb-
HEIX pacmpemedenmii I'mGGca He cymecrsyer. J[{pyrme OTHOCSH-
muecs Ciojla Pe3yabTaThl UMEIOTCA B [24].

6. CymecTBoBanme mpum Ooixpmnmx [ HEmePHORMYECKHX IIpe-
MeIBbHBIX paclpeseneHuil I'mGGca, CBASAHHBIX ¢ HENEPHOJAHIECKAMH
OCHOBHEIMH COCTOAHHAMH, Owuto ycraHosjieno P. JI. [lo6pymn-
ubiM [17], cM. Tarme X. Ban Beitepen [46].

7. O0muit mOxX0N K HOCTPOEHMI0 TaMIIbTOHHAHOB ¢ HECKOIb-
KuMH OpefiebHEIMU pacmopefeneEnamu I'm6Gca OB pasBuT B pa-
Gorax . Proamnsa [40], [110], KoTopmit, B cBOW Ouepess, omupalca
Ha BecbMa o0ume Teopems! P. Mapasas [89]. BaammocBsss mexnyy
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ITOXOOM, ONMCAHHBIM B 3TOH TiaBe, m mopxomoMm [. Proamus, me
BIIOJIHE SCHA.

8. OcHOBHAsA TeopeMa BTOil IIaBHl MOKET WHTEPIPETHPOBATBLCA
KaKk BapMaHT MaTeMaTHYEeCKH CTPOTOTO [IOKA3aTeJbCTBA HPABHJIA
a3 T'ub6ca (cM. Tarke padory Jx. JImbosuma i[96]).

9. HeeqwHCTBEHHOCTh NPEeNbHOT0 pacmpefenenus I['uGbca
7T ABYMEPHBIX MOJeJiedl KBAHTOBOH TeOpUH MO OBIIa yCTAHOB-
neHa B paborax k. Immmma, A. Dxadde m T. Coencepa [77],
[78]. OmmcamHoe mccIeOBaHME CTPYKTYPHl MHOKECTBA OCHOBHBIX
COCTOAHMIT B 3TOM caydae cieayetr pabore C. A. IlmporoBa
f. T. Cunas [106]. Hexgasro mMHETEpecHbIe pe3yJbTaTH ObLIM IIOJIY-
4yensl B 3ToM KpyTe Bompocos K. Tasemckmm [71].



FTTABA 3
PEIIETYATBIE CHCTEMBI C HEINPEPBIBHOII CHMMETPHEN

§ 1. Bsenenne

B sToit rmaBe MBI paccMOTPUM KIacCHYECKHe permerya-
THIe CHCTEMBI ¢ HeNmpephIBHOI cuMmerpmeii. IlpocTpancTBO
@ 3uavenuit cnuHOBOH mepemenuoit @(s) Gymer ogmopos-
HBIM TNPOCTPAHCTBOM HEKOTOPOil KOMNAKTHOH TPYMNIISL
Jlu G. Ocuosmoit mpumep: @ =S5' — v-Mepuas cdepa,
G =S80 +1) —rpyona (v+ 1)-MepHBIX OPTOTOHANLHBIX
Marpun ¢ ompefenuteneM 1. BaammopeiictBue mpemmona-
raercs TPAHCAANNOHHO-HHBAPHAHTHBIM, C KOHEUHBIM pa-
AuycoM B3amMofeiicTBusa. [aMuUIBTOHMAH TaKoil cucTe-
Mbl 3agaerca mnorenmuaiiom U(@(Wg(s))), rme Wal(s) —
map pammyca R ¢ memtpoM B Touke s, @(Wg(s)) — ron-
Purypamua {@(t), t € Wx(s)}. Ilorenmuan Ulp(Wi(s)))
XapakTepusyeT B3amMojeiicTBue Iepemennoii @(s) c¢ ee
cocefavu B mape Wg(s). Horermuan Ulp(Wg(s))) nassr-
BaeTcd MHBADHAHTHBIM OTHOCHTENLHO Tpymmel G, ecau
Ulp(Wk(s))) = Ulge(Wi(s))) mas mwoboro saemeHtra ge&
e G, rae gp(Wa(s)) = {ge(t), t = Wx(s)}.

lavMunbronuan GopMaILHO 3aMUCHIBAETCS B BUJE

H(p)= X Ulp(Wg(s)). (3.1)

sezd

Ecau moremnmuan U wuBapuanten orHocutenbuo G, 1o
raMunbToHMan H TakiKe UHBAPHMAHTEH OTHOCHTEILHO
rpyunst G. Ilpeanonossum, uro na @ 3aana HOPMHUPOBAH-
HAasA Mepa |, UHBAPHAHTHAS OTHOCIHTEIHHO HEHCTBUA IPYTi-
nbl G. OOBIYHBIM CITOCOGOM MOJKHO TMOCTPOUTH € IIOMOILbBIO
ramuabroruana (3.1) u p yeaosmsle pacnpemenenus 1'udo-
ca ma mpoctpanctBe romduryparmii ¢(V) mpu durcupo-
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Banubix @(Z°— V) u orBevaoimme UM INpefeNbHBEIE pac-
npegenenns 'nd6ea. ’

Kax u B JHCKpeTHOM ciydae, MOLPOOHO HCCIEXOBAH-
HOM B IVIaBe 2, CTPYKTYpa MHOMKecTBa INpeflelbHHIX pac-
npenenenuit I'mG0Oca, OTBewaomiaa raMuIbTOHHAEY BH
npu GoJbITEX P, TECHO CBA3aHA ¢ OCHOBHEIMU COCTOSHHSA-
Mu H, TonbKO 3Ta CBA3L OKA3BIBAETCSA HE TAKOIl ITPOCTOI,
Kagk B JUCKpPeTHOM ciydyae. ['oBops TO4YHee, OKa3bIBAETCS
BeChbMa CYIIECTBEHHBIM CBOMCTBO YCTOMYMBOCTH OCHOBHO-
ro cocrognus, Gomee TomKoe, ueMm yciuoBue Ilaiiepica.

Kag m B JuCKpeTHOM ciyuae, OCHOBHEIM COCTOSHUEM
ramunbpTornaHa H 6yngeMm Has3eIBaTh TaKyl0 KOHQUrypa-
nuio Y= {P(s), s€Z%, uro Hlgly) =H(p)—H(H) =0
mag ao6oit KoH(QUrypanmuu ¢, COBHAJAIOMER ¢ 1 IOUTH
seiony. Ecau ramMunbronmas H WHBapHAaHTEH OTHOCHTEND-
wo G u P — ocuoBHOe cocrostume mas H, To g¢ — Tamme
OCHOBHOe cOCTOsiHMe npu jaibom g< G. Taxum obpasom,
MHOKECTBO OCHOBHBIX COCTOSTHHI IIPeJICTaBIAeT €000l
G-1upocTpamucTBo.

Paccmorpum cIeyiomuit YacTHBIA cIyuaii:
Ulp(W(s))) ects pymrnma xmacca C* ma @ D (),

teW g(s)
Ulp(Wr(s))) =0, ecu @(¢)) = @(ty) npm mio6eix ty, fpe=
& Wy(s) n Ulp(Wi(s))) >0 B ocrambusix cayvasax. VHE-
Mi1 caoBamu, U ocTuraeT cBoero MAHUMYMA HA [{HATOHAJI
Dc ® @(), D={p(Wg(s)):¢(f) = const}.

=W R(s)
flcHo, 9TO0 B 3TOM CIydae IepPHOAWIECKOE COCTOSHHE 1,
umeomee Bug: = {{(s) = const},— ocHOBHOe cocTosHHE,
U MHOKECTBO TAKIX OCHOBHEIX COCTOSHHII eCTeCTBEHHO
uzomopguo D.

PaccmorpuM Temepb BOIpOC 00 YCTOMYMBOCTI OCHOB-
mpix cocrommuit, Ilycts @ €@ n 1p5={«p (s) = @}. 060-
sgaunm 7 ; KacaTe;bHOe IPOCTPAHCTBO K ® B TOUKE P

i paccMoTpuM (POPMATBHO GecKOHeUHYH IOCIIe[0BaTeNb-
HOCTh KacaTeNBHEIX BEKTOpoB T= (T() =T 5, s& Zq)

SammmeM, ONATL-TAaKM (OPMAIBHO, Majoe BO3MYIeHNS
- ;
OCHOBHOTO COCTOAHHA P B Bujie Pp={p+etls), s€Z,

e — Mausiii mapamerp. Ipu stom @ +et(s) Mosmer pac-
cMarpuBaThCA Kak TOuka mpocrpamctea @, momyuaemas,
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HampuMep, ¢ MOMOIIBI0 YKCIOHEHIMAIHHOTO OTOGpPAKeHHA.
Rampoe crnaraemoe B rammibronuane U(@(Wg(s))) mud-
epenmupyemo 1mo & npum &€ =0, ¥ MB MOKeM HAIHCATH

H($) = H (¥;) +
°U (¢ (W ()
+5 3 3 (T

T(ty), T (t‘z))
sezdty iy
+o0(e?). (3.2
JInmeiiHBle 1O & WIeHBI NMPONAMyT, TaK Kak 1p- — OCHOB-
Hoe cocmz*omeme 3nmecs mpu PUKCHPOBAHHBIX tl, to Benu-
anmy 20 (W (9)
99 (1) 99 (%)
parop, erobpaskaomuit I 3 Ha CONpAKeHHOe MPOCTpaH-
CTBO 9'5. Ecau t(¢) =1, 10

o (Wg(s
2 R )))T 0’
o9 (t )‘9‘p ()
IIOCKOJBKY BCA JAUaroHalb D cocrour wu3s MHHHMYMOB

¢yaruun U(p(Wi(s))). Hostomy xBampatmumyio ¢opmy
B (3.2) MOMKHO 3amHCATH B BHAE

o(t)= =0

clelyeT pacCMaTpuBaTh KaK oIe-

H,(t)=— -;— 2 X
sezd
o (@ (Wg () )
% t1’2t2 (a_@w (T (tl) —7 (t2))a (T (tl) — 7T (tz)) .

PaccMoTpuM rayccoBcKoe pacupefielieHde Ha IPOCTPaH-
crBe mocaegoBareabrocreit T={t(s), s=Z% c ramuabro-
Huanom H,(7) (em. run. 1, § 4, m. 3). Takoe pacupepeireHue
BEPOATHOCTEH MOKeT 0KazaThca 000OIeHHEIM, T, €. CpeJlHee
suavenue (t(s), 1(s)), BHIUMCIeHHOE IO TOMY pacIpejie-
aenuio, Oyaer OecKOHEUHBIM. JTO O3HAYAET, YTO KOHEU-
oeMa Oyayt cpepmume tuma (t(s)) — t(sy), T(sy) — 1(s2))
UM CpeJiHNe, BRIIYAKOUINE PA3HOCTH 0oliee BHICOKOTO IO-
PANKa, T. €. T MNOPOMKJAeT IIPOIecC €O CTANMOHAPHBIMH
OpUpameHusiME KOHEUHOTo Topsaaka. Msl GygeM roBo-
PUTb, TO B STOM CIy4ae OCHOBHOE COCTOAHHe Y He-
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yeroifunBo, CMBICT COCTOHT B TOM, YTO Majoe H3MeHEHHe
sueprunu (mopsimka €2H,) momyuaercss 3a cyeT OONBINHX T,
1. e. ¢aykryamum oxoxo P- Beamrun. HaoGopor, ecit
cpenree ot (t(s), T(s)) Komeuno, To TaKoe OCHOBHOE CO-
cTogHUe MBI OyJeM Ha3bIBATh YCTONUMBEIM.

IMMpumep. Kaaccuueckas Mmodeav I'eiizentepea.
B srom mpumepe @ = S*-!, paguyc BzauMopeiictBus R =1

n U@ W) =1—g X (@), (). Hdaree

[ls1 —sof}=1
H () = H (5 +e1) =
i (Ptev(s) oder) ]
e e Vi+ et ) BV T4 T )Y
— H(¥:) -:~§—ju 2" () s, o) — T ()
=

Herpynuo mposepurs, yro mpu d =2 x1000e OCHOBHOE CO-
crosiHue P HEyCTOHYMBO, a IpH d = 3, maobopor, ycroii-

YHBO.

OcHoBHAS TUIOTE3a, KACAIOMIASACA PACCMATPUBAEMOTO
KJacca PelIeTyaThiX CHCTEM, COCTOUT B TOM, UTO Ipu 0OIb-
mux P He CYI[eCcTBYyeT IPeNeIbHBIX pacupefexeHuii I'm66-
ca, ABIAMIIAXCA MAJLIMH BOSMYIIEHUAMH HEYCTOMYUBBIX
OCHOBHEIX COCTOSHHUII ¥, HA0GOPOT, [JIA YCTOHYUBBEIX OC-
HOBHBIX COCTOSHHII TakKWe IIpefelbHbIe pACIpeeNIeHnA
T'u66ca cymecrByioT.

B aroit TIaBe MBI MpUBEJEM JOKA3aTEXHCTBA JIBYX BaiK-
HBIX PEe3YJbTATOB B IOMNEPIKKY 9Toil rumoredsl. B § 2
Oyner moxasaHa teopema JloGpymmua — Illnocmanma o ToM,
YTO y JBYMEPHBIX CHCTEM C HEIPEPHIBHOH cuMMeTpuei
MpU JOCTATOYHO OOLIMX YCIOBUAX BCAKOE IIpeJielbHOe
pacnpenienenue ['u66ca MHBAPHAHTHO OTHOCUTENHHO TPYI-
nel G. ATOT pesyibTAT CIEAyeT PaccMAaTPHBATH KAK YTOU-
HeHHe W3BECTHOro HepaeencrBa Mepmuua — Barmepa, mu3
KOTOPOTO BHITEKAET WHBAPUAHTHOCTH OMHAPHON KOPPEJIA-
NUOHHOK (PyHKIUE oTHOCHTEeNbHO Tpymmsl G. B maparpa-
de 3 mpusomurcs teopema Caiimona — Cmencepa — @pe-
auxa 0 TOM, uto mpu d =3 y Kiaccmyeckoil mopen: I'ei-
senfepra mpu Goapmux P cymecrByeT NAaJbHHUiT HOPAMOK,
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daxTmueckm o3HAYAKIIEII CyIIeCTBOBAHHE IIPEXEIBHBIX
pacmpefenenuii I'm66ca, ABIAOIMUXCA MATBLIMH BO3MYIIe-
HUAMA OCHOBHBIX COCTOSHUI .

§ 2. OrcyrcrBue CHOHTAHHOTO HAPYMICHHA
HeNpephIBHOH CHMMETPHH B ABYMEPHBIX MOJEIAX

Hycrs @ =G — equHuYHAg OKPY’KEOCTH, PAacCMATpPH-
BaeMasd Kak KOMIAaKTHas abeieBa Tpymiia B MyJILTHILIH-
KaTHBHOA sammcu, [ — Mepa Xaapa ma G. Pacemorpmm
KIACCHYECKYI0 pelleTyaTyl0 ABYMEPHYI0 MOJENb € TPaHC-
JANUOHHO-MHBapUAHTHEIM noteHmmaiom U(p(Wx(s))) xo-
HeYHOro pajuyca ssaumopeiicrsus R. ITpemmomoxmm, uto
norernnan U — ppapasl HempepsiBHO-TudepeHIEpyeMan
¢YHKINA CBOMX apryMeHTOB I

U
79 () 09 ()

Teopema JNoGpymuna—IMamocmanma ([56]).
Besikoe mpepmensnoe pacupesenenue I'm66ca, oTseuaromee
raMuasronnany BH, 0 < p<co, HHBapHAHTHO OTHOCHTEIH-
HO rpynusl G.

HoxasarexscrBo. Jocratouno paccymorpers P = 1.
Beegem kBagmpatst V,, n=1, 2, ..., V.={t=(t, to) =
€22, |t <n, ltl <n}. [aa mo6eix 1emsix umcen 7,
m, ng << m, BBeJieM CJIOH

V‘noy j = 1;

max < L. (%)

Fj = V25R+n0 - V2(,7'—1)R+‘n09 j = 21 ceey, My
Vip = 22 — V2mR+no1 j=m+1.

Umeer Mecto ciemymoliee HepaBeHCTBO:
| {g® (F) | @ (Frng1)} — P{@ (F)| @ (Fry1)} | <
S EKEm=p{o(F)l o (Fnt)} (3.3)

mas ai0six  koudurypamuin  @(Fy), @(F,.) u moGoro
ge=G. 3pecy K, Y — HEKOTOpbie TOJOKITEIbHbIE IIOCTO-
AHHBIE, He 3aBUCAI(Ue OT KoHQurypaummii m m. Vs (3.3)
BHITEKAeT YTBePIKIEHNe TeopeMbl. B caMoM fere, s
11060T0 M3MEPUMOTO IIOMHOKECTBA %CQ(VM) uz (3.3)

HoixyyaeM I J000ro mpejesnnioro pacupenenenus ['1ioo-
ca P, uHTETpUPYs 1O YCIOBHAM:

|P{g®} — PABY| < Km~",
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Yerpemus m — oo, momyuud, uro P{g#} = P{#}, 1. e. un-
BapuantHocth P orHocurenrbHo G. Takum oGpasom, memro
cBOAHTCA K JoKasateabcTBY (3.3).

Wnes poxasarennctBa HepasemcrBa (3.3) cocrouT B
ciaegytomeM. Mpi XoTuM IIOKa3aTh, UTO YCJIOBHAS ILIOT-
HOCTH pacipe/eienus BePOATHOCTH KoHpurypanun go(F;)
npun QuxcupoBanmoit woHQUrypamuua ¢(F..;) mourn =He
sapucur o1 g. ChpaseqiuBo (oiee CWIbHOE yTBepIKIeHWE,
KOTOpOe MBI ceilyac mpuBefieM H JOKaKeM.

Pacecmorpum mpocrparcTBo F, TOUKM KOTOPOTO f mMe-
ot Bup f={@(F), ¢(F2), ..., ¢(F.)}. flcno, uro F mer-
KO TpPeBPATHTL B M3MePHMOe IIPOCTPAHCTBO, M YCJIOBHOE
pacupenienenue ['u66ca mpu urcupoBannoir @(F,.i) To-
po:xmaer pacupepeienue BeposTHocteit Ha F. IlocTpoum
n3Mepumoe pas6umenme F, cumras, uro [={q(F)),
@(Fy), ..., F )} ~f ={¢ (F1), ..., @' (Fn.)}, eciu maii-
AyTCH Tawue gy, 82, ... &m = G, mpu woropeix @' (F;) =
=gp(Fy), i=1, ..., m. Herpyagmo mpoBeputs, uto 3TO
€CTh MefiCTBUTENBbHO OTHOINEHNE 3JKBHBAJEHTHOCTH, OIpe-
neasomee pasbuenme & mpocrpancrBa F. Ecmm Cp —
siIeMeHT pasbuenus &, TO g1, g2, ..., &= =G MOKHO pac-
cMaTpuBaTh Kaxk KoopauHatet Ha C:. Bammnoe 3ameuamme
COCTOMT B TOM, YTO ILIOTHOCTH YCJOBHOTO pacIpejeleHHs
BeposaTHOCcTell Ha C; B IEPEMEHHBIX g, L2, ..., &m MOMKeET
OBITH 3aUKMCAaHA B BHJE:

p (819 (Fy), 8,9 (Fy), - . -, Em® (Fu) | @ (Fita)) =

= {Ijl 0i (gigah)] 0o (8m| @ (Fmi1));

5TO O3HAYAET, YTO OTHOCHTEIbHBIE HOBOPOTHI gi 81,
i=1,...,m—1, wu gn ofpasypoT mIociefoBaTeIbLHOCTH
HEe3aBUCHMBIX CIyuaifHbIX BeanuuH (B 3TOM YCIOBHOM
pacmpesesnienun). B cxasaHEOM mpomme Bcero ybemauThbed,
3aMeTHB, 4TO

P {gl‘iP (_Fl)7 £, (F‘l), -1 Em® (Fm) | ¢ (Fm+1)} _
PAD (Fp)s @ (Fo)s s @ (Fn) | P (Frnya)}

= exp |G, (g1g2—1) + G, (g2g3'1) -+
+ G5 (g,8:") + - 4Gy (Gmargm') + Gy (gn)).
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Byner morasamo, uro Ha KaskmoM smemente C; pasbuenust
E ycuoBHOe pacHpefielleHNe (KOOPAUHATHIY g IIOYTH He
saBucur ot @(F,..1), oTKyma m Gymer cuaeaoBars (3.3).
B cumry ckasaHHOTO BhHIIIE 9TO YCIOBHOE pacIpefeleHie
MOJKHO HpeACTaBUTh KaK pacipeleleHue CyMMBI He3aBl-
CIMBIX CIy4YaifiHEIX BequuyuH co 3HaveHuamu B S!. Tpe-
OyeMoe yTBep:KieHHe GyfeT Clel0BaTh U3 HEKOTOPOil mpe-
JeJbHO TeopeMBI O IPOM3BeeHNH HEe3aBHCUMBIX CJIydJaii-
HBIX BeJIWYMH, NPUHUMAKIINX 3HAYEHHS HA eIUHUIHOIN
OKpyHOCTH. B 3T0it mpemennHONl TeopeMe HEOGXOAHMO,
9TO0BI OT/ENbHbIe YIEHHI IPOM3BeleHHA HMeJIH JO0CTa-
TOYHO OOJBIIYI0 MUCIEPCUI0, YTO, KAK OyAeT IIOKa3aHo,
BHITIOIHAETCSA B [BYMEPHOH MOJEII.

Uro6sl m3beskarh HEKOTOPHIX TPYMHOCTEH, CBA3AHHBIX
¢ M3MepPUMHIME pa30ueHusMHU, MBI OyIeM [orasuBaTh (3.3)
Heckonbko uHave. Ilycts & — GopemeBckas c-anreGpa Ha
G =38!, p — mepa Xaapa ¢ mopmuposroit pu(G)=1. Omnpe-
nemuM msMepumoe mpocrpamcrso (M, B, v), rme M =
= QAVamp-4n) XG",8 = 6Vzm].lzﬂtno X&"v = WomR-1ny X ",

G™ — m-xpatHOe TpsAMoOe IpomsBefeHHme rpymms G, &™
n u" — o-aarebpa ¥ Mepa OpPAMOTO IPOM3BEIEHUSA H3Me-
pumeix mpoctpascTB. @urcupyeMm xondurypamuio ¢(F, ;)
ma F,.1. Oupenennm BepositoctHy®o Mepy P{-l@(F,.. 1)}
Ha (M, B), KoTOpas MMeeT CIEAYOUIYI IUIOTHOCTH OTHO-
CHTEJBHO MEPHI V:

P AP (VomRng) 817 -+ 2 8m | P (Fmy1)) .
dv -

= exXp{—=U (8,9 (F1): 8,9 (Fy)s -+ $m® (Fin) | ® (Fmp1))} X

x (| exp{—U(o (VamRino) | ® (Fmy))} X
Qngﬂ-)-no

X p2mBEno(dQ (Vompin,)) ! -
Husxe M1 6ymeM omyckars @(Fny1) B P{-|@(F.y1)} u nn-
carpb mpocto P.

Mepy P MOHO HHTEPOPETHPOBATH TAK: BO3bMEM yC-
JoBHOe pacupefenenne 'I'm66ca musm  romurypammit
QVamayn,) npu ycaosunt ¢(Fpy1) B QZ2—Vonpin, ) U BH-
OepeM mexoropsie g; € G, i=1, 2, ..., m, saynauy. Ilo-
BepHeM Komurypammio B F; ¢ momompio siementa g i,
i=1, 2, ..., m, rorga Plo(Vanrin, ), &1, +-., &n} — mior-
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HOCTH BEPOATHOCTH TOTO, YTO MBI BBIODANH BIEMEHTHI
81y -+ Bmy ¥ Q(Vompin, ) — KoHPHUTypaIUs, KOTOpasA MOIY-
ummach mocie mosoporos. 3amueh Plgq(F))} ~ P{g'o(F;)}
o3navaer, yto go(F,) u g'¢(F)) uMew0T IOUTH OJUHAKO-
BYI0 IUIOTHOCTH BEPOATHOCTH II0 YCIOBHOMY THOOCOBCKO-
my pacupepernenno P{-|@(F.;)}, a aT0 Kak pa3 TO, 4TO
MBEl XOTHM [IOKa3aTh, II03TOMY MbI OyJeM H3ydYaTh
Plge(F))}. Oas moboro g = G

P (g @(Fy)} =P (go(F) | P (Fm1)} ¥

X [exp{—U (@ (Vamrin)| @ Frmi1)} dit (¢ (Vompy n)) X
Q(V2m8+n.,)

X [ [ exp{—U e (F)), 9 (Vamnin, —
Q(Vﬁ‘mR—Fl) XG

— F10 (P} i @ Vomntn, — F) dp(@)| -

Tlostomy (3.3) sKBHBaZEeHTHO

IP{gq:(Fl)} ——-P{C(p(Fl)” <Km-’P{ecp(F1)},

rie e — eguHNYHBI 3MeMeHT G. MbI  oKasKeM, uTO
|P{gp(F )} — 1| < Km~". Tak rax

Plg oF)}= | P{g ¢ (Vamnin)} X
VomR+ny,—F1)

X P{® (Vamrin, — F1) | @ (F1)} du (¢ (Vemrtn, — Fy)),

TO JOCTATOYHO IOKa3aTh, 4YTO
!P{gl(P(Vsz-f—no)} -1l < Km. (3.4)

Jlna Toro uTOGH [0KAsaTh IIOCHe[HEe COOTHOLIEHHE,
paccMOTpUM  yCJOBHYI0  IuloTHOCTH  P{gi, g, ...
vevr 8nl@(Vompin,)}. Buavame mur serumeanm U(g@(F)),
g:9(Fy), ..., g(F)lp(Fy1)). 3amernm, uro mus-3a ¢u-
HUTHOCTH pamuyca BsamMofeiicTua win Wy(s) = F;, mmm
We(s) = F;UF,,; pna mewroroporo i=1, 2, ..., m. Io-
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3TOMY

U (8,9 (Fy), 829 (Fy), - -+, 8n® (Fm) l ¢ (Fmyr)) =
\‘ 2 U (Wr(s)) +

—1 s&F i

4 U(e(Wr(s) =
8t WRNV g R
s&VomR4n,

= jgl Uj (9 (F;) + j§1 #; (gigi19 (Fj), @ (Fi41)), (3.5)

THe gmi1=e, a U; u H; — cyMMBI B HepBOM H BTOPOM
ClIaTaeMOM COOTBETCTBEHHO, 3aBHCAIIAE OT COOTBETCTBYIO-
mux nepeMeHHbIX. [lomoxum gigall =hiy t=1,2,...,m.
Jlerko Bumets, ‘{TO
ahzgzz (i (F), 0 Fis) |[<Ci - (3.6)
mia mexoroporo C;=Ci(L, R). [leiictBuTenbHO, Kammoe
craraemoe B R,(hp(F;), @(Fyy)) nveer sug Ulp(Wi(s))),
rae
WRQS)ﬂFﬁEg, WR(S)nFj+1=Q.
Hudgepennupysa mBa)KIsl KaKIBIH WiIeH, MBI IOJyYaeM
cymmy He Goree uem jf(R) cmaraeMsiX, KajKioe U3 }KOTO-
peix He mpeBocxomur L mo ycmosmio (#). Temepp MBI
uMeeM
Plgy, -y 8m|® Vampiny)} =
= exp{—— U (gl(P (Fl)y vees EmQP (Fm) , (P(Fle))}X
><[ ( exp{—U (&9 (Fy), -, gm® Fm} | @ (Frp2))} X

gm

]—1
xdu(gy) ... du (gm)J =

m
exp {— 2‘1 R (h® (L), @ (Fj+1))}
‘7:

a m m
| exp {— 2R (e (F) e <Fi+1>>} HED)
cm 7=1 i=1

m

=L oi tile (F), @ (Fju),
=
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e
p; (k|9 (Fj), @ (Fin)) =

exp {— &; (k¢ (F;), ¢ (F;11))}
gexl’ (— %; (b (F}), @ (Fjp))}y ()

Ms! BugmM, 4TO IepeMeHHbIE k; = gt-gi_.ﬂl, i=1,2,...,m,
yciaoBao HesaBucuMbl mpdA ycaoBud  O(Vompin, ), mIOT-
HOocTh BepoarHOcTH h; — Pyurmus  pi(klQ(Fy), @(Fi1)),
g1="h; ... hn IlosTOMYy crnpaBemimBo paBeHCTBO

P{-|9(Vamr)} = p1 (| @ (Fp), ¢ (F)))
P (|P(F) @ (Fg))* .. xpm (- | @ (Fm), @ (Frta)), (3.7)

Tfle * O3HAYaeT CBEPTKY pAacCHpejelieHNi HA eJUHUTHOI
OKPY#KHOCTH.
Onenum Temepsr max p; (k| (F;), ¢ (Fj11)). Ilyers
heG
v; — Touka MuEEMyMa mua Fi(he(F)), ¢(Fiy)), 1. .

R w0 (F;), 0 (Fip)) = I}lleilé%j (ho (F3), ¢ (F;41))-

Ipumenssa ¢opmyay Teitmopa B ¢opme Jlarpamma u
onenry (3.6), moxyyaem

5 (60 (F), 0 (F;1) < 25 030 (F), @ (Fe2)) +-L b=yl

[ exp (— ; (ho (F), @ (F;0)) dp (1) >
G

1
=exp [— %; ;9 (Fj), ¢ (Fj1))] \ exp [—Cyj |y—v; Pl dy=
0

> exp [—.F; (0@ (Fy), ¢ (F;a))-C34 72
TlosTomy _
0Bl @(Fy), ¢(Fsi1)) < CsVj.

Teneps, umesa B Buny (3.7) m TOCTETHIO OIEHKY, NI
nokasarenbeTBa (3.4) HOCTaTOUYNO BOCIOIB30BATHCA CJE-
Tyoneil JeMMOoii.

Jiemma. Ilyers pi(g), ..., pn(g) — mroruocTu pac-
npejieleHAiT BEPOATHOCTEH HA eJUHAYHON OKpyKHOCTH G.
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ITpeamonosxnm, uro p;(g) < CVj, j=1, 2, ..., m, ¢ Hexro-
Topoii KoHcraHTOi C.

Torma pmusa miorsHoct: pacnpeneinenus plg) =p; *.
..# pn(g) cupaBemnuso mepasemctso |p(g) —1| <Km"

-1
rme Y= —(nC )2, u K saBucur toapko or C.

[lorasarexbcTBO mIpeicTaBiaseT coboii ecTecTBeH-
HOe IpUMeHeHWe TeXHHUKH mpeoGpasoBanmsa Dypbe k ma-
meMy cixyyao. MsI MoKeM mpefmonoskuth, uto G = [0, 1)
co caoxenuneMm mod 1. Paccmorpum psannt Dypre:

p;j(r) =1+ hgl (ak,jeznikx + a_k,je-mikx)’
i=12,...,m

Papg @ypoe mas p(x) umeer Bup

) (w) =1 + hgl (Akemihx + A_he—znihx)1

e 4, = H ap;. Mer omenum xoadpdunuentst Dypbe
a, ; upu k = 0

1

|ap;| =) e*"ir%p; (x) d

1
= | [ esmivep; @+ ajp) do| =
0

1
=ll — g[i — cos 2nkx] p; (x -+ o ) dz | <1 — ¢,
0
2 4
rme ¢ = 320—’[2] — 152:4 5, @ Oy  ONpefleleHbl TaK, 4TO

5‘ sin 2nkzp; (2 -+ ;) dx = 0.
0
Ilocnennee HepaBeHCTBO BBINONHAETCHA, Tak Kak ecin P —
MHOKeCTBO (PYHRIMI TaKHX, 4TO
1

P={p(w>:0<p(x)<c1/7, z<10,1), j'p(x)dx:'l ,
0
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TO

min ( [1 — cos2nkz] p (z) dx = j [1 — cos 2knz] p* (2) dz,

pEP §

rae

e

0  mpu ocrambHHX .

=0,1, ..., k—1;

ITo gopmyne IMapcesansa
oo 1
Lt 3B (sl +] e P) = [ 0} (@ de< (CV)"
= 0

IIOJIO;\RMM
!
Ak,l=H a;, —oo<k<<oo, k50,
=1
1=1,2,...,m;
Ay =0, 1=1,2,....,m
Torpma
00 oo 1/2 oo 1/2
2 |Ak,2 << (k; | a1 lz) (h_Z |ah,2 IZ) <2C:
Ecau [ > 2, MBI mMeeM 10 HHAYKIUK
k_Z_‘ [ Ar, | <<
oo 1
<\ —Cz)hE lAk,z—1|<2CH3(1 — )<
—=—00 ]:
l 25> on? lnl)
< Kexp| — = e
< Kexp - 30 < K exp ( "

Wrak, B cury HempepsiBHOcTH p(z) M paBHOMepHO# CXO-
mnyocti paxa O | Ay

0@ — 1< 3 (4l +14.) =

= 2 (Aunl 4| Acpm) S Km™*7,
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410 ¥ TpeboBanock fowrasarh. Tem cambim (3.3) m Teope-
Ma TOJHOCTHIO [OKA3aHEL.

C nDomompi JorasaHHOH TeopeMH Jlo6pymmEa —
ImocMaBEa MOKHO NMOKAa3aTh OTCYTCTBHE HAPYIIEHHS CHAM-
MeTPHH /I HEKOTODHIX ABYMEPHBIX MOJIeNied ¢ [pyruMu
IpyNIaMA CAMMETPUH.

ITycrs, mampumep, G — Top, T. €. mpAMoe HpOH3BeJe-
HIle KOHEYHOro 4mcia OKpyskHoctedr G =G, ® ... ® G, u
G peitctByer Ha mpoctpaumctBe . ITocKoabKy raMmabTO-
HUAH MHBADUAHTEH OTHOCHTEILHO Kampmoro Gi To m3 Jo-
Ka3aHHON TeopeMbl BCAKOE IIpeleIbHOE paclpefeleHune
I'n66ca Py Gypmer musapuanTHO orHocutenbHOo G. Ha oc-
HOBAHMU 9TOTO0 3aMEYAHHUS IOKAKEM, YTO B [BYMEpHOI
mofienn I'efisen0epra He NPOMCXOAUT CHOHTAHHOTO HAPY-
IWeHUs CHMMETDHUIH, T. €. HE CYHIeCTBYeT Tpe/IeIbHBIX pac-
npefgenennii I'm6Gca, He UHBADHAHTHBIX OTHOCUTEJNHHO
rpynnet G.

B oroit Mogemm @ = S*! — eguenynas cdepa B d-
MEepPHOM IIpOCTpaHcTEe, W — Mepa Jlebera ma S%-!, a mo-
TeHIHAJ MeeT BH

ecmn |s—s'|=1,

1 .
— Lo
U (¢ (W, (s)) _ji (s}, (")),
| 0, ecan s —s'|>1.

Mepa p u noremmmanm U wuHBapHAHTHEL OTHOCHTEJILHO
neitctBuss  rpynnsl G = SO(d) — rpyunsl  co6ecTBeHHBIX
BpaleHnil B d-MepHOM eBRIMIOBOM mpoctpancrse R, Msr
TOKasKeM ClIefylolee CIeJCTBHE M3 JOKABAHHON TEOpeMBI.
CaegcrBue. B nBymepHoit momemn Ieitzenbepra
mio6oe mpefenabHoe pacupenenenue 'm66ca Py mupapuaHt-
Ho orHocureabHo G = SO(d) npu mo6om .
JorxaszaTeaxbcTBo. Mbl XOTHM IIOKa3aTh, 4TO A
w060t MaTtpuns 4 € G pacupefenenue Py MEBAPUAHTHO OT-
1ocuTenbHo geiicTBus A. W3 nuneitHo#t amreGpel M3BECTHO,
4T0 B IOAXOARAIIEll cucTeMe KooppuuHat Martpuma A pas-
JTaraercsi B IIPAMOe IIPOU3BefleHHe OPTOrOHANBHBIX MaT-
pug 2X2 um 1X1 ¢ pmerepmunamToM =+1. IT0 3KBUBA-
TeHTHO TOMY, 4To R’ pasmaraercsi B IpAMyI0 CYMMY OPTO-
TOHAJTBHBIX IORNPOCTPAHCTB, MHBAPUAHTHHIX OTHOCUTENb-
o A: =B, ®B;®...® B,, dim B; <2, B; nupapuant-
10 oTHOcHTeNbHO A u cyxenue A mHa B;— Bpamenue.
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Hycrs G;— rpyuma Bpameruit B;, torma G¥*=G;®...

.® G;—r1op, A<= G* Tamunsromunan Mmopennm I'eiizen-
Oepra WHBApHAHTEH OTHOCHUTEIHHO KAKAOT0 Gi, I0ITOMY
Py nnBapmaHTHO OTHOCHTENIHHO A. X0OpOmO W3BECTHO, UTO
ecin G — KOMIAKTHAasg cBfsHasA rpymma Ju m g= @G, To
cyuiecTByeT KapraHOBcKasg moarpynma Go<=G, g< Gy,
usomopuaa topy. Ilosromy morasammas TeopeMa MoKer
ObITL TIepeHeceHa HA IPOU3BOJLHBIC KOMIAKTHEIE CBS3-
HBIe TPYymIs! Jlm.

YcaoBus TeopeMsl MOTYT OBITH HECKONBKO 0CTa0IeHEL
YcmoBne KOHEYHOCTH pajuyca B3amMOJEHCTBHA MOMKHO
3aMEHUTH YCJIOBHEM SKCIOHEHIUANHHOTO YOHIBAHHA B3a-
uMojieiicTBIA. YciaoBus AudpdepeHnupyeMocTd, BEPOATHO,
CYLIECTBEHHEL.

§ 3. Teopema Caiimona — Cnencepa — @peauxa
0 CYHN[eCTBOBAHHH CIIOHTAHHOM HAMArHAYEHHOCTH
B KaaccuyecKoil Mmopean Ieiisenoepra

Paccmorpum d-MepHyI0 Kiaccuueckyio monendb Ieitzen-
Gepra, d=3. 3HaueHHA OTHENbHOH mepeMeHHON @(s) E
e §%! rammunpromnan H = — | Z’! (@ (5), © (85))-

Sl— o lf—

Yepes V=1V, obosmaunM d-mMepHbIit Ry6 ¢ pebpom,
cofepramuM n Touek pemerku Z°, |V|=n’ Mm Gymem
U3y4YaTh pacIpefielleHNss BEPOATHOCTEH HAa KOHQUTYpamuax
¢(V), mnopoxnaemsle ramumiabroEnaHoM H mpm obpaTHOK
TeMOepaTrype ¢ HePUORHYECKAMA IPAHUYHEIME YCIOBHA-
mu. Yepes o oGosnaunm mepy JleGera ma S°-!. Torpa pac-
npeyesieHAe BEPOSTHOCTEH, 0 KOTOPOM HAETH pedb, MOKET
OBITH 3AIIMCAHO B BHJE

dPV == )
-V seVv
Hy = — 2’ . (@ (51), 9 (s5)) (c yuerom mepmommue-
51 —Sofl=
sﬂév,ilzev

CKUX T'PAaHMYHBIX YCJIOBUii), 0, — Mepa Xaapa Ha cdepe
sHavenuit @(s). Ilomommm @y = ' Ii’l 2 ¢ (s). Torma @y

€CTh d-MEepHBIA BEKTOP.
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Teopema CaiimMmoma—Cnemcepa— ®Dpenun-
xa (cm. [64—67]). Cymecrsyer B.> O Taroe, uto mpm

B>Be
M =‘}im E (9v, ¢v) > 0;

E — 3max MaTeMaTHuecKoro OMMAAHHA II0 OTHOIIEHHUIO
K pacupefieneHnio Py *),

3aMevaHU A

1. W3 npuBOUMOTO [OKA3aTENBbCTBA CIENyeT 3HAUEHIe

(3c=d‘_j _X (él(i——cospk)>— dp, ... dpq.

2. Teopema oGo0maercs Ha cHCTeMHI ¢ TAMHJIBTOHHA-
HOM

Hy=— 2 v U (51— 82) (9 (51), P (52))

51,59€
C IIOTeHIHaJIOM U, UMeIIIUM KOHEYHBI paguyc B3auUMO-

JeHCTBUA W TAKUM, 4TO
Ut) =0,

Ut) = U(tl, lo, ..., t) = U(it1, +iy, ..., ).

Moxasareaxncrro. Iyers V == Vn,vp=2—:q, 1<
=V,

o™ (p) =| V| ng exp {i (s, p)}-9'™ (s),

T7e (m(s) — m-g KoopAHHATA (s)eS*~'cR! 1<
¢ %

<m<d. Torma ¢™(p) = @™ (—p), E(g™ (p)e'™(p')) =
=0, ecin p+p" %0 (mod 2n). N N
OcuHoBHasx TeMMa. E(e™(p) - o™ (—p)) <

d
< (BE,)"!, tne E, = X (1 —cosp;), m=1,...,d.
i=1

*) IlpuBommMoOe HuKe [OKA3aTENHLCTBO paccKasbiBajioch B. Caii-
monoM Ha IV MesXIyHapogHOM CHMIIO3MyMe IO TeOpHH MHEOpMA-
nun B Penmno, mions 1976 r. Ob6paboTka mOKIaga NPUHAMICHKAT
II. M. Baexepy. Ham rexcr Gausro cieayer Texcry Biexepa.
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‘BeBog TeopeMH ®3 OCHOBHOH JeMMBEL
Nrveem

d
||(PV||2‘|V|='(P(0)|2=Ell(P(m)(O)F-

N3 pasencrBa Ilapcesans

JlelF= Zlee)p,
pEV* H=2%

rome V* ={p: p= %j—tq, = V}. Taxk xrar lg(s)l=1, To
npapas uacts pasHa |V|. CregoBarensHo,

IVi= Pévgp#()"a (p) “2 + ”5 (0) ”2 =
= 2 lsoF+1vie

PEV*,

BosbMeM oT o6enx uacTeli mOCIEeJHETO PABEHCTBA
cpefHee 110 pacipefeneHu0 Py M BOCIOIb3yeMCA yTBEPIK-
JeHneM OCHOBHOH JI€MMBI:

IVIU—E(eviN<d X (BE).
PEV*, p70

1 T

IIpu d = 3 unTerpan 5 e j E,Zldp1 ...dpg cxoguTea |
-

-
Tt
Vit Y E;? i Ep'd d
| | p p &Py ... QPg.
PEV#, p40 Zn “n

Mosromy

T T
lim (1 — E (o) <eop™, co=d | ... | Ey'ap.
> - -7
MuasiMu ciroBaMu,

_}lim E|lovP>1—cp™

Ilomaras B.= co, MOIYyUNM YTBEPIKACHUE TEOPEMEL.
JlorasareasrcTBo oCHOBHONW meMMs. O0Go-

3HaunM Vr MHOMKECTBO eQMHHYHBIX pebep B oOmeMe V.

Ranoe taroe peGpo samaerca mapoir (s, k), s€V u k
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cooTBeTcTBYeT emmHHYHOMY Bertopy Op=(0,...,0,1,
1
0, ..., 0). yers h(s, k) — npoussoapnas pysrnmg Ha Vi

co smavenusaMu B R!, A= R!. Iloxoxmum npu mobom m,
1<m<d,

L (b (s, k) =
"y (exp(% 3, MR @m0 =),

(s,R)EVD

HMeer MecTo ciemymolas OCHOBHAS OIEHKA:

I ({h (s, k)}) < exp {ﬁ*v S k(s k) P}.

(s,R)EVD

BrBoxg OCHOBHOH JeMMB U3 OCHOBHOII
OIle HKU. 3anumeMm

Fhhe | _ =
= 3 R R E@™ (s +8) — ¢ () =

(s,R)EV

= 2 h(s,k)(EQm (s 4+ 8) — Epm (s)) =0,
(s,h)EVp

BBUAY HEPUONMYECKNX TI'PAHMYHBIX yciopmit. Ilostomy u3
OCHOBHOﬁ OLEHKHU CJIeJyeT, 4To

IA {rislh| <

=0

<L exp (467 2, 1))

dA (s,h)EV

A=0
1L

E| X h(s, k) (@™ (s 4 8) — ¢m (s)|*

(s,R}EVD
<270 X |R(s, BB (39

(s,R)EVD

BOCHOJIB3yeMOH mocie HMM HEPABeHCTBOM mpHE & (s, k) =
= Re (¢! (*+%)) _ ¢¥P9)) Bpenem omepatop Vi

=g, s€V}>vg={g(s+8)—g(s), sV}
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1 IycTh
hy ={h(s,k)}, o™ ={@m™ (s)},

(b, @™) = D b (s, k) @(m (s).
sV
Torna hy = Rey,ei® r
D k(s k) (@™ (s 4+ 8) — oM (s5)) =

(s,h)EVp
= Re X (v4eit?), 3¢™) = Re X (vavae ™, ¢™) =
R R

= Re (ei(p,» p(m) 2 (2 — e'Ph e-iph) —
A

d
=2|V[?Re ™ (p) X (1 — cosp;) =
k=1

= 2E,|V["* Re g™ (p).
Taxum oGpasom, desas vactb (3.8) paBHa
L=4|V|E}-E(Re g™ (p))*

oam

41V | Ep-E (Re @™ (1)’ <
<27 Y (Re (i@ (+00) _ gitP9))2
S,R)

AHajOTHYHBle pACCY;K[EHUA MOKA3HIBAIOT, UTO €CHH
Bocmosib3oBathca HepaseHctBoM (3.8) mpm k(s k) =

. ) o
= Im (P(H0) _ 1P} 10 mommo momyumTs omemky
A MHOMBIX YacTei

4| V| E3E (Im 5™ (p))*<

<2871 Y (Im (ei(Po+o) — (i@9))2,

(s,k)
CRIafpIBas 9T ONEHKH, TMONYIAM
4|V EE[o™ (p) <
<27t E | €' (pst8y) _ giPn) |2
= 2ﬁ—1 Z Iemk___ l =4ﬁ—l|V|2(1—-cospk) _
(s,k) -
=487 |V | E,.
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Tarum o0pasoM,
E|lo™ @ P<pE".

OcHoBHAs JeMMa [OKa3aHa.
JlokasaTeascTBO OCHOBHON oNmeHKH. Lc-
au nepeoGossauuth Ah(s, k) wepes h(s, k), To 3agaua
- CBOZUTCA K vacTHOMy ciaydaio A =1, Jlamee, mo ompeme-
JeHUI0

I, ({k (s, )} =
— 27 fexp 1B 2 @00+ 00+

(s,k)
+ (g) B (s, k) (9™ (5 4 8) — @(m (s))}sIerdo((P(s»’
z= HGXP{—% Do +8)—o (S)|52}><

xIT do (o (s»} exp {const | V' |}.
Tar rar b
— (@ (5), @ (s + &) =
=5 (@ (5 +8) — @), @ (s + 8) — 7 (5) —

— 1@ (5 4+ 8), @ (5 -+ 84)) + (@ (), @ ()] =
=00 +8)— o) F—1,
1o Benmuuny I;({h(s, k)}) momuo 3ammcars B Buje
I ({h (s, )}) =
=Z"lyexp{—— % Z I (s+8) —@ ()P +

(s,R)

+ 2 (s, (@ + 89— ()| TT do (@ ),

rae uepe3 h(s, k) oGosmauem Bextrop (0, ...,0,%(s, k),
S

m—1
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0, ...,0). Orciopga

I, {h (s, k)}) =

_ 2 2

=27 e (L Blo+80— 06— Zhis,b]}x

x I1 do (¢ (9) T (R (s, F)),
TG ) = exp (B 3 [h (s, W),
COBIIQIaeT € IIPaBOil YACTHI0 MAOKA3BIBAEMONl HAMH OCHOB-

uoii omenru. Taxkum oGpasoM, ocHOBHAA omeHKa Oymer jo-
KaszaHa, ecill MBI yCTAHOBUM, UTO

77 fow (& Tlot 00 —06 — e nf)x

(s,k)

x I do (e (s) < 1.
sV
Beona o6osznayenne
Z({h (s, k)}) =

= Jexp | Dot +8)—06) — 28 B

(s,R)
x I do (¢ (5)),
sev
TociieHee HEPABEHCTBO MOM{HO 3aIIUCATHh B BHUJIE
Z{n(s, ©)}) <Z({0}). (3.9)

Ilns ero fgokasaTelbcTBAa JOCTATOYHO IIOKA3aTh, UTO MAaK-
cumym craructmueckoir cymmel Z({h(s, k)}) moermraercs
upu k= 0. ObosHauum

Vi ={s=0(s1, ..., s VIsi=r1}, r=1,..,n
¢={gls), sV}, @7 ={gls), ssVn},
M=uoskectBo Bcex KoHurypanumit ¢ mnpm ¢uKcHpoBaH-

7

HOM r mpejcTaBiseT coboit MHOorooGpasme M = & S9!
sev(n)
¢ Mepoit dp (@) = H do (¢ (9)).
sev(r)

Pacemorpum B mpocrpancrse Z2(M, pldg)) omeparo-
pst Fi, Ty, Fo, Ty, ..., F., T, ounpenenseMble cjeqyoOIIAM
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obpasoM. Omepatop F, SBIAETCA OmEPaTOPOM YMHOKEHHUS
Ha QYHRIIIO

Fr(e) =
— exp {— L3 oG48 —als) — 28k (s, B
sev(), k1 J
Omneparop T, 3ajfaeTca SAPOM
T, (o, ¢") =
—exp|—F 8;) — @ (s) — 2B=1h (s, 1) |
=exp|—— lo(s+6)—q(s)—2p D
sev(n) .

Jlerko BujeTs, 4TO
Z(h(s,k)}) =
= fr@ew) ... pdem) £, (ew)x
X Ty (@), ¢@) ... Fp (¢(™) Ty (9™, ¢1)) =
=Te(F,T, ... F.T,). (3.10)
HYCTB omeparop ?’0 3azaeTca AApOM

Ty (oW, @) = exp {— % 2 Lot +8)—al) ll’},

sevil)
{09} =00, {p(s+8)} =,
Jlerxo Bupers, uyTo ’1":) >0, cMm. memmy 1 mmge. 3ammmen
Z{n(s, k) =Te(FT,...F,T,) =
= Tr (T°F,T§*T5* T, x
% ?;1/2?(1)/22—}2’1‘1(1)/2 . f(l]ﬂipnfwtm?o—lﬂ']\wn’]\wo—lﬂ) —
=Tr(4,-B,-...-4;-B,), (3.11)
rie A, = ?‘1)/2?,:7:’(1)’/2, B, =TT T2

Jlemma 1. T9>0,4,>0,r=1, ..., n.

Jdemma 2. Tr(4,By-...-4,Bn) <|By|--.. | Bn|-
(Tr ap)V".....(Tr A2)V,

Jlemma 3. IBlI<1,r=1, ... n.

HloxasaTenbcTBO tleMM MH TIpUBEieM UYTh HIUKe,
a cefiuac 3aKOHYEM BHIBOJ OCHOBHO# oueHKA. V3 memm 2
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u 3 u dopmyast (3.11) caenyer, ato
Z ({h (s, b)) < (Tr )™ ... (Tr A",

nostoMy TpeGyemoe HepasenctBo (3.9) Oymer moxasaHo.
eCIH MBI YCTAHOBHM, UTO

Tr A <Z(0), r=1,
SanunieM
Tr A} = Tr (TY?-F, - Ty ... . T2 F,-Ti?) =
=Tr(F.TF.T, ... F,T,).
CpasuuBas 310 pasenctso ¢ (3.10), MBI BEAuM, 4TO
Tr A} = Z ({h (s, k)}),
rae 7»(_3, 1) =0 pus Beex sV u his, k) =hls’, k), rne

8

c e ey

s"=(r, so, ..., Sa) mpu k+1. CumenoBaTesbHO, Hama 3a-
7laya COCTOMT B JOKA3aTENbCTBE HEPaBeHCTBA
Z({R(s, k) < ZHOY), (3.12)

ananmoruyEoro HepaBeHcTBY (3.9). TaxmM obpasom, moxa-
3aTenbcTBO HepaBeHcrBa (3.9) mus mpomssombHOTO HaGopa
{h(s, k)} cBemoch K HOKA3aTeNBbCTBY BTOTO Ke HEPABEHCT-

Ba muaa Habopa {1 s, k)}, obmagmaromero TeM cBOHCTBOM,
uro h(s, 1) =0 mus Bcex s < V. IloBTopus aT0 paccysxme-
HUe [ BTOPOA ocm, MBI cBefieM HepaseHcTBO (3.12)
K aHaJOrHYHOMY HepaBeHCTBY ¢ maGopom {h(s, k)} ra-

kuM obpasoMm, uro h(s, 1) =h(s, 2) =0 g Bcex sV
u 1. 1. flcHo, uro, mepeGpaB Bce ocu, MBI JOKaKeM He-
paserctBo (3.9). OcHOBHasI OIEHKA, TAKEM 00pasoM, BHI-
TeKkaer us aemMMm 1—3.

HorxazareascrBo memmu 1. Tak Kar

Ty (o, ) = exp[— & ¥ g (s 4+ 6,) — o (s) t|2} -

sevl
= TO ((P(Z)v (p(l)),
T0 omeparop 7' cuMmerpuder. IToxaskem, 4To

(Tof, =0
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mia moboit pysknun fe L2(M, do). MuorooGpasue M =

= ® S*' ogemur B mpocrpamcree M’ = ® R
SEV(T) - SGV(T)

PaccmoTpum EMI omeparop Ty cremixe sapom Tole(D,

9?), uro u Ty, u 0603HATUM
7 @®) =711 8de ) ]—1).
Torpa
(Tof, 1) = (T, 1Y,
rge (+, )" — cransapHOe mpoumsBefieHHme 1O Je0eroBoil Me-
pe B M’. Tlepexons k mpeobpasoBanmio Pypre, ME mMeeM

(T4, 1) = (174 7Y

Hockombry /T%)——onepaTop CBEPTKH, TO Thi— ome-
|\ !
paTop YMHOKeHHA Ha (YHRIUIO eXp { — %Z lo (s) ||2J—:

= (C, exp ( 3‘ 1€ (s) {]2) IMonossurensuoCcTs DTOM
aEV(r)
QyHKIUI [OKa3biBaeT IOJNOKUTENLHOCTH BENMTTHHBI (Tof1
f1)’, a orcioma yiKe ciefyeT HepaBeHCTBO T0>O.ABTopaﬂ
yacts JeMMsl 1 oueBHpHA, MOCKONBKY omeparop F, aBusa-
eTcs OIepaToOpoOM YMHOMKEHHs HA IHOJNOKATEILHYI0 (yHK-
Iio, U, TakuM oOpasom, demMa 1 goxasama.
JlorazaTeqpcTBO JIeMMBI 2 MBI He IPUBOIUM, TaK Kak
oo copepsxurcsa B kuure V. II. T'oxGepra u M. I'. Kpeii-
Ha «BpejieHne B TEOpHMIO JMHEAHBIX IIECAMOCOIPMKEHHBIX
onepartopos».— M.: Hayra, 1965 (cm. dopmyny (7.5) ma
crp. 121 sro0it KHUTH).
"HoxasarteanbcTBo AeMMBl 3. Mbl JOMKHABI IO-
Ka3aTh, UTO

(T7V2T 757, ) < (. 1),
(T,F, F)<(T.F, F), (3.13)

nian

y m—1/2
e F=T,"%. Kark u B joxasarexscTBe JeMMbl 1,
7l 7l
BBesieM omneparopsl Iy um T, Bajamolqumecsi TeMU Ke sfi-
pamu, uro u 71,, T, HO paccMarpuBaeMsle B IPOCTpaH-
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ctge M’ = @ R OGosmaumm
sevin)

F*(¢0) = F (e®)- T] 8o (9))—1D-
sev®)
Toraa
(1,7, F) =(T:F", F')'; (T,F, F) = (T8, ),
rae (+, *)' — cralTApHOE mpousBeleHHme QYHKIHUE 1o Mebe-

ropcxoit Mepe 3 M’. Ilosromy mepamemcrso (3.13) cBo-
AHNTCA K HEPABEHCTBY

(737, Py <(T3F*, 7).

Ilepexona  mpeodpasosanuio Mypre, MBI NMOTyIaEM
HepaBeHCTBO

(TF, Y < (7, 7., (3.14)
Ho ?’,1 eCTh OTEPATOP YMHOKEHHA Ha (PyHRINIIO

o= 3 1o —nnr =

sev®)

=exp{i 3 (h(s,i),a(s»}x
sey(1)
xclexp{—c.z 2)|§(s)12},

sev(l
T
a Ty— omepatop yMHOKeHms Ha TaKy[0 e (QYHKIIO

0e3 Muomurens exp i X (h (s, 1),& (s))}. Tak Kak
i sey(1)
exp{i Di(h(s,1),E (s))} =1, 10 orCIOfla CcaEYET COOTHO-

menme (3.14). Tem cambim memMa 3 noxazama.

IloscumM, mouemy HIpuBeieHHAA TeopeMa CBUJIETEJBCT-
Byer o Hanuuun faibHero mopsgka. Ilycrs P — mpemens-
noe pacnpeneneHue I'mGGea, sasmaomeecs IpefiesbHOIl
TouKoi pacmpenenenuii Py, Tak kar Bce Py muBapuamnt-
HBIl OTHOCHTENBHO MNeiCTBmsa rpynmsl G =S!, To u mpe-
AeapHoe pacmpefenedue I'm66ca P umBapuaHTHO OTHOCH-
TeJIBHO TO#l jKe IPynnbl. 13 oCHORHOM TEOPeMBl clejyerT,
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uto E| ¢ (s) — @ (0)|*> umeer mopspmor B! mpm s—> o m
He CTPEMHUTCA K 2 IpW §—> o0, JTO 03HAYAET, 4TO Ipe-

. 1 - o

gex lim 7—2 ¢ () = @, cymectByomuii ¢ P-BeposTHO-
V—)oo SEV

cteio 1 B cumry sprogmueckoit Teopemnt Buprroga — Xums-

ynma, oraumuer or 0. Ho Torma pacmpepmenerme «Heapro-

RUYHO» WO oTHomeHWI0 K rpymme S!, T.e. P = |Pg g,
si

rae P, — ycioBHOe pacupefereHue, WEAYNUPOBAHHOE DAaC-

npefenerneM P npu (PUKCHDOBAHHOM 3HAYeHWM HAIPaB-

nenma BeKkropa @. MosKHO moKasaTth, uTo P, Taxske Oymer
npefenbHEIM pacupenedeEueM [uG0ca, u MBI JelicTBH-
TeABHO IIONydYaeM CYI[eCTBOBAHUE KOHTUHYAIBHOTO ceMeii-
CTBa IpefenbHHEX pacupefenenuii ['m60ca, mapaMeTpuso-
BaHHBIX TOuYKamu rpynmel S'. 9T0 ¥ ecTh CIOHTAHHOE
HapyIIenue HENPePHIBHOH cuMmmerpuu S'.

Bu6anorpaduueckne 3aMeIaHAA K riase 3

1. O6mume BONPOCH COOHTAHHOTO HADYIIEHASA HeIpPepHIBHOH
CUMMETDHA W TOABICHAE TAaK HA3EIBAGMEIX TOAACTOYHOBCKHX da-
cTan mEpoxo o0cysxpaeTca B (puamuecKoil amTepaType. YIOMAHEM
B KauecTBe ONHOTO W3 MHOTHX mpmMepoB deknum B, B. Bepecrem-
Koro [4].

2. OrcyTcTBHE [AJBHETO IOPANKA B HEKOTOPHIX ABYMEDHBIX
KIaCCHIeCKHX MOJEIAX C HENPePHIBHOR CcEMMeTpHe#d OBIIO IIOKa-
sago H. MepMmuoM m X. BarHepoM Ha OCHOBAHAH BHIBEJEHHOIO
IMH HepaBEHCTBAa, IPEICTABIAIINEr0 co00il CiIe[CTBHE H3BECTHOIO
HepaBencTBa bBoromoGosa (cM. [39]). Teopemy [{o6pymmua —
Ilnocmana oM. B [56]

3. Teopema @penmxa — Caitmona — Crmencepa 0blIa JOKa3aHA
B umx pabore [64]. IlogpoGmoe oGCYyKmeEme BMECTe C HOBBIME
OpAIOMeHAAMA OCHOBHOTO METORa COJIep/KETCA B pAfe craTed #
o63opos Dpemuxa [65—67]. B wactHOCTEH, B [65] mOKasaHo, 4TO
B JIBYMepHBIX CHCTeMAaX ¢ HENpepHIBHOII CEMMeTpHeil M TalbHOReH-
CTBYOIUME MOTEHINATAMI MOMKeT HOABIATHCA AAIbHUIT MOPAMOK
npu Goxpmux f.

4, MaxTHYeCKM OpHE [MOKa3aTelbcTBe Teopemsl JoOpymmEa —
Mlnocmara (cm. crp. 112) Obula BhIBefieHa IIpeelbHAs TeopeMa
Teopmu BEpOATHOCTell, DpuHamie:Rkam@as B. A. CratynasBuuycy
(‘cn&S«)Teopuﬂ BepoATHOCTeH m ee mpmMenemms»y, 1965, T. 10, B. 3,
c. .



TIABA 4

®A30BBIE IIEPEXOJBI 2-TO POTA
1 METOJ PEHOPMI'PYIIIBI

§ 1. Beegenne

PesynbraTsr riassl 2 [aioT UpeCTaBICHNE O CTPYKTY-
pe (asoBBIX [UArpaMM KIACCUYECKUX DemeTYaTHIX Mofe-
Jeil, T. e. 0 CTPYKType MHOKeCTBAa TPAHCIANHOHHO-HHBA-
PUAHTHBIX WM [EPUOAUIECKEX IpPeNeNbHEIX paclpejeie-
mumit ['m66ca, oTBevaromux ramMuibronnasaM PH mpu
6ompmiux . HaoGopor, mpu Manbix § mpefeldbHOe pacupe-
nenenme I'mGGca, orBevammee ramwibroEuany BH, mpn
BeChbMa O0ImMUX IPeAloN0KeHnusAX eIUHCTBeHHO. SIcHO, 9TO
IpU U3MEHEHHM [ MOABATCA TAKWE 3HAYEHUA [cr, HA3HI-
BaeMble KPHUTHYECKUMH, B OKDPECTHOCTH KOTODHIX CTDPYK-
Typa MHOKECTBA TPAHCIANVOHHO-WHBAPUAHTHBIX WIW Ie-
pUoiMUeCKnX TpeAedbHHIX pacupepenenuit 'm66ca meHs-
erca. PaccMoTpuMm B KadecTBe IpuMepa (eppOMArHATHEIE -
MOfea’, T. €. MOJeNd, § KOTOPHIX MMeeTcs fBa TPAHCIA-
OUHOHHO-MHBAPUAHTHBIX OCHOBHHEIX IEPUOAUYECKHX COCTOSM-
HUA, yAoBierBopsaomux yciosuio Ilafiepica, mepexops-
myx Apyr B Apyra IpH 3aMeHe 3HAKA KAaXKIOH IepeMeH-
HOH HA NPOTHBOIONOKEHIA. B 3TOM ciyuae ecTecTBEEHO
BBECTH CIeAyIomee OIpefieleHue.

Onpepmenenue 4.1. MeppoMarHUTHON KPUTUIECKOIL
TOYKO¥M HA3BIBAETCA TAKOE UHCIO P, YTO B HEKOTOPOH ero
OKpecTHOCTH A JM1000r0 § <P TPAHCAANMOHHO-MHBAPH-
aHTHOE IIpefielbHOE pacipefenenue ['n6bca egUHCTBEHHO,
a mpu > P, uMeeTcs DPOBHO [iBA TPAHCIANUMOHHO-IHBA-
PHAHTHHIX TIPEeJeNbHHIX pacupepedeHus ['u66ca, mpuuem
cpennme 3HaueHms ((x) AIA STUX ABYX pacIpeleeHIi
PaBIAYHEL,
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Mosxkno OBLIO GBI BBECTH AHAJOTHYHOE OIpejelieHie
1 aHTHQEePPOMATHUTHON KPUTUYECKOH TOYKM MM JJIA
KPUTHYECKOH TOYKH, CBSI3AHHOH C HENEePHOJMYECKHM OC-
HOBHBIM COCTOSHHEM, HO MBI He OymeM dTOro fieiaTh, II0-
CKOJNBKY 37leCh IIOKA ele HeT CTPOTHX Pe3yJIbTATOB.

ITpumepst Tuna aByMepHoil Momenu VsumHra moxassiBa-
0T, yTo mpm P =P, TpeferbHOe pacupenenenne ['u66ca
AJdg TaMUIbTOHHAHA [ /] eIUHCTBEHHO, HO CIy4ailHBIe Be-
amynHel @(z) HEIB3A HM B KAKOM CMBICJIe CYHTATh CJIabo-
3aBUCUMBIMHE CIyYailHRIMH BeIWYMHAMH, H3yYaeMBIMH B
wiaccuyeckoir Teopuu BeposTHOcreil. Illuporo pacmpoct-
paHeHHOe B (PM3MUECKOil JuTEparype MONMYINeHHe COCTONT
B TOM, YTO COBMeCTHOe pacIpejeieHHe MOMOOHBIX CIyIaii-
HBIX BEJHUMH YIOBIETBOPSET ONpEIeJeHHBIM YCIOBHIM
MacmTa0HON MHBADHAHTHOCTH WJIHM mOfo0uA. ITo moIylme-
HUe IIpeJICTaBIsAeT U ropasfo Goixee obmuit mHTEpec, uGoO
OHO NOKA3HIBAET, UYTO HAPyUIeHHE HeIPePHIBHOCTU MU
raagKocT MOPQOJIOTMYECKUX IPOIECCOB YACTO COIPOBOK-
naercs IOABIEHMEM BeJIMYUH, MONYUHAIOLIMACA THIOTE3e
nog00u. :

Msr BBesem ceifvac HexroTopEe mapaMerpsi, XapaxTe-
pusylonige CTPYKTYPy MHOMKECTBA TPAaHCIANHOHHO-HHBA-
PHAHTHBIX IPeNlelIbHBIX pacupesiesiennii I'mGGca B oxpect-
HOCTH (DePPOMATHUTHOM KPUTHYECKOH TOUKH Por.

1. Tlycts mpm B =P, TpaHCIATMMOHHO-WHBapHAHTHOE
nipefenpHOe pacupejenenue I'm66ca P, TtakoBo,. uTO
Eg(z) =0, Eq(2)-¢ (y) an_"%n npu Iz — yll - oo,
rae d — pasMepHOCTb CHCTeMEL Ilpmummy TorO, HoYeMy
HOKa3aTeNb CTeNeHH NUIIETCS WMEHHO B TAKOM BHJE, MbI
o0bsicHIM mo3ke. VIHmEKC 1 ABIAETCH OCHOBHBIM mapa-

2
metpoM. [lomomum o = 1 +5- -2-. Ecmn =1, 10 jna
Kyba V. co cropomnoii L

E( > W))? = E (9 ()¢ () ~
xeVy, X,yeV],
. 1 1+2/d—n/d
~ const - "—J:_vaconst-[VL] +2/d-n/d __
Wevy,

= const-| V|%
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Tak Kak MBI pacCMaTpuBaeM CIydail, KOTJa 2 ¢ ()
xeV L

NPUHMMAET OrPAaHWYEHHbIe BSHAYEHUsi, TO MONKHO OBHITH
o < 2. HepaseHcrBo o >>1 cBumeTeJILCTBYeT O HAINIAU
CHJILHO3ABUCUMBIX CIYYaiHBIX BEJIUYNH.

2. PaccMoTpuM  TPaHCIANUMOHHO-WHBAPHAHTHOE IIpe-
neapHoe pacmpepenenue ['m66ca P(B) mpu B < ... Ipen-
monoxum, uto El(gp(x)) =0,

( pY (P(I)\] ~a(B)| Vel

OCEL

EcrectBenno pomyctuth, urto o(B) too, worma B 1 Ber,
¥ 9TO CTpeMJIeHHe TPOUCXOIUT CO CTEIeHHOl CKOPOCTHIO,
1. e. 6(B) ~ const - (B, — B)~7 mpu B 1 Ber. Torma mumeKC Y
XapaKTepusyeT «CKOpoCTh 00pasoOBaHHS 3aBHCUMOCTH)
npu B 1 Ber.

3. Cormacuo ompepenenuio 4.1 mpu P> f. mMeercs
7B Pa3HBIX TPAHCIAUMOHHO-WHBAPMAHTHBIX IIpeJielbHBIX
pacupenemenus I'm66ca P;(B), Po(B). Vx pasumume, rax
LpaBUIO, IPOABIAETCA Y/Ke HA 3HAUEHUAX CPeJHAX
a1(B) =Epp) (@), as(B) =Epr,p) (@(z)), 1. e. a1 a.
Torpa a;(p) —a2(ﬁ) — 0 mpu BV B m ecrecTBeHHO Tpef-
uonomutb, uro |lai(B) —as(B)l ~ const - |p — Be,|® 1pm
B4 Bor.

Benwuyunsr 1, Y, © HAa3bIBAIOTCA KPUTHYECKUMN WH-
nexcamu. B gusumueckoii muTepaTtype, IOMUMO yKa3aHHEIX,
UCIOAL3YIOTCA M [pyrHe KPUTHYECKHe HHIAEKCHl I Xa-
PAKTEPUCTUKN CTAT(PU3NYECKAX CBONCTB CHCTEMBI B OK-
pectHoCTH f.;. HOHeuHAs IeXb TEOPUH KPUTHYECKOH TOU-
KU — JJIi 3aJaHHOr0 TaMIJIbTOHMAHA OIPEIeNNTh OTBe-
vaonue eMy KpUTHYeCKHe HHIEKCH. IJTa 3ajada elme
OvYeHb [aJieKa OT CBOEro pemreHusi. B Toil riaBe Mbl W3-
JIOHIM HEROTOPHe MATEMATIMeCKNe Pe3YaLTATH, OTHOCS-
umecs K ONHCAHHONR mpobieme.

§ 2. Uepapxuueckue Mogean Jlaiicona

B pa6ore ®@. [laiicoma [59], mocBsmenmoii Teopum
$a30BEIX TEpPexofoB IS OJHOMEDHBIX albHOIEHCTBYIO-
HIIX MoOJiesieif, GBLIM HOCTPOGHBI BCIIOMOTaTelIbHEIE MOJIe-
JIM, Ha3BaHHBIE UM HepapXuvecKuMu. II0TOM BBIACHHIOCH,
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4TO HepapXUYECKHe MOJENM IPEeACTABIAIOT HE MeHBIIHi
HHTepeC B CBSSH C TEOpUel KPHUTHYeCKOH TOYKH. B aroM
naparpaye MBI OmpeJielimM Hepapxumueckme Momenam Jlait-
COHA, a J[aXbIle NOXYYAM TPAA pPe3yAbTaTOB O KPHUTHUE-
CKOI TOYKe IJIA 3TUX MOJelel.

Hepapxuyeckme Mojienn, TOYHee, WX TAMHIbTOHHAHHI,
crpoATca HWHAYKTHBHO. Ha n-M mary paccmarpuBaercs
o6beM V™ |V™|=2" cocroamuii u3 ABYX m0J06HEMOB
V&"—l), V(zn_l)’ | V(ln—1)| — ' V;n—-l) ‘ — 211—1' Hombm*ypa-
nueir ¢ BoObeme V™ Mul HassBaem ¢ymrmuio @(V™) =
={¢p(z), z=V™}, zamamEy0 ma V™ w mpmHEMAOIIYO
sHavenns =+1. Tamumasromman H,(@(V™)) ompenenserca
mapameTpoM ¢, 1 <c¢<<2, m uMeer BUR

Hy (@ (V™)) =

=Hn_1<q>(vl<n—l>)>+Hn_1(cp(V;““l’))—§ﬁ[ E? (p(x)]z
xev(n) .

(4.1)

Taxum ofpasoM, ecaum paccMaTpuBamTCA N = Rg, TO IS
TOJTHOTO IIOCTPOEHMSA TaMUILTOHMAHA HEOOXOJHMO 3afaTh
«HayaIpHBIE YCIOBHA» B BAMAE HAYANHLHOTO MM 3aTPaBOY-

HOTO TaMHJIBTOHMAHA H‘no((P (v(™))).

ITpu mo6om n=ny o6bem V™ cocromr U3 ABYX ONH-
HakoBEX mopmo6memos V" 1), VIV kasmmmii ms moro-
PHIX, B CBOIO 0Yepejib, COCTOHT M3 JBYX OJAWHAKOBEIX IOJ-
o6bemos Vi"i®, kammeri w3 KOTOPHIX COCTOHMT H3 JBYX

iyig
OMUHAKOBHIX IOJ06HEEeMOB Vﬁ?f;; u 1. 8 Yepes EM™
(m)

o0osmaynm pasbumemme V™ ma momoGmemst Vily, i,

a uepes Gﬁo 0003HAYMM NOZrPYNIy TPYIIBl MEPECcTaHO-

BOK  mpocrpaHcrsa V7 |EM™—m)  coxpamsommx Bce pas-
Oumenua ™, n—no<m<n. Ilocienmee o3mauaer, uTo

IepecTaHoBKA g = Gﬁo mepe BOIUT 3JeMeHT J00ro pas-

Omennms E™ B ameMeHT TOro ke pasGuenms. Jlerxko Bm-
nerb, 4TO TaMIIbTOHHAH [, WHBapHAHTEeH OTHOCHTEIHHO

rpymmst Grg, 7. e.
o (0 (V™)) = Ha (g0 (Vi7)), g =6"
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Cnaraemoe B (4.1) —cn2_2"[ > (p(aﬁ)l2 OIUCHIBAET
er(n)

B3aUMOJeHCTBEE MeKAY KOHQUrypanuaMu cp(Vﬁn”l)) u

cp(V(zn_l)). Bamxno, 49ro 5TO0 B3amMopeiicTBue GuHApPHOE

1 fABIAeTcd (QYHKOUeH TOIBKO OT CyMMATODPHBIX BEIMINH

2 ¢@mu X  ¢@(2). Bror dpaxr maibme Gymer
er(ln_l) er(gn—l)

UPe3BBIYAHHO CYIIECTBEHHO HCHONL30BATHCA. HAK MEHYC
03HA4YaeT, YTO MBI HMeeM [ei0 ¢ (DeppPOMarHUTHOH MO-
nensto. IlapamMerp ¢ mpuHUMaer 3HaueHms B MHTepBale
1<c¢<<2, mockomsry mpu c¢<<1 B3auMopeiicTBHE
0"2"2“( > (@) )2 crpemurca K O Ipm n — % paBHO-

xev{n)

MepHO IO BCeM KOHQUIypamusM, a NIpE ¢>>2 dHePrus
roudurypamuu {@(z) =1} pacrer mo mopgymo GmicTpee,
ueM 00beM, I B TAKOM CIydae HEBO3MOJKEH TepMOJUHA-
MUYeCKMil IpefedbHENT mepexop. llorpammunkie ciygaum
c=1, 2 TpebyioT cnenuaibHOrO aHAIU3A.

HonycrumM, aro no=1. Jlaa m@ob6mx ABYX TO4YeK Zi,
2o € V™ paccMorpum HamGoxbmee k, OpE KOTOPOM TOY-
KH Z), T TPHHAJJEKAT DPA3HEIM IeMeHTaM pasbmeHns
E® u nmonoxum d(zy, zo) =2"* B wacrHOCTH, 1A I €
e V™D, 2, =V umeem k=1, dlz1, 25) =2"1. Jlaa
TaKOX Zj, Tz ciaraemoe — c"272"@(z;)@(zy), ommceBaw-

c P (%)@ (xy),
miee B3anMofeitcTeue ¢(z;) u ¢(x2), paBHO — T

a” (z1, 7y)
a=2—log,c. fcuo, ato 1 <a<<2.

AHAIOTHYHO MOKHO PacCMOTPETh JI00BE HAapH TOUEK
21, 3. B pesyibrare DOXIy4YdM, YTO TaMUIbBTOHUAH
H.(p(V™)) zanucwiBaercs B BUfE

(n
Ho (™) = 3ty (e(VE )
vigenin_n,
? a) (715 )
— — ¢ (z) 9(z,),
xyevi™o). a= (x4, )
1 21"'11‘),—-7’!0
xzeV(.nO)

Jlj2~~j7l—no,
('ilv-w'in—-no)‘#(j]v~--’jn—n0)
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tie KoapdunuenTH a%’;) (%, ;) oOrpaHWYeHHI CBepXy I
CHH3Y NOCTOSHHBIMH, He 3aBHCAIIUMEH OT n, no. DBBemeM
Bemnunny f,(¢; B), paBHYI0 BEPOATHOCTH TOTO, YTO CyMMa
@ (e(V™)) = X ¢ (2) mpunana smauemme ¢, T. e.

xey(n)

exp {— BH,, (¢ (V(M))}

M)+ o(e(vim)=t -

fn (t; ﬁ) — o(v(M): &g )

> exp|— A, (¢ (V1M))}
p(v(m)

=55 > exp {— BH (¢ (V.)},
o(V(M): o(p(v(M))=t

2wB)= X exp(—BH. (e (V™))

o(v(n)

[
™
=

[

1)

Torga MbpI MOKeM HamucaTh, MONb3ysAch BumoM H.,:

In(t; B) =
exp [~ BH,(¢ (¥(™)))
n(B) =
=E 1(5‘) 2 2 exp{—[j]{n((p(v(n)))} —
" 1 o(vm): o (vi"™))=1,.
(o)1,
1 o
T E tz 2 o X
T v o)),
o(o(vy"™))=t—,
xexp {— Bt ((P (Vgn_l))) — BH, ((P(VE"‘”))-I-
En, (B

4 B2 = = B &P {pe"27" %) x

X 2 2 x
i (p( Vgn—l)): q’(¢’( Vgnml)))ztl
@(V(zn_l)): cp((p( Vi) )=ty

— e(vM): @(e(vim))-=t

ii

m
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exp {— BH, (¢ (V")) exp{—pH,,(e(V{'™))}
X 1 (P EMIN() -

ITocnemnee cooTHOIIeHWe IIOKA3BIBAET, UTO pacIpeene-

HHE f, BBIDAsKaeTCs pPEKYPPEHTHO wTepes pacnpenenenue
o ™2

fo—1. UHNCHEHHBIE MHOMHTENL =, (P) (l—nn(ﬁ) ompe-

MeJIsIeTCsT W3 YCJIOBUA HOPMHPOBKH. Temeps MOIKHO BOOO-

me 3a0bpTh 0 raMuiabTOHHAHe H, W WMeTh 7el0 TONBKO

¢ TOCJIe0BAaTEIbHOCTHI0O PEKYPPEHTHBIX COOTHOIICHHN

f, (& B) =

n—1

=K. (B) ™" B fuia (b B) Far (6 — 83 B,
—_on—1
1 e (4.2)
() =

T etz %

= 2: e ? ZJ fn—l (tl; B) fn—l (t - tl; ﬁ)y
— tl::_zn—

o (4.3)

1 1t 4eTHBL

Hama nenb — H3yunTh IIOBEJeHHEe HePAPXHYECKAX
Mojieieii B OKpeCTHOCTH Por. MBI OKHJaeM, 4YTO NpH
B <B. Tuumumble suauerus mnepeMenHoit D(g(V™))
nmeior mopsafok ¢~ 2"2. Ilpm Takux { MHOKHATENXB
exp{pc"2-2"?} -1 mpm n—> oo, W IOCIEOBATEABHOCTH
dynrnuit f,(¢; p) momxHa BecTH cedA aCHMITOTHYECKH
KaK II0CIef0BaTeNbHOCTh OOBIYHBIX CBEPTOK.

HaoGopor, npu { > B, THOUYHBIE 3HAYeHHA { UMEIOT
HopsAmoK 2", u MHOKuUTenb exp {fc"2-27¢2} cramoBuTCH OC-
nosupiM. CremaeM. Temepph Cieyiolllee IPeANONOMKeHHe,
CIIpaBeNINBOCTh KOTOPOrO Oy/eT BHITEKATh U3 BCEro II0-
CleJyIONIeT0 AaHAIM3a: TouKa B =f., Xapaxrepusyercs
TeM, YTO IPH ITOM P TUNNYHBIE 3HAUEHHS | TAKOBHI,
yro ¢"272"? ~ 1. Ecim 310 TaK, TO €CTECTBEHHO HOJOKHThH

=2z2"¢"™? u cuuTaTh, UTO z~1 opu P = P... [aiee,
nycrs QyHRIuA g,(z; B) = fa(22"c/2; B)2”+‘c""’2. Torna,



140 ©A30BBIE IIEPEXOJIBI 2-TO POIA [TJL. &

HOfCTABIsAs IOCTeHee BhIpasKeHme B (4.2), MH momyunmm
gn(z B) =
— L@ P Y a1 (B B)gn (25 B) VP2,

23424 z
==

2 Ve

(4.4)

z mpoGeraer sHaveHus Buma z = 2jc™?22-" |j| <2". Mno-
murens L,(B) mo-mpemHeMy ompejeiserca H3 YCIOBHS
HopMupoBKu. Ecim Hame mnpepmonoskeHne BepHO, TO ec-
TECTBEHHO OKHUAATh, 4TO HPH n —> o (PyHRmuE g.(z; B)
cxofATcA K Npefery, u npefexbHas ¢ysErmusa g(z; B)
YHOBIETBOPSIET YPABHEHUIO

[~

8B = LE e | g5 +ui ) (T —uiB)an,

— 00

N ) (4.5)
L7 (B) = f eFdz 5 g(% +u; (3) g(—&—z —u; IS) du.
= - (4.5")

TeMm caMbpIM [€l0 CBONUTCA K HAXO0MACHUIO IIOJMOKUTEIE-
HBIX peIleHUHl HEJUHEIHOT0 WHTErPAJILHOr0 YpaBHEHUH

oo

. By — P2 S IR WA S
g p) =e —mg(vz—[—u,ﬁ)g(_l/z u,B)du, (4.6)
HOCKOJBKY M3 peLIeHUH IOCIHefHero ypaBHEHHS WMHTepe-
CyloIEe HAC PENIeHUS MOKHO IOCTPOUTH C ITOMOUIBIO
HODMHEpPOBKE. 3aMeTHM Takke, uro ecim g(z; Bo) — pemre-
Bue ypasHeHus (4.5) mpm xaxoM-muGo By, To pemreHme
(4.6) mpm moGom ppyrom B IONyJaeTcA W3 PABEHCTBA

g(zP)=¢ ( ‘/ﬁ_i z; ﬁo) ‘/—go— TakuM o6pasom, ec-

TECTBEHHO PACCMATPHBATH OJHONApaMeTPHUeCKHe ceMeicT-
Ba ¢yurnuit {g(z; B)}, ynoBunersopsiomue npu Kaskmom B,
0<p < oo, ypaBmeHHIO (4.6), Tarie saBmcamemy oT P.

Temepsr MbI MO’KeM YTOYHHTH IIOCTAHOBKY 3aadu
0 KDHUTHYECKOH TOYKe /I HepapXHYeCKHX MoJelei.
IIycrs namo ceMmeiictBo pemenuit g(z; B) ypasmenmit (4.5),
(4.5"). Tpebyercs onmcaTh MHOMecTBO U HayalIbHBIX Ia-
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vMumibroEHasoB H n ({cp (V(n‘)))}), 00Ja/aI0IIIX CJIeIyIo-

muyM cBoiicTBoM: i mioGoro H, = U maiifercs Taxoe

Ber (Hn,), uToO

1) pacmpejeneHne BEpPOATHOCTEl, omuCHBaeMoe (yHK-
et g.(z; Per), IpE N — o cnabo CXOQUTCA K pacipefe-
JIeHNI0 BEPOSTHOCTEH ¢ TIOTHOCTBIO g(Z; Per);

2) npm P <B. Haiimerca raxkas Qymrmus o(B), uro
OpE n — o ,

1 2
n t; ~ e —_— e
In(t:6) V 270(p) 2" eXp{ 20(B) 2 }

nas ¢ takux, uto |£2-"2| <A mpm mioGoMm A, He 3aBucA-
meM or n, u o(B) ~ const - (Ber — B)~7 mpu B4 P..; mpm
5TOM KPUTHUECKHH MHJeKC Y He 3aBucut or Il , a ompe-
nensieTcs ToabKo pemenusMu g(z; B);

3) npu P> P. maiimercs Pymrmua m(p) Tawas, uro

CpeHU#l CIHUH Ein—(D (o (V("))) CXO[IUTCA TP N —> ® K

+m(B) mo BEpPOATHOCTH, OTBEYAIOINEH pacIpe/eleHnio
I'mGGca pua rammmbrommama PHn; mpum orom m(p) ~
~ const + [B — Be:|®, rme umcno © He szaBmCET OT Hn,,
a ompefiensieTcs TOAbKO pemrerueM g(z; B) *).

B cBA3BKH €O CKa3aHHEIM €CTECTBEHHO BBECTH CJEAYIO-
1ee ompejeaeHie.

Onpenenenme 4.2. Pemenme g(z; B) ypasmenms
(4.6) masmiBaeTca TePpMOIMHAMHYECKH YCTONUMBEIM, eCIN
HAMeTCA TAKOe Mg, IPH KOTOPOM ONMCAHHOE BEIIIE MHO-
skectBo U Gymer OTKPHTHIM (B eCTECTBEHHON TOMOJOTHHI

raMUJIbTOHMAHOB, YHOBIETBOPAIONUX YCIOBHIO CHMMeT-
pum) *¥),

*) CaoiicTBa 2), 3) copMynupoBaHE B BHAe, Hambolee ec-
TECTBEHHOM C TOYKHM 3PEHHS TEOPHH BEpOATHOCTEH.

**¥) OnmmeM ODoxpo06Hee TOIOJOTHIO, KOTOPAas MMEETCS B BHAY.
IIpocTpaHCTBO BCeX BO3MOMKHBIX HAYaJIbHBIX TIaMHJIBTOHHAHOB

H ((p (V”o)) €CTh BEKTOPHOe IIPOCTPAHCTBO DPa3MEPHOCTH 2" ¢

00BIIHOIT TOmOJOTHEi. I[POCTPAHCTBO CHMMETPHIHBLIX TaMHIbTOHH-
aHOB, T. €. TaMHIbTOHHAHOB, YHAOBIETBODPAOIMIUX PABEHCTBY
H(@(Vno))=H (— qJ(Vno)),eCTb 3aMKHYTO@ IOAMHOKECTBO BTO-

0 OpOoCTpaHCTBA. Tononorns, KOTOpasa mMeeTCa B BHUOY, €CThb HH-
JyOUpPOBaHHAA TOHOJIOTHA HA 3TOM IOIMHOMECTBE.
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OmnmreM Temeph ITIOAXOM, OOLIENPHHATHIT B (pusmuec-
KOil JmTeparype, MIA pellleHHs IIOCTABICHHOW 3ajadl.
Bynem paccmarpuBath (4.4) Kaxk menmmeiinoe TpeoOpaso-
sanne I'(B), mepesonsamee g,-1(z; B) B g.(z; B). Paccyor-
pum kpuByo {g(z; B)} =g (kax omgmomapamerpmueckyio
¢ynxumo B) pemennii (4.5). Kaxpgas roura g(z; B) oroi
KpHUBOU ABIAETCA HENOJBHIKHOH TOYKOHN HeIMHENHOro Ipe-
oopasosanus T(p): g(z; B) =T(B)g(z; B). Kar B oObrunoii
TEOPUH HeIUHEHHBIX oToGpaskeHmit, mccaenyem g(z; ) ma
YCTOHUYNBOCTD B JMHEITHOM TIPUOJIWKREHUU U TTPEIIIOTOKIM,
970 KacaTelbHOe IIPOCTPaHCTBO B Touke g(z; B) coctomt
H3 OHOMEPHOr0 HEYCTOHYMBOrO IOANPOCTPAHCTBA I
ycToiiunBoro mopnpocrpancTsa xopasmepuoctn 1. B wo-
HEYHOMEPHOH TEOPHH W3 DTOT0 CJIEAyeT, 4TO Yepes KasK-
ayo toury g(z; B) mpoxomuT ycToildmBOE IOIMHOr00Gpa-
sue I'“)(B) aroii Toukm Kopasmepmoctu 1, cocrosimiee n3
rakux g, aro T"(B)g" — g(z; B) mpu n — . Oonennne-
Hue HTUX IOAMHOr000pasuil Mo BceM [ TpejiCTaBisgeT CO-
60if HEKOTOPYI0 OKPECTHOCTH KPHBOIL g.

PaccmoTpuM  BeTBh  3aTPaBOYHBIX  pacHpefedenuir
8ny = {gno (z; ﬁ)}. 'U3 mpusenenHoil reomMeTpiyeckoil Kap-
THHBL SICHO, 9TO P, OLpefenserca TeM, 410 &n, (2; Per) =

s o .
=T B,). Hakomwrenmsit omrr TEOPUH HeJHHEHHBIX

npeo6pa3oBaHUil IIOKa3bIBaeT, YTO SABHOE IOCTPOCHIE yC-
ToifunBbIX MHOTOOOpasmit I' (), Kak mpaBmiT0, HEBO3MOK-
HO, IOCKOJIBKY OHH ABJAIOTCA PEMICeHUAMH CIORHBIX
(OYHKIHOHATBHBIX YPaBHEHUIl, IS IOCTPOEHUSA KOTOPHIX
TIPUMEHSETCA TOT I WHHOM MeTOJ IIOCIeqoBaTelbHbIX
HpubMIsKeHui, HPHBONANIMI TOIBKO K [OKA3aTeIbCTBY
CyIecTBOBANUA TaKUX MHOroo6pasuit. To, 910 00BIYHO 13-
BECTHO W 9ero JAOCTATOYHO [isi GOJIBIIMHCTBA 3aad,— HTO
KacarenbHoe Tmpoctparcto 7 () r I'“(B) B Toure
g(z; B), mopokmeHHOEe YCTOWYHBHIMU COGCTBEHHBIMH BEK-
TopaMu JupeapuszoBammoil 3apmauu. OObeguHEHIEe TAKUX
KacaTeIbHBIX IIPOCTPAHCTB TAaKMKe COMNEP:KUT OKpecT-
HOCTH &.

IlpenmonossumM, 9T0 ny BENIHKO W HAYAILHBIN TaMHJIb-
TOHUAH BBIOPAH TAK, YTO KPHBAas £n, MOCTATOUHO GIH3KA

K KpPHBOW g, M MBI MOMKeM paccMoTpeThb (pyHKIHIO = A(B),
OIpe/ie/IeHHYI0 COOTHOLIEHIEM g (3 B) EJ-(ES). Ecan

S
cumrats, uto 7§ Jaer NpHGIUBHTENbHOE TPECTABICHIE
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0 ].“g), TO NPHOTIGKEHHBIM 3HAYEHUEM IS P ABIAETCA
pemrenue ypasuenus 3 =A(B). B caygae repmopumammue-
CKIl YyCTOHYHBOTO pellelisi B OKPECTHOCTH NPHOIIKEHHO-
ro pemenus ypasuenus B = A(B), ompepgensemoro sarpa-
BOYHBIM TaMUJIbTOHUAHOM, AOKHA JEKATh HCTUHHAS KPU-
TIYCCKAA TOUKLA.

IlpuBenienHbIe BhHINIE paccy:KAeHHS HALO paccMaTpu-
BaTh KaK DBPUCTHYECKHE COOOpasKeHHs, IIPHBOJAIINE HAC
R cllefyoliieil IporpaMme peHcTBHI:

1) umes pewenns g(z; B), mccmegoBaTh UX Ha yCTOIi-
YUBOCTH B JIMHEHHOM INPHOJIMKEHNN W HAHTH CPegu HuX
T€, KOTOPHIM OTBEYaeT TOJBKO OJHO HEYCTOHINmBOEe Ha-
IIpaBleHHe:

2) moctpouth HavambHBIE rammwibrommam Hn rax,

uTo0BI oTBevaiomas emy ¢ymkuua A(B) mmema 6B Tpamc-

BepcalbHOE Ilepecedenne ¢ JHAroHaabio f = B;
3) mokasartb, 94TO HAHHETCA TOYKA P.r, OMUBKASA K pe-
menuio ypasuenus B =A(B), anma xoropoit g.(z; B.) —

— g(z; B);
4) mceaemoBaTh mnoBefienue g,(z; B) mpm P, Gmmarux
R Per.

Humxe MBI mokajkeM, Kaw 9Ta IIporpaMma IIPOBOMUTCH
1A HeKOTOPHIX 9acTHHIX pemenuil (4.6).

§ 3. I'ayccoscroe penrenne

VYpasmenne (4.5), (4.5") wumeer upm  moGox
¢, 1<<c¢<{2, rayccoBcKoe pemnieHue g(o) (z; B) =

._l/“ B oxpl— agB)2), a(B) = pe/(2—c). B co-

OTBETCTBHH C ONMCAHHON ITPOrpaMMOii MBI JOJKHBI HadaTh

¢ aHamm3a ycToitamBocTu oToro pemenus. Heckombko mpo-
me uMeTh Jeno ¢ ypasHenmeMm (4.6). Ilomaras B (4.6)
g(z; B) =exp {— ao(B)z2}h(z; B), momyunm

h(z; B) =

=j' exp {— 20, (B) ) (72 -+ wh( 7= — u)du=Q ).

—00

(4.7)
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TayccoBckoMy pENIEHHIO COOTBETCTByeT penienme (4.7)

hy (z; B)=C (B)= ‘/ 2a0ﬂ(ﬁ) . Tak xax pemenna (4.7) mpn

PasHBIX [ TaK)Ke CBABAHBI COOTHOIIEHMEM

b=t (1/ 0] Y/ 5

To gocratouno B (4.7) paccmarpuBaTth o, IPE KOTOPOM
2a4(p) = 1/2. Tlo sroli mpuymHe BCIOAY HUIKE APTYMEHT
Bo omymen. [as wmcciemoBaHWS YCTOMYMBOCTH IIOJIOKUM

h(2) = ho (2) + G (2) =

Q(ho(z) +eG(2)) = Q(ho(z)) + eA(G(2)) +...,

rle MHOTOTOYMEM OTMEYeHHI WIEHHI 0olee BEICOKOTO IIO-
pagka mo e. Jluneiinsii omepatop A ecth AuddepeRnUAI
Heampeitroro mpeoGpasosarus Q = Q(By). B mammom ciy-
Yae OH MpeJCTaBisAeT COGON WM3BECTHHII WHTErpalbHBII
onepatop I'aycca (cm. T'. Beitrmen u A. dppeiin «Bricmue
TpancnenfenTHsie Pyrknuuy.— M.: Hayka, 1966)

— -} &G (2) u Hanmmem
JU

oo

(AG) (2) = ?ZZTR S e—u2laq (T/Z—c T u) du. (4.8)

Hmxe mam momagoGuresa Tawke omepatop A(B), ompene-
JeHHBIH mpH TI000M § paBeHCTBOM

(APB)G) (o) =

"2a, (B) ¢ —2ay(B)u’
—2)/BE | e

flcro, uro ecum G(z) =z"-...— DOIMHOM cCTemeHU
n, 10 AG — TaxiKe MOIMHOM CTeIeHU 7, KOd(pPUIUEHT KO-
Toporo mpu z" paBem 2¢~™2. OTcooa BBITEKAaeT, 4TO IPI
KaKIOM 12 MOKHO IOCTpouTHh moiamnoM G, cTemeHH 1,
SIBIAINANCA COOCTBeHHBIM BeKTopOM omeparopa 4 ¢ cob-
CTBEHHBIM 3HAYEHHEM A, = 2¢ ™2,

IloxameM, uro G, sABIAETCA IIOIXHOMOM OJpPMHTA,
CTPOAINUMCA [0 TayCCOBCKOMY pacCHpefeleHHI0 € ILIOT-

c—1
HOCTBIO XD {—- Tzz}' B camoM #erne, 3aMeTHM, 4TO

)du,. (4.8")
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oreparop A apiasmerca CUMMETPHUYECKIM OIlepaTopoM B

runs6epToBoM mpocTpancTBe F2 (Rl, exp (— c ;; ! z2)).

JlefictuTensHo, [ia n06ux G', G” umeeM

oo

(AG' .G"exp [— 1 plgr—
| 2¢

=75 S je"f’{ —ttale ¢(77

—00 —00

)G”(z) X

. B ” w> wz 22
xdzdu_ _LG (w) G" (2) exp {— - —}—_l—/g—,—z} dwdz=

S (AG") G" exp {— c—1 z2} dz.

2¢

—00

Orcroma cremyer, 4T0 momuHOMBl G, OPTOTOHAJNLHEI C Be-

c—1
com exp{—— T 22}. A 3T0 m ecrs, MO ONpeAENeHHIO,

nonuHOMHEl OpMuTa. MOKHO JaTh W Apyroe, YUCTO BEPOAT-
HOCTHOE, [JOKa3aTeJbCTBO TOTO, II0UEMY 3Me€Ch MOABIAIOTCI
norunombl dpmuTa (cMm. mamee).

V3 mpuBeeHHEIX DAacCy;K[€HHMI TaKKe CIeayeT, 4To
cobcrBeHHBle QYHKIEA G, 00pas3yloT MOJHYI0O OPTOTOHAJL-

HYI cHCTeMy B IpocTpamcTBe Z° (Rl, exp {— c;1 zz}).

SaMeTum, famee, YTO B HAMMX 3ajlagaXx MBI OyIeM HMeTh
71elI0 ¢ YeTHBIMH TaMIIBTOHHAHAMH, T. €. TaMUJIHTOHMAHA-
MU, MHBAPMAHTHBIMA OTHOCHUTEIBHO «=k»-CHAMMETPHH, HOpU
roropoit (V™) - — (V™). TlosToMy cmexkTp omepatopa
A ciemyer muCCIe0BaTh TOJHKO B ITPOCTPAHCTBE UYETHBIX
$yurIuit, u cTamo GbiTh, HAC MHTEPECYIOT TOJBKO UYEeTHEHIE
n=2n', n"=0, 1, 2, .... Haxomern, Hac HZHTepecyIiT
TOIBKO Takue BO3MymieHusa G, mpu KoTopeIx ho+eG ¢
TOYHOCTBIO [0 MAJbIX BEICIIEr0 IO & TIOPSAJKA OCTaeTcs
pacipejeleHneM BepoATHOCTeii. ITO 03HAYAeT, UTO Mol
JOIKHEL B pesyiabTaTe OTOPOCHTH KOHCTAHTHI W PacCcMOT-
peTh cmexkTp omeparopa A B HOANPOCTPAHCTBE YETHBIX
§yHERUEiA, THTErpal OT KOTOPHIX ¢ COOTBETCTBYIOINIUM Be-
COM paBeH HYJIO, T. €. 4dcaa Ag, A4, Ag, .... JAMETHM, UTO
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Ag=2c"!'>1 mpu Bcex c, 1 <c<<2. [lamee, Ay =2c"2>
> \A¢>.... BosBpamaschy K ommcamHOIl BHIIe 00INeil Kap-
THHe, MBI ORUJaeM, UTO TayCCOBCKOE peIIeHWe TepPMOMH-
HaMU4ecK: ycroiumpo, ecim Ay <1, T. e. ¢> V2. [eiicr-
BHTEJNLHO, CIIPaBeINBa CIeLyoIIas TeopeMa.
Teopema 4.1. Ilyctp V2<c¢<2 u ¢uKcHpOBAHEI
g2>>0, ¢ >0. Torma maiifeTca Taroe ny I OTKPHTOE
MHOkecTB0O U B TNPOCTPAHCTBE WETHHIX TaMHJILTOHHAHOB
Hy, (cp (Vno)), aro paa goboro Hn & U cymecrsyer
(0)
Ber = Ber (Hno), I Ber — Ber I < & Takoe, 4YTO pacmpenie-
JeHme BEPOATHOCTeH, oTBedaomee QYHRIUH £.(2; Beor),
crabo cXoguTca TPH K —> % K TayCCOBCKOMY pacmpe-
elneHun.
J{okasaTeabcTBO TeopeMBI yA0OHO HPOBOAWUTE, CIEAd 32
TaK HABHBAEGMHIMH MAJILIMH CTATHCTHYECKHMH CyMMaMIl

Zn (& B) =fn (t; B) En (B)a

B ([3) — Z e*BHn(fP(V(n))).
o(vim)

Uz (4.2) cmegyer, 1ro

Zny1 (4 B) =
= exp (B2 X Z, (b5 B) Za (i B). (49)
tyity=t
3necw t1, t;— weTHBe mexble, t], &l <27, |t <2+,

B ocroBe paccy;KAeHHHl JeKaT MHAYKTHBHBIE IIPEIIIONO-
JReHus o cTPyKrype Z,(¢; B). MBI morasem, uro m3 mx
CIIPAaBEINBOCTA HA R-M IIATy BBITEKAET HUX CIIPaBeIH-
pocth Ha (n+1)-M mary. 3ateM MBI OTHEIHHO OOCYIEM
BBLINOJIHEHNE YTUX IPEAINOJOKEeBRNH NpH 1 = nyg. Ta ToIKa
B, mpm KOTOpOil MHAYKTHBHEIE IPEAIIONOKEHHA BHIIIOIHE-
HBI IPH BCEX 1, I OKasKeTcA KPUTHYECKOI.

Hnudyrruenvie npednoaosenus. Ilycrs D™ = {t: |t <
< DVnc~"22"}, D = D(c) — NocToOSHAEAA, KOTOPYI MBI MO-
TOM TPEAHONIOMAM JocraTouno Gomsmoit, N = N(c) —
mesioe, KOTOpoe Take Hamo Gymer moToM BHIOpaTh focTa-
TOUHO GOIBIIMM. YJ00HO HA K-M INAry II0JIb30BATHCS
BMECTO IIepeMeHHOIl ¢ TepeMeHHON 2, 2= c™227"~'f, Bo3-
HHKAOImeli 0T HOPMUDOBKE B KPUTHYECKOd Touke (cM.
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perire). Otrpesok D™ B mepeMeHHBIX Z UMEET BHJ,
D™ = {z: |z] < DVn}.

IIpeanonoxuM, 910 HA n-M mIATy JaH OTPE3OK ﬁ(n) =

n ©
=[ ™ M| spavennit mapaMerpa P, Ipu KOTOPOM BEI-

IIOJIHEeHBL (i)opmy.nnpyeMbIe HUe UWHAYKTUBHBIE IIpenno-
JOKeHuA.

Ind{™) man Beex p= B™ mze D™
Zn (t; ﬁ) = Ln (ﬁ) cn/22—n—1 exp {_ () (ﬁ) 2% —
— By (B) (2c7)"Gy (5; B) — B (B) (267%)"Gu (z; B) —

N
— Es BR (B) (2¢72)"A1Gor (25 B) —

— Q™ (z; B)— R™ (z; B)}.  (4.10)

3necs L,(B) — nocrosmmas, saBucAmAs TOMBKO OT P M
n, Go(z; B) — nonmmEoMEI 9pMHUTa, OTBEUAIOIIME TAYCCOB-
. By ) 2a (B) (¢ —1)
ckoil miorHoctn )/ - exp{— fyz?}, y=—"p—,

Ay —mocroaunag, 0 <A <1; ¢ymrmua Q™(z; B) ompe-
feleHa IIPU BceX AEHCTBUTEIbHBIX 2, U€THA IO N, OTPaHH-
9eHa o

g' Q™ (2; B) o (2; B) e ™0z =0, 0<<k<N,

0™ (& p)|<At (2¢7%)" mpm ze= D™;
Qynrmna R™(z; B) ompemenena mpu z=c"22 "t=D™,
t — wermoe memoe, | £|<< 2" u | R™ (z; B) | << M™2 (2¢72)"™

B pampmeiiimem A; Oymer mnpefmonaraThCsa JOCTATOYHO
OmuskuM K 1.

Ind{). B (B) — mempepriBHAA QyHKRIUA b,
B{ (B™) =Af-cn, BY (BYY) = — Are™™
u | B (B)|<<Me™ mpu Beex pes P,
Ind(an)). IIpu Bcex t&E D™
Zn (8 B) <<
< L (B) ™27 exp(— g, (B) c"27*"1*— BL(p)2 7"t} =
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= L (B2 " oxp (— 0y (B) 2* — B (§) (267)"24),
B (B) > 0— nocrosuras; B B < é B ®).
Ind{”). Bee pemmmmmst Lo, B BM™ HeIpepHBHO

sasmear ot B, Q™ m R™ mempepsiBHO 3aBmCAT 0T B IpH
RaEIOM 2.

Ocnosrasa nemma. Ilyecrs Bemommemst Ind{™ —
— Ind{". Torma maiigerest raxoir orpesox BV < g™,
I KOTOPOTO CTATHCTHYECKHe CyMMBI Z,.(f; B) ymoBmer-
BOPSIOT Ind{"*Y) — Indf,""’l).HpH 9TOM HaiifieTcs HOCTOSH-
Haa Ap <1 raxag, 4To

| B — BV <,
| B — e B | <MY, k=3,4,..., N,
Q™ (z; B) = A (B) (O™ (23 B)) + QL™ (z; B),

e | Q™ (z;B) | << const n?MAf™2 (2¢72)", const me zaBm-
cur or n, omepatop A(B) ompemeren B (4.8"). Ilo-
crosmmas By 0 =B (1 — n"A"2),

Hoxasarenscrso. Ilyets z& D™D, Nmeem npm
§ = zOn+2e—(n+1)/2

ety —2(nt1)tz
Znsa (1 B) = €®" 727" 3 Zn(ty; B) Zn (t; B) =

ty +t2=t

= X Zy (22 B) Z, (e 2" B) =

zl+z2=2z/VE
— oB2? ( z ) n+1 —n/2, o)
=e Zpll—==+u) 2" ¢ ; PIX
27%(( b)
7 z___ gn+1 —nl2, )
(ot R,

3mecs u menserca ¢ maroM A, =c™2.2 "1 npmpnMasg

2z 1 —
TaKWe 3HAYCeHUA, 9YTO BBIPAUKEHUHA (V: =+ u) ot/ Oy-
[+

AYT IeJBIMH YeTHBIMHU YHCJIaMU, HEe IIPEBOCXOIAIMUMH IO
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mopynio 2". Paso0beM nOCIegHIO CyMMy Ha [B€ d9acTH
p:2 S‘ 7 z on+1 ,—n/2, Z ( )
o 2 ([ e ) (g7 ) >
+1 —n/2, __ Bz z
W 2™ e ,[5)——8 2 Zn((-_v—c_-__l_u)x

luK6
% 2n+lc—‘n/2; ﬁ) Zn (( z u) 2n+1c—n/2; ﬁ) +
T eBz2 2 Z, ((VZC: + u) 2n+1c—n/2; ﬁ) %
lu>2=v#
6Ve

e n+1 —n/e,
Zﬂ(ﬁﬁ—u)z B =3, 43
Hccnemyem Bmavame X;. 3aMeTuM, 9TO IpPH paccMar-
z (n)
puBaeMHX U BHpaskeHHme —=+u<D". ITlostoMy wMsI
[

P I d(‘n) -
MOjeM BOCTOMb3oBaThea Ind;™ ¥ momcraBuTs BMecro Z,
ero npencrasirennme (4.10). daxee, B cmry Ind{”, Ind{™

| 357 (B) (267)"G, (33 B) | + | B (B) (2¢72)"Gu (3 B) | +
N
+ 2|88 B (27" Gun (5 B |+ Q7] + [ B | <

gconst-nl"(max B (2¢ -1)" |B‘">1(2c—2)"), (4.11)
BeE

rge const 3aBucur or N, HO HE 3aBHCHT OT N. I[onyc'mM,

qT0 JeMMa yike jokasama. Torma Bce wmeaa BSY B) or-
PaHUYeHE II0 MOJAYJI0 KOHCTAHTOH, He 3aBHCAmMEH oT n,
k, B, roropyio mu oGosmaumm B. ITostomy (4.41) - 0 npm
n—- o, @ MH MOMEM DAasiOKUTh COOTBETCTBYIOINEEe BEHI-
pamenne B X B pan Teitmopa mo wienoB 2-ro mopamka
BRIIOUnTEAbHO. [Tomyanm

3 = L2 P (V ) (n+1)/22—n—-2eﬂz2—2a0(ﬂ) 1zt %

—22y(B)u? 400 —n—
« Z e ao(B) 291

D
Wl <—=vy7
Ve’
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[1—23<n)(G2k(v_—|—u [3>-|—G2h(v_._.u;,3))_

_(pm(_* . (2 _ 4y —
(0™ (5 +u )+ 0™ (7=—wub))
_(pm[_z_ ) my(_z2_ _ . a) (n)
(R (VE”L”’ 6)+R (F=—wb))+T ]
3pecs T™ — morpemnocts. fcro, uato 7™ mmeer mopaaox

KBajfipaTa BCETO BHIPA;KEHHSA, DPACKIA[EIBAEMOTO B P,
IMosromy m3 (4.11) momywaem, dro

| 7| < const - B2 (2¢72)*"n". (4.12)

Cremylomuil mar COCTOMT B 3aMeHE CyMMbl Ha WHTer-
par. Ilpm sTOM Ham mpmpeTca pacIpOCTPaHHTH (PYHKIHH
R™ y T™ na Bce 3mauenus aprymenta. Msl Gynem cum-
TaTh MX KYCOYHO-NIOCTOSHHBIMY, IPUHAMAKIIAMA IIOCTOSH-
HOe 3HA9eHWe Ha KajkA0M oTpeske miumsl A,. Ilorpem-
HOCTB, Bo3mmafomym OT 3aMeHBl CYMMbl HA HHTErpal,

0003HaTNM T1 . Tenepb MOKeM HamucaThb

)22 —_n—9 —
¢l 3, = L2(p) 27" 22 /21 V.’)'_aon(ﬁ) X

73 —2a,(p)u2
y {]/ aon(ﬁ) j’ 2P du[i—

D
|u|<m/—_]/n

— 2B () (2c7)"6,(

o= ) — 2B (B) (2c72)" %

><G4(Vzc——-—l— u; B)— (‘;33% 2c "")”sz(;2 +u; ﬁ)+
+ 0 (= us B) + R +ui ) t

+ 1)+ i) = L (g 27 A Vi

X (1 — B (B) (2¢7)"4 (B) G, — BE(P) (2c7%)"4 (B) Gu—
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N
— D B (B) M (2c7%) " A(B) G- AB)Q™ —
k=8
— AB)R™ + 117 41 4 137).

Yepes Tﬁ") 0003HAaY€H Ppe3yibTAT HHTETPHPOBAHUSA

n
T™  a HOTrpemHocTh ry”) mosBmIacs m3-3a TOTO, 4TO B OI-
pefie;ienue omepaTopa A BxXopmT WHTETpHpOBaHWE IO Beei
npsaMoil, a B TOCIeTHeM BLIpa)HeHI?IH HHTETrpPUpPOBAHNIE

TMPOHCXOAUT TOIBKO II0 lul<< 6'1/_ Vn. B pesymbrare
MOy YIM

0(B)~ E — Lg (ﬁ) 2—n—zc(1«»+1)/2cl/22—1 l/ T %
2a, (B)
x (1 — B (2 )G, (2 B) — BYY (2¢7%) " Gu (23 B) —
— 2 BG (2¢7*) A7 (2¢7%) "Gy, (2 B) —
APB) Q(n) —AP)R R™ L (™ 4 ™ 4 r(")) —
2 —n—2 (n+1)/2 —1/2
= L, (p) 2 2‘/2(1 (ﬁ)
x exp {— B (B) (2c7)" ™ Gy(z; B) — BYY (272)"H %
N
X Gq (23 B) — hE BSP(c7F2)A(2¢7%) G35 B) —
=3
APB) Q" — APB) R™ + 11V + 1" +r{" + T8V}

3necnb T( ) — n106aBoK, BOBHEKAMIEHE wm3-3a pasHHIE
Mexpy 1 —e m e~ Oynrmua A(B)R™ ompenmenena 1 9er-
Ha mpu z < D"V, TIpogomsum ee HAa BcIO OPAMYIO, IOTO-
muB pasHoil 0 Bee D™D MEI MoseM HammeaTh

A(PB) R™ — ( 2 (n)G2h (z B) + Ogn) (25 ﬁ)) A p(n+1) (2),

01" (z; B) = O (35 B) % p(na) (2),

rie Ko3gdaIueHTH b(;;) BBIOpaHBI TAK, 94TO

§ 0" (25 8) Gz B e dz =0, 0<E<N.
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Ilpn  sTOoM w3 HePABEHCTE | R <A™ (272" m
max |Ggy (3; B) | < const- n*  caemyer, uto | <

2E0p 41

< const-n"AIV2(2¢7%)", n
| Q1 (z; B) | << const-n™AFV2(2c72)", (4.13)

Temepr MBI MO)KeM HANHCaTh OCHOBHEIE DEKYPPEHT-
Hble YPaBHEHHA

B(n+1) B(n) ’l‘ b(n)( 2—1)n-‘—1
B(n+1) B(n) + b(n)( 22—1)71-1-1
B = Bpe A 4 b (227" AT,
3<E<N,
Q(n+1) — A(ﬁ Q('ﬂ) + Q(n)
R = 1V 4" + 77" + In (1 + 5,37),

. ;)
L =L22c_1/2]/ T el
e 22, (B)
M3 roro, aro | R™ | << A2 (2¢7%)", merro caemyer, wro

|b(n)l<const 'nN}»3"/2 (2 2) ITosromy, ecam n mocra-
Touno Beanko, 1o Bt ynoBaersopser TpeGyeMmeiM me-
paBeHCTBAM, - 2, N. Tlocrosmnyio A; BHOepeM Ha-
CTONBKO OJIU3KON K 1, 'IT061>I ch >1.

Hccnenyem rtemeps y6wmBamme Q. U3 pexyppent-
HOTO ypaBHEHHA, KOTOPOMY yHmoBierBopsior Q™, Bup-
HO, YTO

Q(n+1)___An—no+1 ) (Q(nO))+p§ APP (B) (Q(lp))_

L 2 1
OGo3maunM 6N TOANPOCTPAHCTBO IPOCTPAHCTBA Z (R,
e="82%) cocrosmee m3 wermHx (ymEKOmi f, TaKWX, UTO

\gf(z)sz(z; ) e %0, -0, k=0,1,..., N.

flcuo, uro H6 + HIBAPHAHTHO OTHOCHTEIBHO JCUCTBIA OITe-
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paropa A(p) u [ A4 (B) "%'ﬁ =2¢"""", Tax rax sce Q"

= #y, 10
AVP(B) (0) = 7w

[a»= @) (@) I< (2™l ol
Jemma 1. Hycrs pynxnua ¢ = By u 1£(z)| <1 npm
Bcex 2. Ilycrs tamme O <Ml<~—%-lnc, I<My,<

n

“Tnec
<]/ ~onsi» THe const Oymer yKasaHa B Xofe MOKasa-

reaperBa. Torga mpu mocraroyHO Gonbmux N m mpm Jio-
Gom p>1 cmpaBe[IuBO HEPABEHCTBO

| (472) (z) | <77

npu |z| < MyVpN.

NMorasarenscrBo. Cuemyomume yTBepKACHAS
OICBIHBL:

1) ecam |t(z)] <1, To mafimerca Taxag abcoloTHAZ
nocrogaHaa Ly > 1, dro

[ (42) (2) | < Ly,
2) [A%t| < @eN-1ye 2],
3mech mMeeTcsi B BHAY HOpPMa B THIH0EPTOBOM HpO-
crpanerse Z%(RY, e—v8:?%),
Honycrnm Temeph, 9TO TPH KAKOM-TO 3y, |2y |<C
< M,V pN, Bunosnnsiercs HepaBEHCTBO
(4Pt) (z) == e M1PHD,

Cayuait, rorma (A47t)(z) orpuiaTeabHO, paccMaTPUBAETCA
amanornano. M3 1) caexgyer, uro

Id—‘i (4t i <IP.
ITocrponm dpymrumo g(z):

{(Apt) (2)— LY | 2—2], |z — 2z | <<
g(2) =

70| <Ly

e—M;lP(N+1)
D )
Ll

0 B oCTANBHBIX CIy4asx,
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Torga 0 < g(z) < (47)(2) mpn | z — 2, | < e~ MP N+ ~P_
=I" u noaromy

A
N>/ | 1ar) @ e-retas >

> min e—fv?? ]/5 g2 (z2)dz>=

|z—24|<T
= const-exp {— const (M, ) pN -+ I')?} T~ M1PN+1)
Bossmem N  macromsko  GompmmM, 9TO g
<M, exp{——%Mlp (N -+ 1)}. Torma  exp{—const X

X (My VPN +T)?) nme wmemsme, wem exp|—constx
X M3pN}, a Bce BBIpa/KeHUe He MEHbLIIe, 4eM

exp {— const- M3pN — p-const — 2M,p (N + 1) -- const].

3pech BBIpasKeHUs, cofiepskamue L), BKIOUEHHI B const.
Orcionpa  p(N + 1) Inc - p-const << const-M2pN 1
+ 2M;p (N 4 1) + const. IIpm Gomsmux N nesas wacTs
oxsuBanenTHa pN In c. IIpn mamewm BeiGope M,, M, npaBas
gactb npu Gompmmx N Mensmre Jjesoil. Ilomywenmoe mpo-
THBOPEUWE [OKA3EIBACT JIEMMY.

3amevanme. [loKkasaHHas JeMMa MOMKET paccMaT-
pHBaThCA KaK AHAJOT TeOpeMsl TaybepoBa THOA NIA IO-
auroMoB JpmuTa. OHa IOKA3EIBAeT, 4TO ecim K0P M-
eatsl Dypre mo monamHOMaM OPMHUTA MAJbL, TO (QYHKI[IA
TaKKe [OCTATOYHO MaJla Ha OTPesKe, 3aBUCAIIEM OT Ma-
aoctu Koaddunumentor Dypse.

C momompio JeMMbl 1 MOMKHO Teneps omeHHTH Q"D
Ilycrs n, = [ne] npm mexoropom o, 0 < ® <1. Torga
mpr  p<<n; hn—p=(1—o)n, ]l/[zV(n—p)N>
>M,VA—o)N-Vn. Betbepem N cTomb GompmuM, 410

M, VA —0)N>D. Mu wuosmen OpH 5TOM YCIOBHHI
OLEHUTH ¢ ToMOI[pI0 memmbr A" 7 B) ip), 9TO JAcT

1M Re=2)Pexp {— M, (n— p) IV + 1)} <
<M (2c~2)Pexp{— nM, (1 — o) (N + 1)}.
Hpu mobom @ Mommo Tak BEGpate N, wro
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exp{— Myo (N +1)}<< A (2c7?). Amanormumas omenka
cupaBejImBa IPH p = ng. B pesyibraTe momydnm
™

[T p e+ B 14T erl<

< const Ay (A, 2¢—2)",
Ipn p,m <p<n, mmeem| A" (8).0{” | < LI ?| 0P|
< const - Ly ~pN)\3P/2 (2¢—2)p, CyMMupoBaEHMe  3TOi
ONeHKE WO p, N <p<wn, Jaer B pesyiIbTaTe
const- LI ™RNA302 (2¢-2)™, BpiGepem o cTomb GamsKmM

x 1, wro6sr Li A (2c-2)0 <<\, (2c~2). Torma mpu
,IIOCT&TO‘IHO 6OMBIINX 7 IIOCTeHee BHIPaKkeHne OyIeT MeHb-

1 o
me, 4eM = ?»"+ (2¢—2)n+1, CrmagsiBadg 370 ¢ IONYYEHHOH

n
yme ouenroit gmaA" "ot (B) Q") 3 A" (B) QP
p=n
nosyauM tpeGyemyio omemky mis QD Bamernm Taxxe,
d
41O IEQ(MI) (z)lg;gn/z (2¢=?)" npn z=D,,,. Jokasa-
TEIHCTBO IPOBOAMTCA TAK ke, KAK J{OKA3aTETBCTBO IIpe-
d
BNl OMEHKH ¢ OTIHYHeM B TOM, UTO WieH EQﬁ") (2)

JoKen OBITL OIEHeH otAenbHo. [{aa Hero MoKeM Ha-
MmIcaTh

2OV @) | =2 4@ RV — 2 b Gan (3 B) | <

< const-n2N (2c-2) A3"2,
Temnepb 3aiiMeMcsi OIEHKOM Bcex morpeminocreit. Mme-
eM n3 (4.12) u mpegsIyIMUX PacCMOTPEHWIL
| 7| < L, const - BN (2c—2)2m =
= L, const-B2nN (2c—2)" (2c—2)",

BeiGepem A; Taw, uro6er  2c72 << M2 <. Torxa npm mo-
CTaTOYHO OONBIIUX N

| 7| < 3 AR (2=, (4.14)
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n o
Horpemnocu r% ) BO3HMKAeT OT 3aMEHBbl PAMAaHOBOU CyM-

MBI Ha MHTETPAI. OTa IOTPENIHOCTH OJarofaps BHIGOPY
HHTEPIOMANUOHHONA (POPMYIE OymeT O9eHb MaJOil B CIy-
9ae, KOTHA CYMMHUpYeTCA IIPOH3BEJeHNe SKCIOHEHTH HA
muorowren (mocrarowen mopamor A2 = ¢n2-2m—2) IIpu
3aMele CyMMbl Ha HHTETDAT B BBIPQJKEHUH, COJEPrKaIeM
Q™, R™ T™ morpemHocTh MOKeT OHITH OIEHEHA IIPO-
U3BefleHNeM MAaKCHMyMa 5TOH BeJMYMHBl HA INAT HHTEIpPH-
poBamusa A, =c"22-"~!, Kpome Toro, us mupemsIAyIuX
paccy)KIeHuil BBHITEKAET IIPOCTAasA OIEHKAa I IIPOH3BOI-

. d
HOI EQM)' W3 bTHX OLEHOK moTydaeM, 9TO
[ | << const-[A} (2c—2)m Ap + AZ).
Ilepeiinem ® omemke r's”. Korja pess mier o mpogod-
D .-
JREHHN HMHTETpaza ¢ orpeska|u|<—=V) nma Bcio mpsa-

6y ¢

MYI0O OT BEIDQ}KEHWA, COMNEPIKAIEro IIPOM3BEIEHNe MHOTO-
yjieHa CTemeHW He Bbime 2N, Ha JKCIOHEHTY, TO BO3ZHH-
KAoI[asg IpH - 3TOM T[OTPEmIHOCTh He IIPEBOCXOIUT

N _—C,D?
Ccin'e C " rme C, sasucur or N, a C; or N He saBIcIT.
Bri6epem D cromp GombmmMm, utobel  exp {— D%C,} <<

Y ) 2

<M (2¢—?). Torma mua mio6oro N maiimerca n(N) taxoe,
910 0fCyMaeMas TACTh HOTPEIIHOCTH Ty' He IpPeB3oier
A" (2c-2)" npu n=n(N).

YyTh-4yTh TOHBIIE CIEAyeT pPAacCy;KAarh IPH Iccie-
JOBAaHHN IIOTPENIHOCTH, BO3HUKAIOMIEX OT HMHTErPIpPoOBa-

n
mua Q. Ilpuvem onsATe Bo BHEMamme, uro Q' =
n—1
=A""0 Q™) + 3 A" PQP. Kax yme GbLI0 HOKABAHO
p=n,y
/

(em. (4.13)), |Q§p)|<c0nst-p2N7xi‘p'2(20—2)P, 03 TOMY

— — . 74 3D/2
|A"PQP | << LT Pconst - pNAIP2(2c—2)p<Leonst - LY nNAL""? X

()

X(2¢~2)?, CiemoBaTelbHO, YACTh IIOTPEIIHOCTH Ty
posmmKaomas ot craraemoro A" PQ{”,  me mpesocxommr
const - Le—D? const-npaN)3P/2 (9c—2yp  [[pocyMMmpoBaB IO
p, OUATH-TaKH  moxyumm, d4ro ecau D gocra-
T09HO Goapmoe (Gomboie HEKOTOPOH a0COMIOTHON KOHCTAH-
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TE1), TO IpH JOCTATOYHO GONBIIAX 7 IIOTPENIHOCTH Ty

~ 1 iy
Oyner Memblme, ueM A2 (2c-2)n,

TlocremEnit mar — OmMeHKA 1n (1 + 3,25 ').  Mamocrs
OTOfi BeMYHHBI BRTEKAET W3 BHemHeit omemkm Indy” m

13 GHCTPOI‘O YGBIBHHHH TayCCOBCKOro pacnpeqeneHuAa.
B camom peie,

B(n)
Zn (222" B)< Ln (B) exp {— ay () 22 — 242 (2= +

e
+—5 (20‘2)"-const}

1pH BCEX Z U

S,=exp () X Z (V +ul3) (v_—u;ﬁ}<

D
]u|>m1/77
< Licn22-n—1exp{— a, (B) 22} X

R — 2,2
x X exp {— 2a, (B) u® — 12B{" 2c—2)m L= 4

lul>2=V7
Ve
+ B (2c—2) -const} < L3 (B) 2ol
X exp {—- a, (f’\} 72 — constl.Dzn +00nst2-(2c—2)nl)2n}.

HaoGopor, =, =>const-Lj (B) Anexp {— a, (B) 2% + const,-

. (2c-%"D*n). Tlosromy ,2; <const-exp|{—const-D?n-+
-+ const, - (2¢~2)" D*n}. I3 pexyppeHTHEIX ypaBHEHWi st
L () Bummo, uro L, = exp{—const-n}. CregoBaTensro,
Bpibupasgs D m ny moctaTouHO OOJXBIIHMHE, MBI CMOMKEM
706uTHCA, UTOOBL TMOCHEHAS IOTPemHOCTH He Iipe-

BOCXOMIIA -—1—7»3(n+1)/2 (2c—2)»+1, Cymmupysa Bce OIeH-
y 9%

1
Ku, Haxofum, uto R+ yposnersopser Ind{"™. Taxum
obpasom, mnpu uaobom PP =™ Gyayr BeImOTHEHB!

Ind(’n-ﬂ)
DopMynEpPOBKA Ind{™v; { cama mo cebe ompepesser
BhIGOp orpeska BTV, mpm Koropom GymeT BBINONHEHO
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Ind(zmrl). B camom pemne, paCCMOTpHMB(gn+1). B riasnom

nopanke BYV = B, Tobasmenme b memser B
OTHOCHTEeIbHO Malo, T0 KpaiiHeit Mepe y KOHI[OB OTpe3Ka
B™, Ma Ind{™ caenyer, uro by — menpeprsmas ¢ymx-
nua P. IloaTomy B (B) — menpepsiBHAs PyHKUUA
pep™. Brbepem Bt rax, wroom By (B) ymos-
sersopsira Indy*™,

[lpusemerHoe paccysgenme, NpU Bceli ero IpOCTOTe,
nMeeT TIyGOKMii CMBICH: BO-TEPBHIX, OHO ONHCEIBAaeT IIPO-
Hefypy HAXOMJAEHUA P, ¥, BO-BTOPHIX, C TOYKH 3DPEHHS
reOMeTPHYECKOl KAPTHHBI, ONHCAHHON BHINIE, OHO COOT-
BETCTBYET HAXOMIEHHIO TAKOTO 3HAUEHHA IIapaMmeTpa P,
IpH KOTOPOM HAaYaabHOE paclpefelieHne BepOATHOCTeit
NPUHAJIE/KAT YCTONUNBOH cenapaTpuce paccMaTPHBAEMOTO
rayccOBCKOTO pelIeHHS OCHOBHOTO HHTErpajbHOTO ypaB-
HeHNA.

Tocnepmmit war — mposepka In Nmeem npm
z>Dyn+1 (cmywait z<—DVn+1 paccmaTpuBaercs
aHAJTOIUYHO)

Znya (ze722% B) <<

< L% (B) 2—n—1c(m+1)/22¢—1/2 exp { — a, (B) 2’2} X

X 2 Anexp{—2q,(B)u?} X
|-‘%_:+u >;—?V7z

z

——u

Ve

x exp(— B et ( -t — B ey () -

/

42 > exp {— 2ay (B) u® — EE{" (2c—2)™ X

(n41)
agn+),

D~
>z Vn

2z D . r—
= —ul>—V"
Ve u|>21/2 "

<l o+ (o) o] <
< L (B) Any12c=1/2 exp {— a, (B) 22 —
— B (2c2ym i1 2t (I 4 21)).
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Cymma /|, Kaxk m BBIlle, OIEHUBAETCA C TMOMOIILIO CBeJie-
nusg K TayccoBCKOMy mHTerpamy, uro jmaer I, <<

Tt
< ]/_m (1 + &™). Iorpemmocts l 8™ | < const -2,
0 —_—
Yro Kacaerca [, 11;0 u3 HepaBeHCTBA z = DVn+ 1 BriTeKa-
er, 9ro |u|>—= Vn,n mostomy Io< exp{— const-
c

2y

- D?n}. Oronuarensno momyuaem Iy + 21, < (1 -+ constX
ml/ .
X2 )1 5y (B (ﬁ).HOBTOMy U3 PEKypPPEeHTHHX COOTHOMIEHWi

Aas Ln+l
Zn g (2e=227; B)< Ly (B) 2 (2c722)"+ exp {—a, (B) 22—
— B{ (2c—2)n 1 28 (1 — apyy)),

const-A2 — bf)")

TIe a"“:W' C IOMOIIbI0 OMEHKH [

b momyaaenm
const-nV).3"/2 nNp3n/2
. N 3n/2
Unt1 << 75 < const vl < nVA"2,

eciu D jocTaTouHo BeaumKo. TakmMm o0pasoM, Indé"“)
pemomaserca ¢ By T = B{Y (1 — n¥AI"?).  Jlemma
TOKa3aHa.

Sameuganue. OCHOBHEIME IapaMeTpaMu, HCIOIB3Ye-
MBIMH B J0Ka3aTeJbCTBe, ABIAIOTCA KOHCTAHTH Ay, D, N,
ng. TpeGoBaume K A; B XOfe HOKa3aTelbCcTBA BCTPETIIOCH
neamanl. Ilocae BeiGopa Ay BeGmpaerca D. TpeGoparnus x
BennunHe [ [UKTYIOTCA, B OCHOBHOM, CKOPOCTBIO YOBIBa-
HOA TayCCOBCKON INIOTHOCTH HAa 0ECKOHEYHOCTH. 3aTeM BHI-
dupaerca N Tak, uTo6HI 06ecneunTh Hy/KHYI MalocTs Q™.
ITocme aroro BrOHpaercs JOCTATOYHO OOJBIIOE Mg

OKoHYMM Temeph MOKAa3aTenhCTBO TeopeMbl. [lIa TouKm
Ber =N P™ wumpgykTHBEBIe npepmomoikenusa Ind™  BhI-

n

TIOJHEHBI HIPH BCeX N = n,. IloxakeMm, dYTO JHCKPETHOE
pacipesenenue, BepOATHOCTH KOTOPOTO UMEIOT BHU[

Z, (z~c"/22_";ﬁcr)
E (Ber)

c1a60 CXOAUTCS K TayCCOBCKOMY pacHpeleleHHI0 C ILIOT-

= gn (3; Per) (c1/2271)" 271,
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HOCTBIO l/&%@ exp {— @, (Ber) 22}. B camom peme, mpu
VA= D(n)
Zn (2¢™227"; Ber) = Lin (Ber) An exp {— a4 (Per) 22} X

x exp [~ 3 B (o) G (5 o) — O — B,

Hocnepnmit Muomurers B cuty Ind{™ mpu n— o pasmo-

Mepuo mo z< D' cxommreas ® 1. U3 BHelmme#l omeHKH
BBITEKAeT, 470 mpH 2z & D™

Z (22275 Ber) <<
Ly (Ber) Anexp {— ag (Ber) 22 — (2c—2)" Ean)z‘l}.

31mech MBI BOCIONB30BAJIACH TEM, 9TO 0<§i")<Bf,").
Orciofa HEmOCPeCTBEHHO CIefyeT YTBePRAEHUE O ciIafoil
CXOMUMOCTH £,(2; Per) K TraycCoOBCKOMY Ipefeny, ecim
NPUHATH BO BHAMAHUE HOPMEPOBKY.

Teneps neoOxoxmMo paccMOTPeTh B <Per # B> Por.
Mp He OymeM IPOBORHTH TOAPOOHBIX /OKA3aTEILCTB,
a orpaEMYNMCA OGIIMM ONNCAHHEM XORa pPacCy:REeHHIL.
Ilycrs BHawame P < ﬁc,, HO /I0CTaTOTHO O6nmsko K P, Tak
UTO 710 HEKOTOPOTO n=n(p) Touxa B <=p™. Mo Mozmenm
710 9TOr0 N TOJb30BAThCA HHIYKTHBHBIMHU IIPE/{HOJIOKE-
nuamu Ind™. HeGonpmioe yTouHeHHe 1IPHBEIeHHBIX BLIIIE
paccysigeHunil IOKa3sIBaeT, 9T0 (PYHKINIO B (B) momxmEO
cuutarp puddepennupyemoin gysrnumeir p. Ilpum srom ee
MpOM3BOJHAS OCTAHETCA OIPAaHWYEHHOH CBePXy OTpHUIA-
TeJIbHOH KOHCTAHTOH, OTKyma cuaexgyer, uroB™ (B) ~
~const + (B — Ber)  mpu B~ Per. IIpm n>n(B) meobxo-
JIMO TIepeHTH K HECKONbKO [PYrOMY LPEICTaBIEHHIO I

Z,(t: B) %)
n
N N Cc
Zo 85 B) — L () 2772 exp — 20 0, () (%) 202 +
+ B (B) (272 + 27 (15 B
*) Mcmonp3oBaHme BMECTO KOODAMHATHI 2 I€JIOYUCIEHHON KO-
OPAMHATLI ¢ 03HAYAET, YTO MbI HEePeNLIH CHOBA K 3HAYEHUsM IIOI-

HoTO cmmEa ) @ (a).
xev (™)
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ITpu aroM okassiBaercs, yro P™ pasHoMmepmo 10 ¢, |t] <<
const - '\/n on/2
L —
Vﬁcr —P
z, (zz*“/
En (B)

o . co
COBCKOHN INIOTHOCTH € JHCIEepCcHel MOpsAAKa ﬁ
cr

crpemurca K 0. B pesyabrate moiy-

H ﬁ) 271/2

9nM, 9TO crabo cxomuTCsA K Trayc-

nst
—B

Jrto

MOKA3BIBALT, 9TO UHAEKC Y = 1.

IIpn usygwenuu P> P, akKypaTHBIE paccy;KmeHHs 6o-
Jlee TPOMO3JKH, U MBI IIOSICHEM TONbKO mpae. Msl cEoBa
TONB3YEMCA  MHAYKTHBHBIM IIPeJNONOKeHHeM [0 TaKOIo

n=n(B), mora 310 Bo3MOkmO. IIpm 7 =rn MBI 3ammmeM
Z=(t; B) B BUmE

Z: (& B) = Lz (B) exp (— 2" (51" (B) +

+ B57 (B) B2 + BSVE! + a0 (B) "27"E2 4 217 (&; B)1,

E=12-7,

e 9”( ) CAeMyeT PACCMATPUBATH KAk MOTPENIHOCTH. Be-
JUYHHA b( ) (B) ~ — const+(B — Ber), a n Takomo, uTO
]bén) (B) | >cn2'". IT0 NMOKA3BIBaeT, 4T0 (OyHKIOUA

(65 () + (85 (B) -+ aq (B) €"27*") &2 -+ 0 E*
uMeeT BHJ, M300pa;KeHHBIH Ha puC. 4, W CIEOBATEIHHO,

y mee 00pasyoTcsi IBA MITHH-
MyMa B TOYKax =const-

V (07 (B) + ap (B) 2. \ l /
AxryparHbI® paceyieHus
NS l S

TOKA3BIBAIOT, YTO INPH n>h

pacmpefiejieHue BepOATHOCTEI!

fn QCHMOTOTHYECKU IPU R—>00 Puc. 4

Bemer ce0A Kak IOIycyMMa

JBYX TayCCOBCKHX pacIpejelieHnii, CcOCpeJ0TOYeHHbIX

0KoM0 ToueK &= const- VB — B.,. DTO MOKA3HIBAET, 4TO
KPUTHYeCKHN HHKEKC o = 1/2.
Temepp MbI 06CyREM BHIGOP HAYAIHHOIO TaMIIBTOHHA-

~ Ty
Ha. HpH n = Ny MBI IMeeM [ejl0 C 00'beMOM Hu3 270 Touek.
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BosbMeM moTeHmman B3amMOJeiicTBHS B BHJIE
Hy, (9 (V")) = €,02 (¢ (V")) — €,0 (¢ (V(™)),
D(e(VM)= 3 ¢@.
xEV "0)
Bri6op momossmrensubix mocrosEEbXx C), Cp ceifgac
Oygmer yroumeH. Mmeem, oueBHpHO, Zny (8 B) =
—B(C,t24+Cot4 no—1_ _
=e Por+eyt?) C:ng K Ipn ¢ mopagxa 20 ¢ "0/ Mpr
HMeeM pasioMKeHue A GUHOMUAILHOTO Kod(pdumueHta,
moIaras §=Vt2_"0
t
ano =
= Cn,exp {2"0(ay — a8 — a8 — ... — a2 +
-+ O (B2N+2))).
ITepexons ® mepemeHHEIM Z = § - ¢™2, moxydmm
Zn0 (zc™2.2-7; ﬁ) =
= Ly, exp {p (C,c™ 022022 I C,c™2"024 0z8) —
— a,2"0c™"0g2 — g 2"0c T 0z4 —
c— agn2™0c N0z L 90 g (E2N+2)),
Jlerxo Bupersb, 4ro 3a cuer BBIGOpa C) TOKA3aTENb HKCIIO-
HEHTHI MO3KeT OBITH 3aIlMCaH B BHJE
const — a, (B) 22 + (Csp — a;2"0c“n0) G, (z; B) +
+ (BCy21"0c ™m0 — a,2"0c™2"0) Gy (23 B) -
IJle MHOTOTOYHE O3HAYaeT MONMHOMEI JpMHTa Goliee BbI-

COKOM cTemeHu M morpemrHocTu. BriGepem C;, aBmsome-
eca (pyHRIUeN Cl, TaK, YTOOHl [JIf IPOM3BONBLHOTO 3afaH-

HoTo 3apamee PoY 6mumo 61 (3Bl — a,2"0c ™™ —= 0,

0
Torma ﬂf;r) MOKeT OBITH CHENaHO CKOJb YrOZHO OJm3-
RIM K Jor 3a cuer BhiGopa no. Bemmumna Cp momsksa Gbith
B3ATa TaKroil, 4To0b Koapumuent mpm G4 GBI OTpHIA-

TeJILHBIM U II0 MOAYJI mpeBocXommi const-(2¢=2)"0, fc-
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Ho, 9to A Hn, m ana raMmibroHMAHOB H, mocraTouHO.
n

OIM3RUX K Hno, TIPeII0N0Ke U Int("0) OymoyT BEHI-

IIOJIHEHEI.

§ 4. Obaacts ¢ <V2

Ilpu ¢=7V2 amamus § 3 HeTPYAHO yCOBEPIIEHCTBO-
BaTh TaK, 9To0Bl OXBaTUTL M BTOT ciaydail. OpmEaxo
npr ¢ <<V2 coGcrBeHHEIT BekTOop G4 mMeeT CcoOGCTBEH-
Hoe 3Hadenme 2¢~2> 1, W MOITOMY HeT HHUKAKHX OCHOBA-

HUl OJKH/aTh, YTO TAYCCOBCKOE peIIeHWE TepMOTMHAMUIe-
CKH yCTOHYINBO.

Oxa3BIBaeTCHA, 9TO NPH C, MOCTATOYHO OIU3KAX K V2,
ypasuenue (4.6) mMeeT HerayccoBCKoe pelleHHe, KOTOpPOe
un Oyaer TtepMopmHaMudecKu ycroiramBeiM. IlomHOe moKa-
3aTEILCTBO STOTO YTBEPIKAEHHSA NOBOJIBHO AJUHHOE U 37I€Ch
npuBoputecs me Oymer (cm. [48], [54]). Mm ommmem
TOJLKO OCHOBHBIE WJeW, OCHOBAHHBIe Ha Teopun Gudypxa-
nuii W TeopuMH WHBAPUAHTHHIX MHOT00Gpasmili HeIMONBIIK-
#bix Touex auddeomopdusmMos.

3amena g (z; B) =h (3 P)exp {— i—ﬁc—z 22} TIepeBOIHUT

(4.6) B ypaBrenne (4.6")
h(z B) =

z , z . 2Bc o
= ih(v.z—%—u, ﬁ)h(‘/_c_ u; ﬁ)exp{ 5o U }du.
(4.67)
JlocTaToOYHO paccMaTPHBATh, KAK yiKe yKasbiBaaock, (4.67)
IpH KaKOM-THGO OXHOM 3HaYeHM: mapamerpa P. Mommo
BBIOpaTh, B wactHOCTH, Po = (2—c)(2¢)~'. Torma MsI 1O-
nyumm ypasHenmEe maa h(z) = h(z; Bo)

h(z) = S h (VZ—; + u)h (sz—? — u) e du, (4.6

KOTOpOE eCTeCTBEeHHO DACCMATPHBATH KAK yDaBHEHUE [

HeTOBUIKHOM TOUKH KBAJADPATHIHOIO TpPeodpa3oBaHUs
n

T.(h), crosmero cupasa. YpasHerue (4.6”) mmeer peme-

ume h(z) = Vn, e 3aBmcamee ot ¢. Ilpm ¢ = V2 B cmexr-
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pe auddepennuana 07, (h) = Ah mossuserca 1; coorper-
CTBYIOIIEI COOCTBEHHBI BEKTOD €CTh MONHHOM ODPMHTA
G4. O6mas Teopma GndypKanmii B KOHEYHOMEPHEIX IIPOCT-
paHcTBaX TOBOPHT O TOM, 9TO ecim TpoeKnus Ha G4 pe-
3ylIbTara IpHMeHeHWA Broporo auddeperumumana xk G o1-
auaEa o1 0, TO ciemyer oKEmarh, BOOOINe TOBODPA, IIOAB-
JleHUs HOBOH HeNOABWKHON Touku. ONHAKO HE KOHEYHO-
MepHag Teopus, Hu ee 0000UmIeHMA HA 0GAHAXOBBI ITPOCT-
PaHCTBA HEMOCPEACTBEHHO HENPHMEHUME!, HACKOJIBLKO HaM
H3BECTHO, B JAHHOM cly4ae, BBHUIY, TJIaBHBIM o0Gpasom,
HEKOMIAKTHOCTH MHOKeCTBA 3HAYEHUil Z. ITO CBAZAHO,
B JaCTHOCTH, C TE€M, 4YTO, IO-BUNAMOMY, HE CYIIECTBYET
HerayccoBckuX pememnnit (4.6”), GruakuX K rayccoscko-
my, npu ¢ > V2. TeMm me MeHee, HEraycCOBCKIie peIICHIS
yaercs IOCTPOMTH, MOTU(UIEPYS METONH TEOPHH WHBA-
PHAETHBIX MHOro00pasdil HETOJBHIKHBEIX TOYEK HeIWHeil-
HEIX TIpeo0pa3oBaHmil.

Hns Toro 9ToOB IOKAa3aTh, KaK 9TO JelaeTcd, 3ame-

THM, UTO TeOpHsA BO3MYIIeHHH Io mapamerpy € = V2 —c
T03BOJIAET HATACATH BBIPAsKeHWE IS HENONBWKHON TOU-
KA ¢ TOYHOCTBIO Jio JioGoi cremennm &. PaxrTmueckn o-
CTATOYHO HANUCATh ero ¢ TOYHOCTHI0 Ao &2. Mu momyunmm
BHIpaJKEHNE

— 332806, (2)—e2Py(2)

ge(2)=c¢ , 8e(2) =g (25 By),
c=V72—c¢,

rae Ps(z) — HEKOTOPHIT WOJAMHOM BOCHMOIT cTemeHm. Ta-
JKe TeOpHA BOMYIIEHUU INOKA3HIBAeT, YTO CHEKTp mu(-
(depennnana Npeo6Pa3oBaHMSA OKOIO MCKOMOTO DeNIeHHS
Oymer mMeTh OHO COOCTBEeHHOE 3HavYeHHe, MeHbImee 1 (Tou-
nee, nopska 1 — const - &), a Bech ocTanbHOK ciexTp Gy-
JeT JejKaTh B Kpyre pajnyca, MeHbmero 1 m He 3aBucs-
mero or &. JTO O3HAYAET, 9TO HCKOMOEe pelleHme OyheT
HEYCTOHYNBOH, HO rumep0OINYecKOoii HeNMOABIKHOR TOI-
Koif Hamrero npeoGpasoBanHms.

Merox HaxommeHns Takoii TOYKE COCTOMT B CIEXYIO-
IeM: BO3bMeM KaKyIo-THO0O0 HAJalbHYI0 KPUBYIO, KOTOpas
HIET 10 HANPaBJIEHHIO, OJIM3KOMY K HAIPABICHUIO HeEyC-
TOMYHBOI0 COOCTBEHHOI0 BEKTOpPA HCKOMON HEIONBWIKHOI
T09KH (OHmATHL-TaKM HAHXEHHOTrO II0 TEOPHUH BO3MYIeHHI),
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n pocraTogHo OiamsKa K Hell. Takymo KpHUBYIO HETPY/IHO
MOCTPONTH W B HameM ciaydae. Kciaum ee BBIOpaTh MoCTa-
TOYHO YHAYHO, TO MOJKHO HAJIeATHCH, 9TO OHA Iepeceder
yCTONYMBOE MHOT000pa3me MCKOMOH TOYKH ¥) W HpPHUTOM
TOILKO ofmH pa3. I3 atoro mpefcraBieHHs BHITEKAaeT ec-
TeCTBEHHHH IyTh IOCTPOEHWS HEIOABHKHON TOYKH: BHI-
OpaB HAYQJIBHYI0 KpHUBYI0, OyJAeM NIPUMEHSTh K Heil
npeoOpasosanne 7, u y o0pasa OCTABJIATH TOJBKO YaCTh,
JeRallyl0 B BHIOPAHHON 3apaHee OCTATOYHO MAJOH OK-
pectHOCTH g.. TOrja Ha HAYANBHON KpUBOH OyJeT TOIBKO
OflHa TOYKA, KOTOPAs IPH BCeX MTEPAIMAX OCTAHETCA B DTOMH
MaJIoif OKpeCTHOCTH. JTa TOYKA W €CTh IepecedeHme Ha-
JaJIbHOX KPHBOR C ycToHUmBO# cemapaTpHCOll, M HOf Jeii-
creueM cremeneir 7. oma OyJeT CXOMHTBCA K WMCKOMOM He-
TIOABUIRHOM ToUKe.

OnucanHBIfl cmoco6 paccy:RIeHuit MPOXONHUT B HAIIEM
cryuae. OH TPUBOIMT K MOKA3aTEJIBCTBY CYyIIEeCTBOBAHAA
pemenns h(z), kotopoe Tpm MadEX &€ Ha GECKOHEYHOCTH

2
yomBaer kak exp{—const - 2%}, § = Togs ~ 4. Cnemosa-
2

TEJIHHO, IIOTHOCTH IIPEJIeNHHOTO pacIipefiesIeHIss BepPosiT-
Hocreit h(z; B) y6eiBaer ma Goapmmx paccToSHHAX OHICT-
pee, YeM TayCCOBCKAsA ILIOTHOCTS.

Hpurtuueckme wuHmeKCH Temeps yiKe B3aBHCAT OT C.
Oxasaioch, 9T0 €CIH IIOJOKATH Pa3MEPHOCTh CHCTEMBI

d=2(1—1logs ¢)7!, to mapgercn =0, y =logy, .%c_ , ©=
= —%— logy, ¢, A;>1—meycroiiunBoe cobcTBeHHOE 3HAE-

HEe, oTBeuaoIlee Hafimemnomy pemenmio. B [48] 6wum
Hali[eHbl IIePBbIe WIEHHl PA3JIOKEHHs A; [0 HApPaMeTpy €.
B unrepecuoit padore I1. Komre n [Ix. Srmama [54] G-
710 TIOKasaHo, 4T0 A; GecromeuHo muddepeHIEpPyeMa IO €.
B cBsasu ¢ ommcamHBIME pesyJIbTaTaMU BO3HHKAIOT JIBE €C-
TECTBEHHBIE IPOGIEeMBI: _

1. Ilorkasarh, 9TO IOCTPOEHHAA C IIOMOILIHI0 TEOPHH
BO3MYIIeHNA BETBh DeIIeHnil g. MPOMOIFRAETCA HA CAMOM
mese M0 KOHIA, T. €. 0 € = V2; 4uclIeHHsll cgeT, IPoBe-
nennsiii II. M. Briexepom m ommcannmsiit B [48], maer Bec-

*) HamoMHHM, YTO YCTOHYHBBIM MIIOroo{pasueM HeIOIBHKHOI
Toury mpeoGpa3oBaHMsA HA3bIBAETCA MHOrooOpasue, cOCTOsNIee W3
TAKHX TOYEK, KOTOPHIe NOJ AeficTBHeM HrTepammit mpeobpasoBanus
CXOATCA K 3TOH TOUKe.
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1Ile OCIOBAHNA JUIA NPEAIONOKEHI 0 TOM, 4TO DTO jeii-
CTBUTEJIBLHO Tak. Brojme BO3MOKHO, 9TO [JIsL CTPOrOro Ma-
TEMATHYEeCKOTO PeIIeHHs TPOOJIeMbl HeoOXOoauMo Oymer
HCTIONB30BATh Pe3yiabTaTsl Belyucienuir ma JBM.

2. lccnenoBaTh aHANIHTHYECKYIO TIPUPOAY A; B OKpECT-
noerit € = 0. He ucruaroueno, B gacTmocT, 910 (HopMan-
HBIL AR Io € 1A A Jonycraer cyMmMMmmposanue mo Bope-
a10. BeiacHenme storo Bompoca ObLIO GBI BOOOIIE BajKHO
JUT H3YYeHNA MPIPOIBI e-PA3ToKeHuN B Teopun (PasoBHIX
TIePEeX0I0B.

§ 5. ABroMojenbHbie pacHpeeNeHHA BEPOATHOCTEH

Rar yse yrassisazocs 8 § 1 oroit riasbi, peppomar-
WITHAS KPHTHYECKAS TOYKA P, XapPaKTEPH3YeTCsT TeM,
yro mpu P = B, woppemsuun E@(z;)e(zy) yowmBamorT Ha-
cronpko memrenno, uto E(@(p(V)))? ~ const - | V|* npm
"=, e a— mapamerp, | <<a <2, Cpepnue suaue-
HIIi BBIYUCIAIOTCA ¢ IIOMOIIHI0 HEKOTOPOTO IIpeje]LHOTO
pacnpenenenus I'uGoca Pj. oTBeYaiomero raMHJILTOHIA-
uy I1. lpeaunonosmum, uto P TpPaHCAANNOHHO-MHBAPHAHT-
110. Panobpent penterry Z° ma nyowr A,(z), cogepswamne k*
rouer, An)={y el  kx, <y, < k(z; +1),i=1, ..., d}
Ipu s1oM maGop rydos A,(x) cuosa o0pasyer HCXOLHYIO
di - 2 $(y) u odo-
R ITE)
suaquM "epe3 P, HUAyUHpOBAHHOE pacrpejeleHIe Bepo-
ATHocrell cayvaiinpx Bemmana @(x). fAcno, aro P, tammxe
TPAMCAAIIOHHO-HHBAPHAHTHO. B Teopum wpuruvecroii
TOYKI J[eNAaeTCsI €CTeCTBEHHOE ITIPeJIMONIOIKeHUe, COCTOMA-
ulee B TOM, 9YTO paclpefeneHus seposaruocreil P, caabo
cxotaTesa K mpepmexy upu k — oo, Ilpemensnoe pacmpepe-
aerme Q yyRe crabo 3aBUCHT OT HCXOHOTO TaMHJIBTOHIIAHA
Il 1 gBiseTcsT B OIPEJEICHHOM CMbICAe yHIBEPCAIBHBIM.

Cieys o0BIIHOMY IOAXOAY B TEOPUHU IIPEIeNbHBIX TEO-
PEN TEOPHIL BEPOSTIOCTEH, Mbl HAUIEM ¢ BHIACHEHHS BO3-
MOMRIIOrO BHEA Tpenerxnuoro pacrpegenenns Q. Odosna-
u yepes M BeRTOPHOE MPOCTPAHCTBO BEIIECTBEINO3HAT-
ublx nocacqosareavuocteii ¢ = {@lr), r=Z%. Ha M cc-
TeCTBEHHO jelicTByer TPyImNa IPOCTPAICTBEHHBIX CJIBIITOB
{7, te Z rae (T'g)(2) =@l +1). Ilyern, k=1 — 1ie-

pemerry. Iomomum — @p (2) =
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noe. Beegem numeitmniii smmomopdusm ¥, (o) = U, mpoct-
pancrBa M, meiicrByromuit mo gopmyire

@O =5 X 0

YEAR(x)

Jugomopdmamer A, 06pasyOT MyIBTAINIAKATABHYIO IOIY-
rpynny:  %py ¥py = Upyn,e  Homyrpymmy %= {¥%} ec-
TECTBEHHO pPacCMATPHUBATh, KOTAA IPOM3BORHUTCA HOPME-
POBKA CIYYANHBIX BEIHIUH.

Onpenenenune 4.1. Iloxyrpynma % HassiBaercs
peropMrpynmoit. fcmo, aro T, = U, T**. OGosraumm ge-
pe3 A© moxyrpynny, mopoxnenayo scemu I* u ¥,

Teopema 4.2. Ilomyrpymma %'© usomopdra moxy-
IpylIe JUHEAHHIX. Ipeo0pa3oBaHWil IPOCTPAHCTBA R,
JedcTByomux mo gopMmyne & —- m—:—f, rne teZ’, k=
= 1 — mexoe.

IToxasarexbcTBo. ComocraBmM Ipeo6pa3oBaHUIO
Tt cppur x— x 41, a mpeoGpasoBamuio U cyxarme & —

1
-—)-—k— x. Jlerxo BUAETh, 9YTO CABUIU U CKATUA YAOBJIETBO-

PAIOT TEM jKe COOTHOIIeHHAM KOMMYTamuM, 94T0 U Tt %A,
CiefoBaTedbHO, IOpOMAaeMas [OJyrpynma m3oMopdua
9O Jlemma moKa3aHa.

Yepez (A@)* ofosmauum CONPsIKeHHYI0 HOIYrpyIy,
7eficTBYIOLIYI0 B IIPOCTPAHCTBE paclpefieJleHuil BePOATHO-
creit ma M, 1. e. maa mwoboro S =AY u modoro pacmpe-
nenenus BepostHocrein P ma M

(S*P)(C) = P(S71C), C<=M.

Onpepmenenume 4.2. Pacupenenenne BepoATHOCTeI
Q Ha M HasHIBAETCA ABTOMOMENBHEIM, €CIH OHO ABIAETCS
HETOJBIZKHOI TOuRoi momyrpynusr (A()*,

flcro, wT0 aBTOMOJENBHOE pacupejeneHue () TPaAHCIA-
nuoHHO-mHEBapuanTHO. O4YeBHIHO TaKKe, ITO ONMCAHHBIE
B Hauajle 9TOro maparpada IpefedbHEIE paclpefeleHnsa
ABIAIOTCS aBTOMOMEILHBIME. Telepp HAIla 3ajada COCTO-
AT B OINHCAHWHM KJacca aBTOMOMEINLHBIX paclpejeleHHii.

dTta 3amada B 00IieM BUAe JOCTATOYHO CIOKHAsA, IIO-
CKOJLKY AaBTOMOJEJNBHBIX pacIpefieleHuii, I0-BUAUMOMY,
10BOILEO MHOro. G TOUKM 3peHHS TeOpHH, H3jaraeMoil B
3TOHl TiIaBe, BAKIOCTh TOrO WIHM HHOIO aBTOMOJEILHOTO
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pacmpefieleHUs ONpPEReNAeTCa KIacCoM TaMUIBTOHHAHOB
H, nna ®oTopHIX 9TO pacHpejieleHne MOABIAETCA B Kade-
CTBe HpeJeJbHOTO IpH P = Po.

IlepeiimeM Temeph K HeUpPEPHIBHBIM AHAJIOTAM BBEJEH-
HBIX BBIIIE HMOHATHH. YMo6Hee neiicTBOBATH B paMKax Teo-
puu 00OOIIEHHHBIX CIydYailHBIX mpomeccoB. 1lycts ¢urcu-
POBAHO KaKoe-Tu00 IPOCTPAHCTBO F OCHOBHHEIX (DyHKIIWIA,
ompepenenarix Ha RY Ilpennomnoum, 9TO TPYNIBL CHABA-
TOB U NOMOOWA OCTaBIAIT IIPOCTPAHCTBO F HHBAPHWAHT-

HEIM, T. €.
(I'Mz) =fz+t)=sF,
W) (x) =fhz) = fhzy, ..., Ax)) EF

Ana moboro A > 0 u moboit pyrknuu f = F. Tpynma AV,
MOpOsK[eHHAaA Tpymmoii casuros {r > +1} u rpyn-
moii (& — Ax), msomopdua rpymnme nuHEHHHIX Hpeobpaso-
Bammit mpocTpancrea R* suma — A (z - 1).

Pacemorpum feiicrsue rpynmel AY ma mpocTpaHCTBe
JIMHeWHBIX HeNpepHBHBIX (PyHKnuHonamos Ha ¥, HeiCTBY-
wiee Mo opmyie

e, f) = 1" (o, %),

rie g Az = A(x + t) momoseno (Uf)(z) = f(Mxz + 1)),
@ — mapaMerp, AaHANOTHYHEI IapaMeTpy o B JHCKpeT-
uoMm ciygae. Yepes (AV)* oGosmaumMm CONpAKEHHYIO
rpymHiy, NeHCTBYIOU[yd B IIPOCTPAHCTBE pacHpejeJeHuR
sepoATHOcTell Ha &', T. e. 000OOIMEHHRIX CIYYaHEIX IIPO-
L[eCCOB.

Onpengenernue 4.3. Pacupenenenne BeposaTHocTel
P pa &', 1. e. 0000UMEHABI CIyYaliHbIil TIPOIECC, HA3bI-
BaeTcs aBTOMOJENBHBIM, €CIU OHO HHBAPMAHTHO OTHOCH-
repmo (A%, 1. e. (A*P)(C) = PA~!C) pua moboro
CcF’.

BroiacauM .cBA3H MeIy [OBYMSA BBEEHHRIMU OIpeJe-
geunamu. IIyers Yaw (y) — HHEAUKATOD MHOKECTBA ;i <<
<y <xz+1,i=1, ... d llpegmonosxum, 9T0 Halimerca
nocJiefoBaTeabHoCTh QyuRnuil f, € ¥, cxopamuxcsa B Ka-
KOM-THGO0 CMBICIE K Ya(xy TAK, YTO COOTBETCTBYIOMAA IT0C-
Jie[0BaTeIbHOCTh cloydalimbix BemmunH (¢, f.) cmabo cxo-
IUTCA K CAyYailHOl BeJWYumHEe, KOTOPYI0 MBI 0003HAYUM -
$(x), = (21, ..., zs). IIpu ecrecTBeHHBIX HPE/IOIOKE-
HHIX 00 5TOY CXOMMMOCTH HMHAYIIUPOBaHHOE pacipejeie-
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HIle BEPOATHOCTEH ciydaiitnpix Beaumuma P(x) Oymer asro-
MOJIEJILHBIM paclpefieIeHNeM BeposaTHOCTell ¢ o = — 2a/d.
JleficTBHTEIBHO, aBTOMOMICILHOCTD B HETIPepHIBHOM ClIydae

03HaYaeT, 9TO CIyIAlHbIE BEJIMIMHEL \ fWoelyydy u

j ¢ (y) f (\y)dy opumakoBo pacipefenensl. BospMeM
7» =k'm [=j%auwx), cumras, 4ro sto BosMokHO. Torma

MBI TIOJIY9HM, 9TO 5 o) dy m k¢ S ¢ (y) dy oguna-

Ap(0) Aq(0)
KOBO DPACIIPEJeJIEHEI, T. €. IOMYYNM ABTOMOJNEIBHOE IHCK-
petHoe pacmpefererne ¢ a = —da/2. G MOMOIBIO 3TOrG

3aMevYaHuA MBEl O00BACHUM pPAX (POPMYJ], BO3HHKAIOIUX
asee.

§ 6. TayccoBckie aBTOMOJeIbHEIE PacIpPe/IeIeHnsT

layccoBckne aBTOMOMENBHBIE DPACIpEENCHUS CPABHI-
TeJIHHO JIETKO ONmcaTh. HadmeM ¢ AUCKPETHOrO ciydas u

=1.

Teopema 4.3. TayccoBcroe crammomapmoe pacmpe-
lenenne OyAeT aBTOMOJEILHBLIM TOTJja W TONLKO TOTJA,
KOTJIa ero CIEeKTPajdbHAas MIOTHOCTH P(A) mMeeT BHN

27Til 1
P =Cle 11..,3773:1’
C > 0 — npousBoJbHAS TOCTOSHHAS.

Hoxasateasncrso. IIposepum, mpeskme Bcero, 4ro:

TayCCOBCKOE PAacIpefielieHNe ¢ TAKOH CIIeRTPATbLHOM IIOT-

HOCTBIO Oynmer aBTOMOAenbHBIM. [l dTOro Hamo yGeamTh--
CA B TOM, 4TO

1 R(x+1)—1
<ka2 PIRCICE WZ >=<cp<x>,cp<0>>.

S=hX
Jlesas wactb paBHa
1

2TLIA (S —So
La Z P “)p(%)d? =
EZ 0 hees <h(x41)
0<s,<h
g Mk 1|2
c ominhx | €2V —
= _a S o f)m}\. (Y 0") dh..
0
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ITpoussenenM B moCIeHEM IHTETpaTe 3aMeHy HepeMel-
HBIX Ak = p. MBI noryanm
1

C 5‘ IR
L%

0

2

o (1) dh =

£2TiME — 1

G2k — |

k
_C S‘ezmux{ezmu 1 |22 1 dp =
m

"‘koc+1, wo a+1
0 [‘k——rm
A
’ i oMl 1
— Cj e2m.ux ehmu __1 2 d —
o | ;lu+rnkl°‘“ s
r— 1
_ ¥\ jemiux S22 1 du —
Cz:oo | IE|M+Z—Lk"ZIa+1 :
1
= ) e*™p () dp.
0

Taxum oGpasoMm, rayccoBckoe pacmpefeseHHe €O CIEKT-
PaJbHOH IIOTHOCTBIO P Oymer aBToMOfmembHEIM. Jlia Toro
4ro0bl yOemuThcsA, 9TO APYTHX TAKHX paclpeflelieHIi He
ObiBaeT, 3aMeTHM, 94TO yCJIOBME aBTOMOJEILHOCTH TO3BOJIS-
€T OJHO3HAUYHO HaiiTm Bce Koppemammum {@(z), ¢(0)> mo
(@(0), (0)>. Takum oGpazomM, aBTOMOAEIbHEIE pacIpese-
JIGHHA BEPOATHOCTEIl 06pasyoT ogHOIapaMeTpHUEcKoe ce-
mefictBo. Tak Kak Takoe ceMeiicTBO yike IIOCTPOEHO, TO
Teopema 4.3 [oKasaHa.

EcrecrBennsM 0600ImenneM TeopeMs 4.3 CIy:RHT ciie-
IyIOIas TeopeMa.

Teopema 4.4. Ilyers f(Ag, ..., Ay — HodOMKHETENE-
nag npu A ¥ 0 ogmopomuas ¢ymruma crememnm dia + 1).
Torpa cuexTpanbHas IIOTHOCTD

d
2mihg EIAN 1
9(7\'17 -..,Ld)'————‘;[_‘];le —"1| ;dm (4.'15)
m

TIOPOJKIAeT TayCCOBCKOE AaBTOMOJENbHOE paclpefeseHne.

JloxazarTenscTBO 9TON TeOpeMBI IpecTaBIAET COGOIL
OyKBaJpHOE IIOBTOPEHUE PACCY’KIEHMil MepBoif YacTH Tpe-
neigymeit memmsbl. Ilpu d > 1 memwssa y:e yTBepmaTs,
qTO TMOCHeAHAA (POPMysa OMNCHIBAET BCE IayCCOBCKHE AaB-
TOMOJ[eJIbHBIE paciipe/eleHus.
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Basxmasa oco0eHHOCTh Bopaskenmit mia p(A) — mauum-
une wmHTErpupyeMoil ocodemmoctu B Touke A = 0. Mmenno
daarogapsa 310l 0COOEHHOCTH BO3HHKAET MEJIEHHOE YOBI-
Bamrue K03 UIMEHTOB KOPPEIALHH,

Hax yme yraseiBamoch B 1. 4, rayccoBckme pacmpe-
JeIL eHUA MOKHO PACCMATPABATH KaK IIpefelbHble TH66COB-
CKI e pacupefiefeHnsa AIA KBaJpPATHIHBIX IaMUJIbTOHHAHOB

suga H =X alz—y) ¢ (@) ¢ (), a(@)=] ™™™ (1) dr,
Ifle p — CHeKTPAIbHAS IIOTHOCTh. PacemorpnM mpu d > 2

d
$yrmmuo f (b, .-, h) = LI A (A 4 ... 4 A3). Torma
1=1
/ d -1
oAy ~ const(z ?»?) npu A—>0 1, CcIefoBaTEIBHO,
=1

d
—1 3 2
0 " (M) ~ const D) Al. Moskuo mOKasaTh, UTO B BTOM CIy-
l==1

4ae p~ () ABIAETCA BelleCTBeHHO-AHAINTHYECKOL (YHRII-
eit ma d-mepEOM TOpe. JTO 3HAYUT, 9TO OTBEYAMOIMIl il
noTennuan alz) PKCIOHEHUHMAIbHO yOBIBaeT Ha 0eCKOHeY-
HOCTH, T. €. ABIAETCSA KOporkopeiicTByomuM. OrTBedaro-
mee emy o pasmo 1+ 2/d.

Tenepsr M MOKEeM OOBACHHUTH, I[0YeMY HHIEKC 1)
BBONMUTCH crocoboM, omucammmiM B § 1. Cumraercsa, 4To
aBT OMOJieJIbHEIE pacIpefielenrsi, KOTOphle IOABIAIOTCA MPU
Ber KaK IIpeJielbHBIE PACIpefielieHHA VA pacIpefeleHni
I'mG6ca, oTBevaOIIIX raMWILTOHHAHAM C (GUHATHBIM Da-
MUYCOM B3aNMOMEWCTBHSA, MOMKHBI OINMCHIBATHCA TaMUIIb-
TOHUAHAMM ¢ OBICTPO YOBIBAOIIUM B3aHMOJeHCTBHEM.
B rayccoBckoM crydae TaKume TaMHIBTOHHAHBI TOABIAIOT-
¢ rompko mpu o = 1 + 2/d. Tloaromy, ecnn n 7 0, 1o 3T0
CBI[eTeNLCTBYeT O TOM, WTO aBTOMOJEeIbHOE pacipesene-
HNe gBIAeTCA HErayCCOBCKHUM, a BEJIWUYMHA 1] XapaKTepu-
3yeTr cTeleHb YAAJIEHHS 0T rayCCOBCKOI'O aBTOMOJMEIBHOTO
pacipeenens.

§ 7. IIpocTpaHCGTBO raMUIABTOHHAHOB
1 ompeJieleHNe JNHeapu30BaHHOIl PeHOPMIPYIIbI

B srom maparpade MLI 0GCyUMM BajKHBL ACHEKT Teo-
pUYi aBTOMOJEIBHBIX PACHpeielleHNil 1 MeT0/[a PEHOPMTPYIi-
IbL, CBABAHHBIL C MOHATHEM YCTONYMBOCTH aBTOMOJEILHO-
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ro pacupefeienns BeposTHocTell. Hessmo »T0 momartue
y:xe (QUIYPHPOBAJIO IPUA HCCIENOBAHUEN WEPAPXHUECKUX
mopenein [aiicoma. Bmawame MBI ocTamoBmMcs Ha Gonee
o0meM BOIPOCEe O MPOCTPAHCTBE raMEIBTOHWAHOB.

ITycrp nepemenusie ¢(z), z € Z?, npurnMaloT BemecT-
BeHHBIe 3HAaUeHHs, — o < @(z) < + oo, PacecMmorpum s
aioboro  m=1 m-yactuuHeli morenmman  Ulg) =
=@y, vy Zm) 9 () .. @ (zy)- Ilpn Takoii sammen
yIo0HO CYMTATH, YTO KayKABIH UHIAEKC I; HE3aBHCHMO IIPO-
Geraer pemerry Z°Y u cl(xy, ... Zm)— CHMMeTpUYHAS
¢yarIUa cBOUX apryMeHToB. MBI He paccMaTpuBaeM IOKA
BOMPOC 0 CXORUMOCTH papga mia U, HO HpefnoNoKuaM, 9To
roapdunuentst c(zy, ..., Tm) CTOIL OHICTPO YOHIBAIOT Ha
0eCKOHETHOCTII, UTO CXOMUTCH DA 2 | e (zy, «ovy Zm)]-

Xy Xy
B rakom cayuae ramkpgomy moremnuany U(g) Mbr MomeMm
O HOZHAYHO COILOCTABUTD pan Dypse ud) =

m
= Xexp {2m' 2 (@, 7"7‘)}0 (1, -+, Tm), TPEICTABIAOMIMIL
r=1

co0oii HempepHIBHYI CHMMETPUYECKYyI (QYHKIHI ¢ ab-
comotHO cxopamumcsa pagom Dypve ma d-MepHOM TOpE.
O6osuaunm uepes A (Tor™) GaHaxoBo MPOCTPAHCTBO Ta-
xux Qymrmmit ¢ wopmoit [ul= X |e(ay, -.., Zm) |-
Xppeen®oy
Tem campiM mpoctpamcTBo morenmmaios U(g) mpespa-
naercs B 0aHAXOBO IPOCTPAHCTBO, KOTOPOE MBI IIO-ITPeXi-
Hemy o6osumaunm A (Tor™). Ilpu sTOM sCcHO, uTO
eciy U e AW (Tor™d), Ve A®(Torm?), 10 U -Ve
= A®(Tor(™1™)?),  Uepes A® ofosmaumy mpsaMyio

cyMMy A® (Tormd) BTHX IIPOCTPAHCTB € HOPMOII
m>1

>
“ : “A(S) = % “ * “A(S)(Torm‘i)'

Kaxperi norernman U = A9(Tor™) opgmosHauHO mO-
pOsEaeT TPAHCIANMOHHO-HHBADMAHTHBIE TaMHJILTOHHAH

fg)= T U(T'¢)=

tezZ

= 2 2c(x1+x1"‘axm+x)(p(xl)"'q)(xn;)-

A ,...,xmezd xezd

Jdror papx mMeer (POPMANBHBIA CMBICH, HO KOIPPHIUEHT
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d(xy, -y Tm) = Mo (xy+x, ..., 2m +2) oupepmeren
xezd
onnosnauymo, ecm UesA(Tor™) u dz+az, ...

LTt a) =dl(zy, ..., Tn).

Mosker cayumThesa Tak, 4To [Ba moremnmazia Uy, U, e
= A (Tor™) mopomzaowT OREH U TOT Ke TaMIJIBTOHHAH
B TOM CMBICJe, 9TO COOTBETCTBYIOIN¥e Ko3{@umuments: d
coBuafaoT. Msl GymeM HaseBaTh Takme IoTeEROuadnl U,
Uy roMOIOTHIHBIMH.

Jemma 2. JIsa moremumama U;, U, roMoxormaub
TOTIa M TONLKO TOTMA, KOTfla OTBeYalIie NM (QyHKINN

i (2), ug(r) cosmamaror ma (m—1)d-mMepHoit mgmaromaiu
m

n) A
> =0 {mod1).
r=1
HoraszarteasbcTBo. XOpPOmO H3BECTHO, 4TO

d{xy, v, Tpm) =
—omi % 1 hp, ) m \ m
— (g, .o e 6( > xp) 1T an,.
v \p=1

&
rae O ( > ?»p) 03HaYaeT, YTO HHTEIDUPOBAHME HPOUCX0-
=1

nuT mo yiomaryToir (m — 1)d-mepnoit nuaronann. Orciofa
BHITEKAET, 9TO M0 Koaduiuentam d B3aMMHO OJHO3HATHO
BoccramaBinBaerca sHauenue u(A) ma mmaromamm. Jlemma

noRasana.
3aMeTHM Tellepb, UTO IIOJIMHOKECTBO TIPOCTPAHCTBA
A (Tor™), cocroamee uz Qymrumit u(hi, ..., An), TOER-

nectpenmo papubix myxw ma (m—1)d-vepHoit Amaromau,
o0pasyer samrmyToe mpoctpamctBo Jy. Ilosromy wammmril
m-vacTHUHBI TammaproEuan H ectecTBeHHO paccMaTpH-
BaTh Kak TouKy (akrop-nmpoctpamcrea A (Tor™)|Jp =
=B (Tor™). Tem caMbM IPOCTPAHCTBO DPACCMATPUBAE-
MBIX M-YacTHYNBIX TaMIUIBTOHMATOB TIpeBpalaercs B Ga-
naxoBo mpoctpancteo. Yepes B'® ofosmaunM mpaAMYI0

CYyMMy 0aHaxoBBIX IIPOCTPAHCTB B® - @ > B® (Tormd)
m>1
¢ HOpMoOil

: 3
I lpeo = = | - lstor (Fozmaye
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IlepeiimeM Telmepb K OIPEIeJIEHUI0 JIHHEAPH30BAIIHOL
penopurpymmbl. Ilyers Q — aBromofensHoe pacipejele-
Hie Bepoarrocreil. [[ina mo6oit Pyrrmun f(@) € 1M, Q)
n moGoro k=1 paccMoTpuM yCIOBHOEe MaTeMAaTHIECKOe
ommnamne  E (f (9) | %,9) = (0%) f, NpejcTaBIsgollee
coboit ¢yrrmmio 1nociemnoBarenbmoctn  Ayp. flecmo uro
T'oU, = oULT th mas moboro t < Z°, Tlpeanonossum, 910
ABTOMOJIEJILHOE pacnpeneneﬁne Q raxoBo, 4TO WIA IH06O-
ro moresmmana U (¢) = A (Tor™) GQI (U (9)) = AP

Torga maa rammibronmama H () = U (r'¢) = BY
MBI MosieM momosruts (9%, ) H = /8%,) U(T'p). fc-

tezd
HO, 4YTO oL H = BY.

Ounpenenenue 44 Homyrpymma  [0%;) = %%,
nelicTsylomas B mpoctpanctse B'Y, maspiBaeTca inHeapu-
30BAHHOIT PEHOPMIPYIIIIOIA.

IMosicuum cmbica sToro masBammsa. Ilpexmonosmm, 9TO
Q1 — pacmpepienenne BepOATHOCTEil, aOCOMIOTHO HEIpe-
peiroe orrocuTensro Q, u f(g) = dQ,/dQ. Torna U0,
KaK HEeTPYAHO IIPOBEPHUTh, aGCONIOTHO HETPePEIBHO OTHO-
carenvio % Qy = Q, W IIOTHOCT

QI*
259 _ (oup)

C TOYKH 3pEeHHA TeOpHH IIPeIeNbHBIX paclpeneleHnii
I'n6Gca, TpaHCIANMOHHO-MHBADHAHTHOE paclIpefieleHIe,
Gmusroe B Q, Moxer ObiTh 3anucamo B Bufie Qe*®, H =
€ B, a ¢ — manmsii mapamerp. Torma gopManbmro, ¢ TO9-
HOCTHIO JT0 MAJBIX BEIIIE HEPBOro IO € MOPANKA

U (Qe™*") = QU —eH + ...) =
=Q (1 — SOQIZH 4+ .. ) — Qe‘sa%:H'Pm’

9T0 IOSCHAET CMBICI CJIOB «IIHeapH30BAHHAS PEHOPM-
rpyIay.

Tamunsrormas H = B maspiBaeTcs COOCTBEHHBIM Ta-
MITHTONNAHOM (IHHeapH30BAHHON pPEHOPMIPYIIIBL), ECIit
0% H = K'H npu mHeroropom Y. Lemn y>0, y<0,
v =10, To H masmBaercs, cOOTBETCTBCHHO, HEYCTOHIUBEIM,
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ycToitauBEIM, HeHTpanbHbIM. B ciengyiomem nmaparpade
MBI H3Y9UM JeficTBUE JINHEAPU30BAHHON PEHOPMIPYNOE &
BHJ[ COOCTBEHHBIX TaMUJIBTOHHMAHOB [JIA TayCCOBCKUX AaB-
TOMOJIEIBHBIX paclpe/ieleHni.

§ 8. JluneapusoBaHHas peHOpMIpymHa
H ee CHeKTP B CIy4Yae rayCCOBCKHX
aBTOMOJEJBHBIX pacipefeleHui

IIycts P — mpousBOIbHOE TayCCOBCKOE pacHpeeleHme
BeposATHocTell Ha mpocTpaHcTBe M ¢ HYIEBHIMU CPEIHIMHU.
PacemoTpuM Karoe-nmu6o mpomssefenue ¢lzy) ... @(zwn),
zp €2, 1 < p<m, apidomeecs dIeMeHTOM THILGEPTO-
pa mpoctpanctea Z2(M, P).

Oupenemenune 4.5 llommmomom 9pmura — Uro
ciayuaiinoit Beawunmusl ¢(z;) ...@(z,), oGo3HavaeMBIM Ha-
nee :q(z))...@(z,):, massiBacTCA NEPHCHAMKYIAP, ONY-
utennplii m3 Komna Berropa ¢(z))...p(r,) Ha samrEyTOC
HOJIIPOCTPAHCTBO, ITOPOKIEHHOE BCEBO3MOKHBIMU CJIydaii-
ueiMu Bequunmamu ¢(y,) ... @lyp), p<m, y, € 7,

Tlyers H=B® (Tor™), H = D d (zq,.. ., Zm) P (z1). -
.. @ (Zm). Torna momuuomom Ipmura— Mo raMuabronna-
ua /1 HaspiBaercs OpMANLHBIA PN

H: = 21d (g, vy Zm) 1@ ()« @ (@):.
BeepgeM ciaenmyioiue o0o3HaYeHUA:
(A® (Tor™): = (U (9):, U (¢) = A® (Tor™)},
:B® (Tor™): = (:H (¢):, H = B® (Tor™)}.
Ramaoe us A (Tor™):, :B*(Tor™): mamequM CTPYKTY-
poii Gamaxosa mpocrpamctsa, mosgaras mopmy :Ule):, :H:,

pasuoii mopme Ulg), H coorsercrsenno. ITocie sroro Mst
MOJKEM, KaK I Bbillle, 00pa3oBaTh 0AHAXOBBI MPOCTPAHCTBA

@ A9 (Tor™):, @ X :BY (Tor™):.

Creflyolast 1eMMa BBIPAyKaeT BAJKHOE CBOHCTBO IOIH-
noMoB dpmurta — Hro.

Jlemsa 3. Ilomumom IOpmura — Uro :@lzy) - ...
... @(2,): ecTh MHOrOWIEH CTeIIeHH /M OT TIepeMeHHBIX
qlzy), -. ., ¢lz,), crapmnM Kod(PEOUIIeHTOM KOTOPOTO AB-



176 ®A3O0BBIE IEPEXOBI 2-TO POJA [T 4

asercs ¢(xy) -... - @(zn), n Bece KOapOUIIEHTH paBHOMED-
mo (1o i, ..., Zm) OrpaHUYEHH.

HJoxasarenbcTBo. MBI HmOKaskeM, YTO IIOJITHOM
Ipmura — Uro :@lxy) ... - @(z,): ectb nepuenguryisp,
omymennsiii u3 komma Bewropa ¢(zy)...p(r,) ma mnop-
HPOCTPAHCTBO, IOPORIEHEOE BCEBO3MOMKHBIMIU CITyUailHbBI-
v permmanmavn @ (Zip) ... @ (%i,), p<<m.

Tlpepcrasum ramayw seauanny ¢(y), y ¥y, ..., Tm,
B BHjle

m

?y) = pEl ¢y, xp) @ (@) + ¥ (1), (4.16)
rge Y(y) L @(ap), p=1, ..., m. B rayccosckom cayuae
OPTOTOHAIBLHOCTh 03HAYaeT He3aBHCHMOCTH. ¥/00HO jariee
CUMTATh, 9TO €CIH J COBIANaeT ¢ OfHUM H3 Zp, 1< p <
< m, ro cly, ) = 8y, zp), a Y(y) = 0. Jlwboe mpomsse-
meume @(y;) -...  @(yp) MBI MOMReM 3alucarh B BHJIE JH-
Heiimoii komMb6mHammm npousBefenuii  Buma YY) ...
e (Y eYer1) - . . 9lyp), THe wammoe Y., ¢ +1<r<p,
COBHAZlAT € OJHIM W3 Zj...Zm. llpu g # 0 oproromamn-
HOCTh LEPHeHAUKYJIAPa, 0 KOTOPOM HJeT pedb B JeMMe,
K HAITHCAHHOMY NIPOM3BEJCHUI0 BHITEKAeT U3 HE3aBICIMOC-
i P(y) o @lzp), 1 < p<m, u U3 onpejfeleHns NepIe-
nukymsipa. llpm ¢ =0 910 clefyeT HEIOCPEACTBEHHO H3
oIpejielieHuA TepHmeHAuKyxApa. TaxkuMm ofpasoM, mepIern-
[OKYJIAp, 0 KOTOPOM HJeT pedb B (POPMYIHPOBRE JIEMMBI,
u ectb :p(zy) ... @lzm):.

JloxazagHOMY YTBED/KICHHIO MOJKHO HPHIATH CIEXYyIo-
muit BuA. PaccMOTpUM IUIOTHOCTH COBMECTHOTO pacipefie-
Jemms BeposTHocTell cayuaitmeix BemrunH @(zy)...@.,),

KOTOpYI0 3amuiieM B Buje Const-exp {—%(AZ, Z)}, 2=
=(z, ..., Zm) — m-MepHBI BerTop. OGpasyenm rmibbepro-
Bo mpocTpaHcTBO (ymrnmit f(z), ..., Zm) ¢ HHETErpHpYye-
MBIM KBAQIPATOM MOXYJIA 10 »Toit mimorHocTH. BospMmem
1IPOHBBE/IeHNe Z1, ..., Zm I OPTOTOHATN3YeM €ro B CMBIC-
Je »TOro THALOEPTOBA IIPOCTPAHCTBA KO BCEM MHOTOYIE-
HaM creneHH, MeHbineir m. llomydennoe BeIpakenne mpejl-
craBiaser cO0OH MHOTOWIEH CTeTeHH M, CTapmuM 10aQ-
QUITEHTOM KOTOPOr0 CIYRAT Zj . ..Zm, & OCTAIBHBIE KO-
sppummentsr orpanugensl. Ilocie sTOro ANA MOTYICHUA
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:¢(zy) ... @lzn): crexmyer mOACTABETL B HTOT MHOTOWIEH
BMecTo z; nepemeHEy @(2;), 1<<i<<m. Jlemma moxa-
3aHa.
Jdemma 4. Umelor Mecto cienyomue yTBepIeHAA:
1) A(s)(Tormd)C > A9 (Tor™?):;

\m

2) A® = Q—)ZA()(Tormd) ®E:A(s) (Tor™d):;
3) BY(Ta™) = X B(S)(Torm 9z

m!<m

4)  B® =X:B®(Tor™):.,
m
IokasareascTBo. Pasemersa 1), 3) oueBummmsl
opu m =1, mockonrbky B 3ToM caydae A (Tor™) =
=:4®(Tor™):; B (Tor™) = :B®(Tor™):. orasmeM ux
mpu m >1 mo wugyknum. B cuwiry memmer 3 U(q))'—
= Ulg) + ..., rie MHOroTOuMe peJCcTaBIAeT co0oit 37me-

(s)
MEHT TPOCTDPaHCTBA 2 A® (Tor™?). Tlo mpenmomosxe-

m’'<m
HII0 WHAYKIMH €ro MOKHO TNDeJCTABUTh B BHje ie-
.Y 8 m'd
MEHTa IIPOCTPAHCTBA ,Z :A® (Tor™?):.  Caepona-
m'<m

tenpHO, :U(@p): ects saemenr mpocrpamcrea A (Tor™),
T. e. BRaodenne 1) mokxasamo. Pasemcrso 3) memocpencr-
BeHHO caegyer u3 1), a 2) m 4) BHITEKAIOT COOTBETCTBEHHO
u3 1) u 3). Jdemma moxrasama.
Ilepsan wundopManua o HeHCTBAM JIMHEAPH30BAHHON
PCHOPMIPYIINEL COMEP/KUTCA B CIeyoIel JemMe.
Jlemma 5. Vmelor Mecto paBeHCTBa

%y (:A9 (Tor™?):) = :49 (Tor™):,
o (:B® (Tor™):) = :B(s) (Tor™):
NpU TPOU3BOJBHEIX k u m,
JlokazaTenrbcTBO. YTBep:HJeHNE JIEeMME MOJKHO
HOAYYNTh KaK CJIEACTBHE OOLIUX CBOMCTB IayCCOBCKHX

pacnpefieIeHTil, HO MBI IPeJIOYNTAEM /IaTh 3[eCh HE3aBH-
cIIMOe JOKa3aTelbCTBO. Briouenns

0%y, (:A® (Tor™):) = :4°) (Tor™):,
o%y (:B® (Tor™):) = :B® (Tor™):
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O4eBH/HEI, TOCKONbKY Ha moremnmmaiax U(g), asrgromux-
CA Ha CaMOM fiee ¢yarnunsavu or mepemennsix U@, nud-
depenITIAT 6%[k HeiicTByeT KaK TOKJAECTBEHHOE Ipeob-
pasoBamme. [las morasaTenscrBa OGPATHOTO BKIIUEHHA
cHOBa Boclodbayemcs mEAykRNueil. Ilpm m =1 1pebye-
MBle paBencTBa odeBupaHHL. Ilpepmosnarad, 9T0 OHH [oKa-
sauer mpu Beex m’ << m, MOKayKeM, 4TO OHH BEPHBI M IIPM
m. Hyers : Ulp): & A®(Tor™):. Torma mia mo6oro
V, BaBmcamiero TOJNBKO OT Q[hcp, . e. V=V9)=
=V (%9) = :4° (Tor™9):, m’'<m, momem Hammcats

Voo U (9)) -V () d (%1P,) =
= [0 (@):V (9)dP, () =0,

nockonsky V(@) = :4° (Tor™9) u  :4® (Tor’"d) €
LAY (Tor™?) npn m’ < m. Creposarensuo, 0%;:U (¢):=
=:49 (Torm‘i).. Tem caMsIM IlepBOEe PaBEHCTBO OKAa3a-
Ho. Bropoe paBeHCTBO mOKaskiBaeTca amasormuio. Jlemma
MoKa3aHa.

Jlemma 5  moraspiBaer, UTO  NMOANPOCTPAHCTBA
A (Tor™):, :B“(Tor™): wuHBapHAHTHB OTHOCHTEIHLHO
AelcTBEA JIUHEAPH30BAHHON peHOpMrpyumnsl. IloaTomy mo-
CTaTOYHO M3YYUTH €€ CIEKTP B KAKIOM W3 STUX IONIPO-
crparctB. HauHeM co ciefyomieil mpoCcTOll JIEeMMEL.

JJemma 6. Ilyets G — rayccosckoe crammoHApHOE
pacupejielieENe CO CHEeKTPAIbHON ILIOTHOCTHIO Pe(A). Tor-
Ha CHeKTPAIbHAS ILUIOTHOCTH I'ayCCOBCKOTO CTAlHOHAPHOTO

pacupeneseHus %G nmeer BUT

d
1 2qTiAr 2
pﬁ:G () = @ma Ll ‘ —1['x
A p 7\, V4
1 1 d d
% 2 pG( k + k & + k)x
0<ps<k,
1<s<d
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HoraszareabcTro. OGozmaumm
%@ = 2 9w
UGAh(x)
Torpga
2

oc (1) dM.

2mid,h 1

o d
1 ik(x :
E (@ (@) O) = g | | 1] =1 )
r= e —_

3amena kA = p mpuBomumT K HY:KHOA opmyre. JlemMa
JOKa3aHa.

B ycumoBusx mpembIgyIneil JeMMBI HamumeM s JIO-
goro z = Z*

¢ (2) = e (2, 9) P () + ¥ (2), (4.17)

rae Koa@unuenTH c(Z, y) MoAOHPAIOTCA TaK, 9TOGHL CIy-
wafinsle Beamuuubl P(x) OblInm GBI HE3aBHCUMBL OT BCEX
CAY9YaiiHbIX BeAudnH Qy(y).

Jpyras mnrepmnperanua Tod ke (POPMYyIBI HejaeTcd B
TePMUHAX TaMWIbTOHHaHOB: ecnu H(@p) — raMuapToHUAH,
oTBevaIHil TayccoBCKOMY pacmpefenenuio G, to H(p)=
= H,(%,@) + H(p). Cayuaiinsie senmuunst Y(z) obrama-

0T BaJKHBEIM CBOHCTBOM: > vy =0 npu JII0-
YEAL(X)

Opix z. JleficrBuTeIbHO, CYMMUPYA JEBYI0 I IPaByIo dac-
TH OO TOYKaM BHyTpH mio6oro KyGa A,(z), MBI momydmM
cleBa k“d”‘“’(ph (z), a cnpaBa JaMHEHHYI0D KOMOHHAIAIO @

mioc Y P (y). Wusivn croBamm, > V() mo-
YEAR®) yEARX)

skeT OBITH IpefcTaBleHa Kak JuHeiiHAg KOMOMHAIUSA
¢x(y). Ho m3 HeszaBmcmMocTH Y M @, TOT[IA CIeAyeT, 4TO

Al
P(y) ecrb KoHCTAaHTA, pPaBHAA, OYEBUIHO, HYIIO.
yEAp(x)

Cefiuac MBI HaiieM ABHBI BuA K0d(PQPUIEEHTOB
ez, y). Tomomum dy(z, y) =Ee@eily), blz)=
= bgg*G(x) = E¢ (2) 9, (0). VYmmoskas JeBy0 I TPABYI

k

vacru (4.17) ma @x(2) u Geps or ofemx uyacTeil MaTreMaTi-
YecKoe OMMUIAHIEe, IOIYIITM

dk(xy Z) = Zch(‘xa y)b(y— Z),
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Hauee,

dy (z,7) = MJ exp {2ni (A, 2)}

a

x 3 w2 S nfect)ar=

ke <pi<h(zi+1), =1
i=1,...,m

kdimj‘exp {2ni (A, x — kz2)} ¥

d_ exp {— 2mik }— 1
X 1) exp—zmin,y —1 P (M) Al

r=1

e @ (p) =  exp {2t (1, D)) gk, () 02, 70

la(p—p")|=lb(p—p)|?
H

cn (2, y) = de (z,2)a(z—y) =
kda/2 2 Sexp{Zm A,z — kp)}X
pezd

exp {— 2mikh,} —

XH 1 exp{— Zm?»}

1 PG (;") di X
- —_— -1 —_—
xfehp{2m(u,p Y)} Oyt () dpp =

1
Ada/gyexp {2ni (M, z — ky)} %

IdI exp (— 2mikl,) — 1 pg (A)
exp (— 2mid,) — 1 p‘ll:(c) (A)°

r=1

‘ 4
Homomxum p(Gl) (A) = H (exp (— 2mik,) — 1)~ pg (A) maa
r=1

n1060T0 TayCCOBCKROTO pacmpefeleHunsa G. TOI’}I& OROH-
daTeJbHO MOKeM HaIlHucaTh

e (2,9) = i [ exp (20 (b, = — k) o ()¢
(pgi (x))‘l dh.  (4.18)
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Temeps MBI MOMKEM HENOCPE[CTBEHHO WCCIELOBATH
CTEeRTD JMHEAPU30BAHHON PEHOPMIPYIIIEI A TayCCOBCKO-
ro aBTOMOJENLHOTO pacupefeirenns G.

Jdemma 7. Iyers :U:=:A(Tor™): m ull,
..., Am) — mpeoOpasosanue @ypve U, T. e. cummerpude-
ckRasg Mo Aq, ..., Am QYHKOUA Ha md-MepHOM Tope ¢ ab-
comoTtro cxogamumMcsa pagom @ypse. Torga Uy (:U:) =
=:V: = :A® (Tor™): n mpeobpazosarune Dypne
v, ..., An) moTennuasa V mMmeer BHR

1 1
pmdle/2+1) m

I o (2,)

m A P; AP A+ P
(1 m m
x X TLoW (54 2)u(agh, . i e )
0<pj<k,J—

I<is<m

U(?\«l,---,}vm)= X

rge sammes 0 < p;<k pnma d-mepHOTO BEKTOpa p;=

= (pj1, ..., pi) o3magaer, uro 0 << p;, <k mpm Bcex 1<
<s<d.

HDorasareabcrBo. Ilyers Ulp)=Dclzy, .-

A
e Zn) P y) e @ (Tm), U (@) =2 (Zgye vy Tm) @ (X)) - - -
o .9 (zm)+ ..., TOAE MHOTOTOUHMEM OTMEYEHBI YJIEHHI
MeHBIIEl CTeHmeHH OT mepeMeHHBIX . JIg HaXoMgeHus

OULU mm 0%y (:U:) ciefyer MOACTABHTH BMECTO @ Ipa-
By10 4acTh (4.17) u pesynapTaT IPOMHTEIPHPOBATH 1O BCEM
P(y). fcuo, uto mpu dTOM TONYUUTCH
V= 2¢ (T -y Tm) P (X)) -+« Pp(@m) + - -+,
¢ (ZTgy ooy ) =
= Z Ch(yl,.231) cee Cp (ym, xm)c(yn ceesYm).

yl,...,ymezd

X m
Tak kak = ¢ (Y, - -+, Ym) =5 exp {— 2108 ) (hp, yp)} X
p=1_ -
Xulhy, ..., Aw)dA, TO, DONB3YyACH BUAOM KO3(PPHIUEHTOB
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ey, z) (em. (4.18)), moryanm

Z Ch(yhxl)"'ch(ym’xm)c(ylv"'7ym):

Y1 ¥mEZ

kdamlz 2 Su(?»l,..., )dxexp{-—zmx(xp,yp) X
p=1

colm

s

11 | exp (27 (up, yp — k) 08 (1p) (08 (hrey)) ™ dptp =

I
M

P

1
:qu(xl,...,xm)dxx

x| 3 expl—2mi 3 (A — ) 1)

Y1r--Ym

xexp{ 2mk2 (zp, w)} 1_;[=] & (o) (067 (kpp)) ™  dp =

__1 Xexp{ 2nik 2 (2py A }u(ll,...,lm)x

kda/z
X H 06" (Ap) (0@ (kAp)) ™ di.

ITocne atoro samena kA, = p, mpumsogutr K opMyie, yKa-
3aHHOIl B (DOPMYJNHPOBKEe JIeMMEI. JleMMa JOKasaHa.

U3 nemmsl 7 caegyer, 9To ecam len (y, x) | <<const<<
X

<o ppuBcex y, o Ve A (Tor™). Mpl mokameyM, UTO

3TO Tak JUIs 9acTHOrO ciavuas, rorga ¢gyuxmusa f(A), ¢u-

rypupyiomas B gopumyne (4.15) mus cmeKTpasbHOM ILIOT-

HOCTH  aBTOMOMENBHOI0  paclpefiefleHHs, UMeeT BIL]
d

f (M) = const - [T2A2 (2|, Bro mpegmomosmernne Bemer
p=1

K QCHMITOTHYECKO#l  HMBOTPONIHOCTH  KOPPeIAMEOEHBIX

QyHRIUI.
Tax wak ¢y, z)=cly—kz) ects Roz-)q)(bnn;nem

Oypse pyurmun 3 (A) = p&’ (1) - (03 (k1)) ™, o0 mocra-

TOYHO MCCIEN0BAaTL yOBIBaHHE Roa(btbﬂuuem'on Dypre
¢yurnun y(A). fcHo, 9TO eUHCTBEHHBIMHE TOYKAMH, B OK-
"PECTHOCTH KOTOPBIX (i)ym\unﬂ v(A) me rmamras, ABIAOTCA
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roukn Bupa A = {p/k, 1 <j<d}). M uccrexyem BHaua-
Jde OKpecTHOCTH Touru O. JIerRo BHJIETh, 9TO B OKpeCT-
mocTi 0

d \
08 () = 1 () [ ———— + & ) I 1,
=

. | A I(oc—l)d
j=1 7

rie g1, &2 Oecromeuno auddepeEOUPYyeMHl B OKPECTHOCTH
uyas n g(0) %0, g2(0) #* 0. IlosroMmy B OKpecTHOCTH Hy-
as

o () (p (k) ™ =

14 H AF| Al @ Dd g (1)

= const-g; (A) (g, (kM) =

144 jIJl 22| 0| Ddg, (k1)

npu Herortopoil mocrosmuoit A, A ¥ 0, 1. NasiMu cmxosa-
MH, B OKPECTHOCTH HYJIA

d
% () = by (&) -+ L1 251217 Ry (),
=

rie hy, hy Geckoneuno Aud)epeHRNUPYEMB B OTIHIHEL OT
HylIA. AHaJOTUYHOE PACCMOTPEHNE B OKPECTHOCTAX TOYEK

Ap= {pj/k}‘;zl, p =(py, - -+, Pa), mokaasiBaer, aro x(A) —
d ) :
— o (hp) ~ const H (k- — &—) | A —Ap @14,  Xopomo

N3BECTHO, UTO Tamxe 0co0eHHOCTH HPUBONAT K yOBIBAHHMIO
hoaq)cbnuﬂemon @ypre co cropoctbio const - |z|™*. IdT0
maer TpedyeMblil pPe3yabTat.

B naapmeiimem MbI paCCMOTpI/IM TONBKO CIydai, KOr-

za B (4.15) f(A) = CH A2|A|* 14, Us porasammoro

BBITEKAeT, UTO 0% (:4® (Tormd) ) = :A® (Tor™): u, ce-
nosarexsmo, 0% (:B® (Tor™):) = :B® (Tor™):.
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ITycres R(A) — mpomsBosbmas opgmopommas QyHEKNEA
crenenn Y. OGpasyem q)ymm;mo

(2) 7. d
pin’ (A1) = Z h(h—}— exp{2m(r A+ m)}, teRY

meZ
082 (A7) = pi2 (M) (@ (1)) 1

(3) /9.
JomycriM, wro TpH KaxaoM T € RY pymrrmusa ph) (A1) &
= A® (Tor?) = A (Tor?).  Tlocrpoum rayccosckmit cry-
9aiHBIN IpollecC ¢ HeIpPePHIBHBIM BPEMeHeM G (957) =

= 2T (27) ¢ (2), re
Tzt =T(x—1) = g‘exp{ 25i (z, M)} o8> (A5 T) dA.

Torpa Ln (9;7) A® (Tord) =:4® (Tord): H B CHIIY JeM-
Mut 7 0%y (& (9;T)) mmeer upeoGpasopamue Dypbe

1 1) ;g4\ —1
AT (02 (1))

A p:
! (3) AN
X 2; p()< )p (k+T)—
0<P,<h
1<j<d
1 (3)
= Tdarin— b ).

Mot MmommeMm Iepermucary IIoCJHeHee COOTHOoINeHlle B

BUJIE 6%[2 @Ch (p;7) = kV——d(a/2+1)§h (ch(p, Ai) Hosromy
u npu aobom m >0

09[: [th (%s T):] — pmv—de/241) gm (%ﬂP;%):.

Temeps MBI MOKeM NOCTPOHTHL COOCTBEHHBIE IaMIIHTOHIA-
HBl IHHEAPH30BAHHON PEHOPMIPYIIIIEL.

Teopema 45. Tammisronnan § Ak (@; D™ dv
Rd
ABIAETCA COGCTBEHHEIM TaMHJIBTOHHAHOM JIHHEAPH30BAM-
HOIl PeHOPMIPYIIIHL.
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HJorasatenscrso. meem

oy | a1t (@i 0l dv = | 097 (5 (95 v)1m:) dr =

Rd Rd

— km(v—d(a/‘z%-l)) S :{Zh (Q[h(p; %—)]m: dr.
d

R

Ilpoussefen B mociefueM WHTerpajie 3aMeHy TepeMeHHBIX
tv" = 1/k. Torga Mbl mOTy9IHM

0%y | 218y (@3 1™ dv =

rd

= VTR | e (90,3 7)™ dT
Rrd

Teopema moxasama.

Ilocmorpum Temeps, mpu Kakumx A pymrmua o (\; 1)
uMeer abcomoTHO cxonsmuiica pay Dypwe. fAcuo, gto auA
3TOTO HEoOXomuMO, 4To0H Y <X ad. MomHO HOKa3aTh IpH
TIOMOIIH PaCCYKIeHU, H3N0KeHHBIX BEIIIE, YTO DTOTO U 0-

/ —1
cratounc. B uacrnoctn, ecmiy =ad n h=f (A)L H 7»,) s
r=1

10 570 Tak. CooTBeTCTBYIOImIEE COGCTBEHHOE 3HATEHUE DPaB-
oL
HO Yy = [m (7 — 1) + 1] d.
Ipegsinyniue paccys;iieHHsT MOKHO HECKOJBKO 0000-
T, Ilyern ceiivac i; — d-mepunii Bewrop, Alh;,

<+ Am) — ofiHOpORHAA (QYHKIUA dm-TEPEMEHHBIX CTele-
HU Y I

¥ ! X
pl_“'pmezdh (}l I Ply ’ }m + pm)

0@ Ay, ooy by T) =

m
S
r="
T=(Tq, ..., Ty = R™. OGpasyeMm QyHRIUIO

m
O (has -y i 1) = 0 (s -+, 2o ) 1 (08 ()7
=
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=
Tty=T(x-—-1) = y exp {— 2ni g (x,, ).r)}x

KO gy ooy Mg; T Ay - dh,
z=(2y, ..., 20, ©=l? 1<I<m,
U IIOCTPOHM ciydaitnoe dm-MepHOG IOJe
(@) =2T (2—7):¢ (@) --. ¢ (zn):

Taxue ke paccy)RAeHNs, YTO ¥ BEIIIE, ITOKA3BIBAIOT, UTO
* . Vy—md(o/24+1) .
oAy, Gy (p;7)) =k & (W05 1)

¥ TaMUJIbTOHUAH 5 Cn(9;T)dT  sBasiercss cOOCTBEHHBIM
Rrmd o
¢ cOOCTBEHHBIM 3HAUEHHEM Y, =Y — md (7 -+ 1) +d.

OGcympenue pesyabrartos. llo-Bummmonmy,
He Bce cOOCTBEHHBIE TaMUJIbLTOHHAHEI, IOCTPOEHHBIE BBI-
me, ABIAITCA cymlectBeHHHMU. [lna ofcysxmeHUs 3TOTO
BOIPOCA PaccMOTPUM BHadauxe crydaii, korga (o — 1)d me
SABIAETCA YeTHBIM I[EJBIM YHCIOM. |aMEIBTOHWAH, OT-
BeUAIOIIUl TrayCcCOBCKOMY aBTOMOJIEIBHOMY paclpejele-
HUIO, IMEeT BUJ

H=2a(z—y) ¢ (@) 9 y), a(x)~ const|z|™*,

T. €. HOPOMAAETCA MAIBHOAEHCTBYIOIIUM HOTEHIHAIOM.
ITo cBoemy 3amblcily, IMHEAPU30BAHHAS PEHOPMIDPYIIA
IpegHasHAYeHA AIA O0pAINeHNsA ¢ IIONPaBKAMHU K TaMHJIb-
ToHHAHY. 1109TOMYy €CTEeCTBeHHO IIPEeNNOJIO0KUTH, ITO HAJ0
paccMaTpMBaTh TOJIBKO TAKHe COGCTBEHHBIE IaMHJIbTOHHA-
HBI, ¥ KOTODHIX B3auMofeiicTBue yOHIBaeT He MeJjeHHEe,
geM |z|~**~!. Ecau cumraTh, 9TO B3aMMOJIEHCTBHE DAaCKIA-
AbIBaeTCA IO cremeHsM |z|~%"? p — memoe, TO HOPAMOK
onmopoxmoctn QyErmuu A(hi, ..., Aw), yHacrByoOImedl B
TMOCTPOCHUN COOCTBEHHBIX TaMIIBTOHHAHOB, HMOIKEH IIPH-
HUMATh 3HadYeHHs Y = mo, mo — 2, ... Torma MBI moxy-
waeM COGCTBEHHBIe 3HAYEHHA Ym = (m(a/2 —1)+1)d,
Y= (m(a/2 — 1)+ 1d —2 m 1. 1.

3aMeTuM Temeph, YTO IOCKOJNBKY HAIl aHAJIMU3 Ipe.-
HasHA4YeH A (epPOMATHUTHON KPUTUYECKOM TOYKH, TO
ClIefyeT paccMaTpPUBATH TOJNHKO YeTHBIE MaMIUIbTOHUAHEL H,
COOTBETCTBEIIHO, TOABKO YeTHHIE M = 2m;.
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lveem Teneps Yo = (—1)d >0, 1. e. B mpocrpaHcr-
Be KBaJipaTHYHBIX (DOPM BCeria ecTh HeYCTOHUMBHIA COG-
cTenHblfl rammwibroHmaH. [damee, Y4 = 20 — 3. Ipn a <
< 3/2, ouesupno, v4<0. Cuemosarenpno, mpm a < 3/2
T0ibKO Y2 = 0, I MBI IOTTy4aeM HeoGXOAEMOe YCIOBHE Tep-
MOJ[IHAMUYECKOH yCTOWIMBOCTH TayCCOBCKOTO pacipee-
Jemnd B Buje o< 3/2. 3amerum, uto y,/d = m(a/2 — 1)+ 1
TepexojAT B Jorapu(Msl cOGCTBEHHBIX 3HAUEHMI A Tra-
YCCOBCKOTO DeIIeHUS HMepapXH4YecKOd MOJe;H, eciad I0J0-
KATH 0, = 2 — logec, k= 2. ’
/ )
o 6»//

Teoradunarryyecs
HEYEmousLsas
- 2077G6/76

Puec. 5.

Ipyroe HEo6X0MMOe yCIOBUE ONIYIAETCA CIEHYIOIAM
obpasom. PaccMorpmm mpm m = 2, 1. e. B IPOCTPAHCTBE
KBaJpaTHIHEIX (POPM, OMHOPOAHYI0 (DYHKIMIO CTEHEHH Of-
mopopmoctu Y = doo — 2. Torga coorsercrByloIiee cobcT-
BeHHOe 3HaueHue paBHO (o — 1)d — 2, m MBI Tpuxommm
K JIpYyroMy HeoO0XOAMMOMY YCJIOBHMIO YCTOHYMBOCTH Tayc-
cosckoro pacmpefenenus: (o —1)d—2<0,r.e.a<1+
+2/d. Oba ptux ycmoBus u300pazkeHH rpa@UyecKn Ha
puc. 5.
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IIpu (o — 1)d, ABIABIIEMCA LENBIM YHCIOM, TAMILIb-
TOHHAH TayCCOBCKOTO AaBTOMOJENBHOTO pacIpeeleHus
MOPOJKIACTCA HKCIOHEHIIHAILHO OBICTPO YOBIBAIOIUM IIO-
TCHIIHAJIOM, T. €. SABIAETCA KopoTKomehcrsyomum. Orse-
gapoias emMy (QYHKIUS HAa d-MEPHOM TOpe ABIAETCA Be-
niecTBeHHO-aHAINTHIeCKoil. B TakoM ciydae ecrecTBeEHO
paccMaTpuBaTh COOCTBEHIIbIE TIaMWIBTOHHAHEBI, COOTBETCT-
BYOIIE BENIECTBEHHO-aHAIMTAYECKNM QYHKOHAM. Jlerko
IPOBEPHTH, 9TO TPH BTOM He BO3HHKAET HOBBIX YCIOBHA
YCTOMUHBOCTH TAyCCOBCKUX paclpemeleHmil.

§ 9. Tourn oudypranun, HETayccoBCKHe
aBTOMOJIeJbHBIE pacupefelenns, £-pasioKeHns

IIpenpigymuit aHAIU3 MOKA3HIBAET, UTO TPH Om = 2 —
—1/m, m=1, 2, 3, ..., nMewTca HEATPATILHHEIE COOCT-
BeHHbIE TaMIILTOHHAHB. Hak u B ciIydae mepapXHIecKIX
Mofeneit, B OKPECTHOCTH TaKAX O, €CTECTBEHHO OKHMAATH
TOABJIEHNs HOBHIX HErayCCOBCKHX BeTBeH aBTOMONETIBHBIX
pacupenenernit. B srom maparpade Mur moctpoumM ¢op-
MajbHOEe &-Pa3ioeHHe g raMWIbTOHMAHOB BHTHX pac-
npenenernmit. [[asa mpocrorsl paceMorpuM m =1, e = o —
— 3/2.

Ilycrs Ho(@) — raMmisToHEAH TayccOBCKOTO aBTOMO-
JeTbHOTO pachpelieieHuss ¢ MAHHBIM o. bBymeM pekartn
ramuasTormar H(Q) mcroMoro HerayccoBcKOro aBTOMO-
IeILHOTO PACIpeNeNeHAs B BUJE

H(p) = Holo) + eH (g) + e2Hy(g) + . . .,

e H;=BY, i=1, 2, ... CoenaeM Taxske cienyiouiee
yopomaiomee mnpeAmono:kenne: Oynaem mcxats H(g) wus
YCIOBMA WHBAPMAHTHOCTH €ro0 He OTHOCHTEeILHO Beeil
noxyrpynns A, a TOTBKO OTHOCHTENBHO IONYTPYIITHL
Q[(ZO), TOPOKIEHHO TPYINOH MPOCTPAHCTBEHHBIX C/IBHTOB
u nurnngeckoil mogmoxyrpynmoi {%,:}. Cmsicn sToro yu-
POIIEHHSA B TOM, YTO MBI CMOJKEM WMCKATh TPAHCIAIHONHO-
UHBapHARTHEIN ramuabronman H(g), mexomsa m3 ycmosus
ero MHBAPHAHTHOCTH OTHOCHTEIHHO ENWHCTBEHHOTO Ipe-
obpasopamna Uy Sammmenm (4.17) coKpamIeEHO B BH-
ne: @ = Co@e + . JleitcTBue omeparopa Ay cocronr B
TOM, UTO MBI JOIKHEI IIOJICTABUTH B TAMHJIBTOHMAH BMeEC-
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TO @ IIOCIeqHEe BRIPAKEHHE H NPOMHTErpHpOBATH Pe3yiib-
TaT IO BCEeM 'lp Torp;a yciioBpe aBTOMOJEIBPHOCTH MOMHO
(I)OpMaJII)HO 3almucaTrh B BHe

e—H(rp2) _ j‘e—H(Cz(pz-Hp)dlp.

Haxee, nockonsry Hy(gps) + Ho(’lb) Hy(Cops + ), TO st
onpenenenns mompaskm eH|+ e?Hy,+ ... uveeM pasen-
CTBO

e—-SHI——e-HQ—-

= j ¢ HoW =M (Cafati) ~EHH(Co0rt ) Ay, (4.19)
JT0 COOTHOILIEHHAE €CTh AHAJOr OCHOBHOTO HMHTErPAJbHOTO
VpaBHEHUS TeopHH uepapxudecknx Mopeneil. DyHKnmo-
HAJTBHBII mHTerpad, cToAmumit cmpasa, Oymem Opars MO
TeOpUH BoaMymeHnH
M= GymeM mckaTh mompasky eHy 1 €2H, B Bupe

(ea; + e2ap + e3az + ...)Gy + €2 + €313 + €],

rie ai, @g, as, ...— 4Ucia, He 3aBHCAINHE, pasyMeercs,
or &, Gse=:B®(Tor™): — coGCTBEHHBI raMUIbTOHNAH
TIIeapM30BaHION PEHOPMIPYIIBL ¢ COOCTBEHHBIM 3HAYe-
guem 20 — 3 =2¢, [;= B, j =2, 3, ...,— nonpaBo4YHEIe
raMIJIBTOHHAHH, TaKme He sapucsamume oT &. Iloxamew,
rak maiitn a; u Io. Pasnoxum mpasyio gacts (4.19) dop-
MaJIBHO B PAX IO €, OrPANNYMBIINCH WIEHAME 2-TO TODSH-
Ka 10 & BKJIIOYNTENHHO, M IPOE3BEleM HHTErpPHPOBAHHE:

“ eXP{— Hy (p) — (ea, + eay + .. .) Gy — €], —

— 8, —ell,— ...} dp =
= f —H0\¢)d1p ('1 — (eay + %y + ...) Gy +
\

a6 — ey + .. A =
=1 —-—228(8(1-1—{—82@2—}— G F
+ 82 a2o%s (G3) — e20%; (I,).

Beipasennme G5 He ecTh dMeMEHT IpocTpanctBa B
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OHAKO MM HEro ecTeCTBEHHO OIpeNCeIseTcsa JelicTBUe

* o
0% Kark TOWIeHHOe [elicTBHe Ha Ka:KI0oe claraemoe.
Pesyabrat MosKeT OBITH 3aIlMCaH B BHUJIE

Uy Gy =Gy + Ty + T+ Ty,

rae Jo; = 1B (Tor?):, j =1, 2, 3. Pasnaraa Qopmaasuo
aeBy0 4acth (4.19) B pam mo € ¢ TOYHOCTHIO O MAJBIX
2-r0 TOPAMKA BRIIOYATEIHHO, TOJYIAM

—eH;—e2Hy—... —(eay+€2a9+...)Gy—E2 Iy — ...
(4 =€ =

92
€7 2n2 2
=1—8a1G4+T‘)‘-a1 4—82Q2G4—SI2+...

CpaBHeHne qi1edoB 1-ro nopsAaKa MO € IPUBOAUT K TOM-
JeCTBEHHOMY COOTHOUIEHUIO. HeTpananbnoe YpaBHEHUE
II0JIy4aeTcsAa OT CPaBHEHHA YJIEHOB 2-ro IopsAaKa o €

— Gy — I, =
= —2(In2)a,G, — a,G, - Ty + J, + Js — 0% 1,
I

U T, — Iy = —21n2a,G, + T+ T, +Js.  (4.20)

Tar rar 62(; ocTaBisfeT WHBAPHAHTHBIM KayKmoe H3
nogmpocrpancts B (Tor™):, To mociefmee ypaBHEHUE
MOKHO PeIaTh MO OT/eJbHOCTH B KaskmoMm m3 Hux. Ilycrs
I,; — npoexnus I, na B (Tor?):. Torpa (4.20) sxBuBa-
JeHTHO TPeM ypaBHEHUSM:

69[;]22—‘[22 =Js,
0%z Ty — I3y = — 21020, G+ T,
69[:126 — Iy = Js.

*
B mepBoM M TperheM IMOANPOCTPAHCTBAX CIIEKTP (095 —
—1Id) paBHOMepHO OT[eIeH OT EJUHUIGI, ¥ MHOITOMY
MOJKHO HANHCATh

I, = (0% —1d)7"J,, .= (0% —1d)™"J;,

Id — romumecTBeHHBI omeparop. B mopmpocTpaHCTBE

:B@(Tor*"): omeparop (6%; —Id)™ mmeer coberBemmoe
snauennme (22° —1)~! ~ 1/(2ln 2)e. [laa moxyueHumsa pe-
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[ieHIA, He 3aBUCAIIET0 OT €, HeoOXOIIMO, YTOOLI IpaBas
yacTh 1MeJa HYJIeBYD HPOERIMI0 Ha COOTBETCTBYIOIIEE
co0CTBEHHOE 3HA4UeHHE. JTO YCJIOBHE ITPUBONUT K BHIOODY
roa(ppuumenra a;. A wmmenno, ecmu PB(Aj, Ao, Az, Ag) —
¢yurmug ¢ abcomoTHo cxomammmea pagom Dypee, oTBe-
varomas J4, 10 mpu a; = B(0, 0, 0, 0)/2In 2 geitcTBuTEdD-
o sra npoexuusa 6ymer pasua 0. ITocae sToro MBI MOsKeM
manucars loq B BUme

Iy = (0% —Id)™ (— 21n2a, G, + 7)),

u pemenue Gygmer orpammueno mpu mausix &. 1I. M. Bue-
xep moxasai, uro a; 7= 0.

Haxompenune ciegyomux KodQ@UIUeHTOB MOKeT GHITH
OIIMCAHO C MOMOIIbI0 AuarpaMMm. MBI KpaTKo IpusefeM co-
oTBeTCTBYIONMe paccy:xpenusa. Jlomycrum, uro yiKe Hai-
7meHsl Kod(OUIUEHTH a1, g, ..., Am—p W TaAMIIbLTOHUAHBL

2, vy Im—y. Pasmomum gopmansno B (4.19) sxcmomenty
B PAJ 10 € [0 WIEHOB /M-TO MOPSAJKA BRIIOIUTETHHO. Bbi-
OuiIeM YIeHbI M-TO TOPSIKA 1 CIaraeMble HPH (- HO-
pagra ™ L

U+ +Hlp—
R

X II (;+ ajG4)lj — &My,

=2

Jlisa mpuMeHeHus K 9TOM cyMMe Ipeo0pasoBaHUS 0%
caefyeT KaskJoe ciaraeMoe MpowHTEerpmpoBarh 1o Y. Ilpu
9TOM IPHUJIETCS MHTerPUPOBATh IIPOU3BECHUA IepeMeHHBIX
VY aByx tunos. l mepsomy Tumy orHOCATCA pacHafaiouiue-
¢H IpomsBejeHus, Korxa ((x) BXOHAT He BO BCe COMHOMH-
tenru. Ho BropoMy THIly oOTHOCATCA HepacHajgalouuecs
IIPOM3BE/IeHIA, B KOTOPLIX I3 KajKA0T0 COMHOKUTENS BXO-
nut xotsa Obi oo mepemennoe Y(y). Pesyaprar mmTerpI-
POBaHUS HEpACTaJAlOIIIXCsA IPOU3BEIeHUIl 0003HATNM P,.
Torpa ypaBHeHue A ¢n OPIMET BHJ

Q&ML (228 — /j_) G4 - gm7m =g" (a%;lm - Im)'
Ipeacrasum & .. B Buje

Fm=26™Cy + Fm,
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rae # m TAKOBa, 4TO B ee (Pyphe-lpefcTaBIeHAN Bee PyHK-

nun pasesl 0 mpu A =0, a Gy — coGeTBeHHEBIe TAMHIBLTO-

HUAHEL JIJIA TayCCOBCKOTO aBTOMOMENHLHOTO paclipedeeHus.
-1

Homomum Gm_1 = — €™ (2 In 2) u OyneMm mckatb In

B BH7E:

In=2d™6y+In, & =c™ (2" —1)7"
Torna

Im=—2 (0%5)" 7 m.
=0

910 U ecTh TpeOyeMoe BLIpAREHIE.

B cBA3H ¢ IOCTPOGHHBIM €-PA3JI0/KEHIIEM BO3HHKAET
pAA IpobeM.

1. AmamnTiuecras npuposia e-pasnosxennsa. OmucanHan

TOJIBKO 4TO IpOLERypa HAXOMJeHHS K03QPUIHEHTOB
mocuT popmanbHBIT xaparrep. Hescmo, mpumamiemar sin

roa(ppuuuenTsl 7, TeM Goxee, I, mCXOMHOMY IpPOCTpaH-
crBy B. Hpome toro, rosdgmuuentst I,, ompeesenst 1amb
I OHKJIAYECKOH IOAIONYTrpYIIIIbI {i’lzk}fj:o, a ux crie-
ayer ompemenuTb s Beeil noxyrpymunbl {%,.). BeisicHenie
9TIX BOIPOCOB YIIMPAaeTcs B PAa3BATHE [HATPDAMMHOH Tex-
HUKH [IA noxydeHns KoaddunumeHToB [, I B H3YUeHNE
CTPYRTYPHI 9TUX JHATPAMM.

JIpyroit Bolmpoc — IOBejeHUE BCEX PANOB B KOMILIEKC-
HOIl 00JI4CTH IIePEMEHHOT0 & U, B YACTHOCTH, BLISACHEHIE
AHATHTHYECKOH HPHPORB ACHMITOTHYECKHX pDSTOB 10 €
IIA KPHUTHYECKUX WHAEKCOB, OTBEYAIOIHX CTPOSIIIMCH
TIerayCCOBCKUM aBTOMOJEIHHEIM paclpe/eleHnsM.

2. O6racTs IPHTSIKEHHs aBTOMOJENBHBIX paclpejele-
umit. ak y:ke rosopmioch BhIMe, OXHOH N3 OCHOBHEIX
IpoOJIeM TeOPHH ABTOMOJEIBHBIX paclipeflelleHmil ABIAET-
€A BBIACHEHHE TOr0, KAaKOB BHJ raMuiabTonmasos H, mia
KOTOPBIX JaHHOE ABTOMOJEJIBHOE paciipefieieEne MOABIA-
eTcd Kar IpefiellbHOe DacipefelNeHne A CyMM

1
kdoo/z z @ ly)

yE Ap(x)

(em. § 5) mpm k — oo, BEMHCIsEMOe HA OCHOBAHIH IIpe-
jexpHoro pacmpeneneHus ['u6dca s raMuIbTOHIAHA
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8., H. B roii oGnactu smauveuuii mapamerpos o, d (cM.
puc. 5), TAe TayCCOBCKOe pachpefelieHHe yCTOHYHBO, ec-
TECTBEHHO OKMAATH, YTO IIPH 3aJaHHHIX o, d BHYTPU DTOH
00JaCTH TAKAMHE TaMIIBTOHHAHAMU GYAyT JOKAJILHEEIE BO3-

o
MyILOieHHs KBafpaTHYHHIX TaMUJILTOHHAHOB DU (z, —

— ) @ () ¢ (p), vie Ulx) ~f (W;C—“)Alxliad, f — mempe-
pHIBIAsA  NOJORUTENbHAss  (QPYHKOHUSA  HA  eIUHHYHOI
cepe, YUUTHIBAIONAS AHM30TPONUIO B3ANMONEHUCTBIIA.
Taxne raMHIbTOHHAHBI HE ABIATCA TAYCCOBCKUMHU H3-33
toro, uro ¢(z) npmAmMaer 3Havenus =+ 1 nam, B HECKONE-
Ko Goiiee 0o0IeM ciiyuae, KOHEYHOE YUCIO 3HAYCHUH.
CHTyanus CTaHOBHUTCA YK€ HE CTOJb SICHOM B o0gacThm
HeTrayCCOBCKEX AaBTOMOJEJBHEIX pacIpefeseHUd, CTpPo-
SMIEXCSA C TOMOINBI0 OMMCAHHBIX BEINE €-Pa3JIOKeHUH.
DopManbHAA TEOPWSA BO3MYIIEHMIT WO HapaMeTpy & Io-
Ka3bIBAET, 9TO BO BCEX TOPAMKAX TEOPUHW BO3MYIIEHWIT s
CHCTEM C TaMIJILTOHHAHAMH, ¥ KOTOPHIX Ha 0ECKOHEIHOCTH
6mHmapHOe B3amMoOJieiicTBHEe ¢ TaKUM JKe yOBLIBaHHEM

u(x) ~ f("_;ﬂ\) Axuo‘d, 910 W BHINIE, TpeJledbHBIE paclpe-

neaenns I'mGOca NPUTATHBAIOTCA K BTUM HETayCCOBCKUM
aBTOMOJNBHBIM pacrpefenenusM. Ommaxo M3-3a acuMII-
TOTHYECKOr0 XapaKkTepa PAMOB TEOPHH BO3MYINeHHA Helh-
351 HCKJIOYHATH TaKOM BO3MOMXHOCTHM, KOTAA HIPOMCXOJHT
OKCIIOHEHIHAILHO Madas (0 &) MepeHOpMUpPOBKA IOKa-
3aTeld cTelleHN HmorTenmuaia. Hamboxee BepOATHO, ITO DTO
He Tak, U IIePEHODPMHPOBKN He TPOUCXOJMT, HO CHTYALUsAd
B 1eloM He gcHa. MokHO HafeATbCA, UTO MPOsFCHEHWE
mpomsoiiler B pesyJdbTaTe Ha/EKAmero 0000merRua I
Pa3sBUTHA TeXHHKW, HCIIOJIL30BAHHON TIPH IIOCTPOGHHN He-
TayCCOBCKAX peMmeHHmil B clydae HePApPXHYECKHX MOJENei.
- 3. IloBemerme Gmdypranmonnbix BerBeit. Beramem ma
TOYKY BPEHHHA, COIIACHO KOTOPOHl He IIPOMCXONHT OMOJ-
HNTEILHON NepeHOPMUPOBKH IIOKA3aTeNs CTENeHH IIOTeH-
nuana. Torma mocTpoeHHas BeTBL HETayCCOBCKHX aBTOMO-
MeJLHBIX paciupefeiennil omyucsBaeT MOBeJjleHNe B OKpecT-
HOCTH TOYKH [ CHCTEM, Y KOTODBIX B3amMoJeiicTBHE Ha
GOMBIMAX PACCTOAHMAX OWHADHOE, W TIOTEHNWAN GHHAPHO-
ro Baammopeiicrsus mpm d =1, 2, 3 y6mBaeT ma Gecro-

mewmoctn xax 1/r%*®, Vmwv; croBaMm, TpH MAIHIX &
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KPUTHIECKUe WHIEKCH 3aBUCAT OT €, T. €, OT ACHMIITOTH-
ki yOBIBaHUA TOTeHI[MaJa B3amMmopeiicTsusg. EcrecTBemno
JONYCTHTD, YTO B KaKJON pasMepHOCTH d CYIIECTBYeT Ta-
roe £*(d), HaunmEAs ¢ KOTOPOro KpPUTHYECKHE HWHIEKCHI IIe-
pecTaoT 3aBUCETHh OT NMOKAa3aTeNsA CTENeHH U OyIyT TaKu-
MI K€, KAk M B ClIy9ae KOPOTKOMEHCTBYIOIIUX IIOTEHI[A-
ao0B. MHAaYe roBopsi, B KAKMOM pasMEpHOCTH CYIIECTBYET

o 3
TaKoil MOKa3aTelb cTellenn HoTernuana Y*(d)=d (7 + e¥),

HAYUHAS ¢ KOTOPOTO CHCTEMBI ¢ TAKOW CTEIEHBI0 B3AUMO-
fdeiicTBHsA BemyT ce0A ¢ TOUKM 3peHHmA Teopu:m (a30BHIX
TIePeX0/[0B BTOPOTO POJia KAK KOPOTKOMEHCTBYIOMUE CHCTe-
ymer. He ucrmoueno, uro e*(d)=(4—d)/2d. B rarom cay-
gae (OPMAIHHBI pAX IS HErayCCOBCKOTO ABTOMOMENb-
HOTO pacIpeeNeHus CONePsRUT TaMIIbTOHUAHEI C DKCIIO-
HEHIUAJIHHO YOBIBAIOIIUM B3auMojelictBueM. Ecau vl aTOT
PAI CXOMUICA, TO ONHUCHIBAGMEI MM FaMIJIBLTOHHAH OBLI
Obl ¢ OBICTPO YOBIBAIOIIMM B3aUMOMENCTBHEM, I TOTIA OH
TOpOsKan Obl aBTOMOJENbHBIE PACIpeIeNeHus, BOZHUKAI0-
mye Opd e, ¥ CHCTEM € KOPOTKOJEUCTBYMOIIMM ITOTEHIHA-
aoMm. Opgmaxo mpu d = 2 MBI Hodyumnu Ol a* =2, 410
PACXOMUTCA € M3BECTHBIM PE3YIbTATOM JUIA JABYMEpPHOI
Mopenu Vsunura, BeiTeraromum u3 pemenus Omsarepa.

Moryr GBITh M [pyrue, JOTWYECKH HOIYCTHUMBIE BO3-
mo;xHocTH. Hampmmep, touxa €*(d) momer GBITH TOUKOIT
JKECTKOH TMOTepH YCTOMYHBOCTH. JTO 3HAYUT, 9TO TPH & <<
< g*(d) u npu B TOABIAIOTCA aBTOMOJENBHEIE pPaclpefie-
Jenus, TPUHAJIesKAI(Ne TOCTPOCHHON HAMH BETBH, a IpH
¢ = ¢*(d) UPOWCXONNT CKAYOK, I BOBHHKAIOT aBTOMOJENIb-
HBIe pacIlIpefielenis, JesKallfie TaJeKo OT 9YTOIl BETBH.
Takyio cuTyamuio ICKIIOYITh HeIb3s, HOo, BIPOUCM,
II HeT HUKAKEX YKA3aHOI HA BO3MOKHOCTH €€ O0CYy-
I{ecTBICHN.

4. ABToMojembubIe pacHpeeNeHns U CIHOHTAHHOE Ha-
pymenne menpepbiBEOI cummerpun. Ogens WHTEPECHEIH
BOIIPOC — TIOSIBIEHIE ABTOMONENLHBIX paclpefeNeHuil IpH
CTIOHTAHHOM HAPYNIEHWM HEIMpephIBHOII cuMmerpmu. Bech-
Ma BEpOsITHO, 4TO TpPU GOJBIIUX [ TPAHCIAIHOHHO-WHBA-
pUaHTHEIE IpefeNbHBIE paclpefenenusi I'm6Gca B cHcre-
Max ¢ HapyHmIeHHOII HeNpepHIBHON cuMMerpueil IpmHAT-
JesRAT 00JaCTH TPHTAMKEHHA TayCCOBCKHX aBTOMO/ENb-
HBIX pacrpejeseHIii.
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Budanorpadunueckne 3aMeyanns k raase 4

1. Ompepe1eEre KPUTHYECKEX HHIEKCOB HMEETCA HPAKTHUECKH
B0 BCEX KHHTAX II0 CTATHCTHYECKOI Mexauuke, YmoMmauneMm st
upumepa Kemry I. Cremmm [43].

2. Nepapxmueckme mopennm J[laiicoma GHLIM BBENEHHI B GO pa-
Gore [59]. HccremoBanme ®THX MOZeneHl ¢ TOUKH 3peHHA KPHTH-
TeCKOU TOUKH OBLTO BIEPBHIE IPOBEIEHO Ha (U3UUECKOM YPOBHE
B paGore Jim. Beitkepa [45]. O0 dTHX MOJeNsAX yHOMEHAET TaK:Ke
. Brabcor B cBoux sexnmuax [94]. Crpormit MmareMaTHuecKmii aHa-
JIM3 TayCCOBCKOTO peIleHHA COAEpIKHTCS B crathe II. M. Buexepa
u §1. T'. Cmrasa [47]. WanoxeHne B TeKcTe B IEIOM CIEeIyeT XORY
paccyskienmit [47], HO MHOTHE TeXHHYECKHe HEeTAIH CYIECTBEHHO
yopomersl. Ciywait ¢=Y2 pacemorpen orgensno II. M. Biexepom
8 [5]. B pa6ore II. M. Buaexepa [6] moapoGuo mcciegyercs oKpect-
HOCTb Per MM TAYCCOBCKOM TOURM.

3. HerayccoBckue pemmeHHs IS OCHOBHOTO HHTETPAIHHOTO
VDPaBHEHHS HepapXmuecKUX Mofenedl OBLIM TIOCTPOEHBI B pabore
II. M. Brexepa m f. I'. Caunasa [48]. B aroit sxe paGoTe mpHBeeHEI
pe3yabpTaThl UYMCIEHHOTO CY€TAa HErayCcOBCKOil BETBH, IIPOBEJIEH-
moro II. M. Biaexepom. 9tm mccieqoBaums OBLIO GBI 4pe3BHITANHO
HMHTEPECHO TPOJOJIKATH. BEPOATHO, MBI CTATKUBAEMCSA 3[€Ch C IPH-
MepoM 3aJaud, B KOTOPON MOKHO OBNIO GBI IMOJXYYHTH CTPOTHE pe-
3yIBTATHL HA OCHOBE MAIIMHHBIX BKCIEPHMEHTOB.

B pa6ore [48] Obuim rarske HailleHB! IepBhle WIEHBI DPasio-
JRCHHSA KPHETHYECKHX HHEKCOB Mo mapaMerpy e=7}2—c. B pabo-
rax K. Tommcoma m ero corpymgumkos [83], [93] smawenma stmx
Koo(PunuenTos OBIIA HECKOJIHKO yTOUYHEeHEL VIHTepecHble pe3yiib-
tarol ObuIH modyuenst B pabore II. Komre n . 9rmama [54], wo-
TOpBIE, B YACTHOCTH, TIOKA3aJHM, 4YTO KPHTHIECKHe HWHAEKCHI SBIA-
wresa OecroHeuno audepeHnupyembiME QyHKIuAME €. OTMeTHM
Tawke paGory :x. Max-Taiipa [101] mo cdepmueckmm mepapxm-
YECKIM MOJEISM.

4. MeToy| DeHODMIDYIIH B Teopmn ()a30BHIX MEPEXONOB OBLT
pasBHT TIABHBIM o6pasom B paGorax M. @mmepa, JI. Hamazoa
u K. Buinrcoma. G Tex mop 3TOT MeTOJ CTal ONHNM K3 OCHOBHBIX
B TeOpHy KPHTHYECKON TOYKH. Xopolllee IIPEICTaBIEHHNE O €r0 mC-
NMOIB30BAHMN (PU3HKAME MOKHO moiydnTh m3 o63opos . Hory-
ta u K. Bmrscoma [94], M. ®mmepa [60], C. K. Ma [99], 3. Bpe-
3ana, k. Jle Tmito, . 3em-ioctnua [50], A. 3. IlaTamuHECKOTO
u B. JI. TloxpoBcroro [31].

5. TlonsTne aBTOMONETLHOTO pacIpefeleHus ObIIO BBEJEHO B
padorax fI. T. Cumasn [42] u k. Taanasortm m [k, Voma-Jlacnm-
umo [70]. Ofcysemenne 9TOr0 MOHATHI HOMHEMO Ha3BAaHHEIX paboT
cM. B paborax Jsk. Tamnasortm m X. Humomca [69], M. Kaccargpo
n Jix. Vona-Jlacummo [52], M. Kaccamapo m [k T'ammaBortm [53],
Ik, Voua-Jlacunuo [88]. HempepriBEBIE aBTOMOJEJbHEIE HOJIS H3Y-
gaorcs B paborax P. JI. No6pymmua [18], [58]. B ommomepmom
cJaydyae aBTOMOEIbHBIe IOJA IOSBUINCH €Il B JTOBOEHHOI pafoTe
A. H. Kommoropona, cBszagHOH ¢ mpoGieMaMu mopobus B Teopmm
typbyaentnoctn [22] (cm. tame [32], [44] m mowaapm 1. T. Ca-
nmag [112], [113]). T'ayccoBckue aBTOMOJENBHEIC WOIS B JHCKPeT-
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HOM cayuae Geuim moctpoensl B paGore fI. I'. Cmmas [42]. B paGo-
rax II. M. Baexepa [7] m P. JI. llo6pymmua u X. Takaxamm co-
JePHATCA TPAMEPH TayCCOBCKEX aBTOMONEIBHHIX HOJeil €O CHeKT-
poM, He omuchiBaeMbIM (4.15).

6. O0myo Teopuio MOJIMHOMOB Jpmura — HTO €M., HampHMep,
B cratpax K. Mro [90], B xumre B. Caiimona [41] m B Goawpmioit 00-
sopmoit cratwe P. JI. Jlo6pymura u P. A. Murnoca [19].

7. llpaMepHEO B TOM jKe Xyxe, uto m B §§ 7, 8, mpomosgutca
W3ydeHne CUEKTpa JIHHEeapH30BAHHON DEHODMIDYINSI IS Tayccos-
CKMX aBTOMOJEJBHLIX pacmpefenenmit B cratbe II. M. Biexepa
[7]. Psap pesyastaToB §§ 7, 8 B wacTHOCTH, JeMMa 6 NpEHAJIEKAT
crygentry MI'Y M. Muccaposy.

8. Ha ¢u3nmueckoM YpOBHE CTDOTOCTH &-DA3TOKEHUS OUHCAH-
goro B § 9 Tuma mosBuiames B paGorax M. @mmepa, C. K. Ma u
B. Hmokens [64] m Jisx. 3ara [117]. Herayccosckme aBTOMOZEIb-
Hele pacupefielenus mosBmimch B pa6ore M. PosemGmarra [108].
Ha Toii Ke mpHMEpHO Wgee OCHOBAHLI IPHMEDPHl HETrayCCOBCKHEX
pacmpegernenmit B paGorax P. JI. loGpymu=na [18, 58]. Jlpyrne mu-
TepeCHBIE NPHMEepPH HETayCCOBCKHX AaBTOMOJENbHBIX pacumpefelne-
HUH mMewTca B paborax B. Hapsosckoro m JI. Crpefita [92] u
C. A. Monuanosa z 10. H. Cygapesa [30].



JARJIOYEHNE

B mocmegmee BpeMs TOABHIOCH MHOTO HOBHIX pabor,
TAK WIN WHA4Ye OTHOCAIAXCA K IpoblieMaM, PaccMOTpeH-
HBIM B HTOH KHHTE. 31eCh MBI NEPeYMCIMM HEKOTODHE H3
HEX.

B cBasm ¢ comepskammeM riaBel 1, a TawsKe B CBA3N
¢ HeKOTOpHMHE mpobiieMaMu TIiaBH 4 GONBIION HHTEpec
fpecTaBiAeT aHAJIH3 TpeNelbHHIX pacupemexeHuit I'm66-
ca JIA CHCTeM, B KOTODHIX OT/eJbHBIE IepeMeHHBIe ¢(7)
MPUAMMAIOT IPOM3BOJbHEIE JeHCTBUTENbHbIE 3HATCHH.
B wacrrocTH, 3T0 OTHOCHTCSA K cHCTEMaM € TaMHIBTOHIA-
HAMHA BHJA

H=2a(x—y) ¢@ oW +
+ b (4, T3y 23, Z5) P (21) © (72) P (73) @ (2,),

rjie Ha UYeTBePTHUYHYI0 4YacTh MOJIKHBL OBITh Hai0-
;ReHBl HEKOTOpble YCJAOBHA MONOKHTeNbHOCTH. (CHOB-
Hag 3ajada COCTOHT B TOM, YTOOBI HCCIEOBAaTh Xapakrep
yOBIBAHOA IIOTHOCTEH KOHEYHOMEDHBIX paclpefeeHuit
BepositHocteit mpm |@(x)| — o y mpeneasHBIX pacmpene-
nenuit I'nmb60ca. Papx msBecTHHIX HaM DPe3yabTaTOB B 3TOM
HAaIIpABIeHWH TOTydeH Hemasmo B paborax [lx. JluGosu-
na-n E. Hpesyrrz [97], a Taxske M. Kaccanapo, E. Omn-
ebepy, A. Ilemrerpumorrm u ap. »: Zeitschr fir Wahr-
scheinlichkeitstheorie, 1978, v. 41, p. 313.

Bropas riaBa KHATH WOCBANIEHA AHAIN3Y (as30BBIX
AmaTpaMM pemeTdaThix cucreM. VImeeTca cepus paboT we-
teipex asropos: I0. @pomuxa, P. Uapasas, 9. JIunba u
B. Caiimona (®WUJIC) (penpuuTHl KOTOPHIX IyOIHKYIOTCS
3 Comm. Math. Physics u Journal of Statistical Physics),
Ijle pa3BHBaeTcs APYroil MeTOX MOKa3aTeNbCcTBA HEeNmH-
CTBEHHOCTH IIpefielbHbIX pacrpefenennit I'mG0ca, mesenn
TOT, KOTODEII oNmcaH B KHHTE. B ocHoBe 9TOrO METOMA e~
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sxkut momartue Reflection Positivity, Gauskoe K ycaoBuio
TIOJIOJKUTEIHHOM OIIpPe/IeIeHHOCTH COOTBETCTBYIOIIEi trans-
fer-matrix, m cmenmmaNBHEIN MeTO] OUEHKH BEePOATHOCTEH
rourypos (chessboard method). B paGore mazBaHHBIX aB-
TopoB, onybaukosauuoil B Comm. Math. Phys., v. 62, Ne 1,
1978, p. 1, mposogurcs mopxpoGHOE cpaBHEHHE 000HX Me-
TogoB. Co BceMHu BBRIBOaMM 3TOT0 CPABHEHHS, KPOMe IIOC-
JegHero, OTHOCAIIEroCA K TPYMAHOCTH TOKA3aTeNbCTB, MOK-
HO B MAHHBEIH MOMEHT COIJIacHThCH. TeM He MeHee, eCTh
OCHOBAHWS HANEATHCHA, YTO IIPH HAJJIEKAMeM pa3BHTHH
METONOB INIABBL 2 YAACTCA IONYYUTh MHOTHE Pe3yIbTaThI
pa6or @IMJIC. OcroBHOiT mpuMep, ¢ KOTOPOrO €CTECTBEHHO
HAvaTh,— NIPOBEJleHAe JIOKA3aTeJhCTBA O HEeJUHCTBEHHO-
CTH TIIpeflelbHOr0 pacmpedeieHusi ['uG0Oca mIs Mojenei
KBaHTOBO# Teopunu mossa :P(g):y MerogaMu KOHTYPHBIX MO-
neneit. Camo coGoit pasymeercs, 4ro 5To morpebyer 0600-
I[eHNA IMOHATHA KOHTYDHOH MOMEJIH B HANPABICHUH IIO-
CTPOGHHS KOHTYPHHEIX MOJelieil CO B3amMOMeHCTBHEM.

JIpyroe wuntepecmoe MPONOIIKEHHME HCCICTOBAHMI —
PACIIPOCTpaHEHNe pPE3YIAbTATOB INIABHL 2 HA pemeTdaThie
CHCTEeMBI, T/ieé CIIMHOBAsg IEepPeMEeHHAs NPHHEMAeT Hempe-
peiBEBle 3Hagenmsa. OrMeruM B 3T0it cBAsm pabory
B. A. Mamsmesa u [0. A. Tepunemxoro m paboTy
T0. A. Tepnemroro (JJAH CCCP, t. 246, Ne 3, 1979,
c. 540). B nenasneit pa6ore . Crasmoro (Journal of Sta-
tistical Physics, 1979, v. 20, Ne 5, p. 57) B papme ciayuaes
¢aszoBble AMarpaMMBl HCCIELYIOTCA 10 TEOPHH BO3MYIIe-
HHH B OKPECTHOCTH [ = oo,

B cBasuc § 1 ramasu 3 ormernm paGorsr T. Cuencepa u
O. Max-Bpaitaga (Comm. Math. Phys., 1977 v. 53, Ne 3,
p. 235) m C. B. IMllnocmasa (Teop. m Marem. dusuxa, 1. 37,
Ne 3, 1978, c. 427) 06 yOniBanum Koppeisnuili B JBYyMep-
HBIX MOJEINAX.

3HAUNTENBHOTO IPOJBIKEHUSA CIeYeT OKANATh B MC-
crefoBaHNU mpobieM raaBer 4. B mepsyio ouepens, aTo o1-
HOCHTCSI K aHAmW3y O6IACTH YCTOWYMBOCTH TayCCOBCKIX
ABTOMOJIENILHBIX pacnpenenenuil. J[pyraa mpoGaema — 1mmo-
CTPOGHHE HETayCCOBCKUX aBTOMOJEIBLHBIX paclpefeleHuit
MerofaMu teopuu 6upyprammil u e-pasnoskeHHA, HATOKO-
6me TOTO, KaK 9T0 GBLIO CAENAHO JUIA MepapXHIeCKHX MO-
neneft Jlaficoma (cm. [48]). Hepmasmo Gombmroit mporpece
31eck GObur pocrurayT B paGorax II. M. Baexepa u
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M. JI. MuccapoBa, KOTOPHIM B HEKOTOPOM (POPMATHHOM
CMEICIIE YJaJ0Ch IPOCYMMUDOBATH PANEL B €£-Pa3JIOKeHHU
U HDOJYYHUTh KPacUBHE KOMIAKTHBIE BEIDAJKEHHA U JUIA CO-
OTBeTCTBYIOIIUX AaBTOMOJENBHBIX paCIpefeleHuil, U A
CIIeKTpa JUHENHOH PeHOPMIDYIIIILL.

C mpyroil croOpoHBI, IIOKa HESCHO, HACKOJBKO OBTH HC-
CIeJOBAaHUA IIOMOTYyT IIPH aHAANU3e KPATHYECKUX HHMIEK-
COB KOPOTKOMEMCTBYIOIIUX Mojeneir. B ¢Bs3m ¢ 5TEM Bech-
Ma BajKHO HCCIEOBATL AaBTOMOJNEILHEIE pacHpeeleHns,
OTBEYAIONINE TOYHO peHIaeMBIM MOJeISAM — Mopenn Vsmm-
ra u Momenu Barcrepa. UpesBHUYaliHO CHJILHEIE METONBI
37IeCh PasBHTH B CePUM HEaBHUX PaboT SIOHCKOrO Mare-
maTura M. Caro m ero corpymmmios. Ilo-Bupmmomy, pas-
BHUTHE 3THX HCCIEOBAHUN — OJHO M3 CAMBIX NEPCIEKTHRB-
HBIX HAUpaBIEHU B TeOpuu (PA30BHIX IIEPEXOJIOB.
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— — TepMogEHaMuHIecKas 50 — — mosiHasg 12



Axros I'puezopvesuu Cunail

TECPHUA ©A30OBLIX IIEPEXOCIOB
Crporue pe3yibTarhl
M., 1980 r., 208 cTp. ¢ nIA.
Penawrop H. A. Mamonrosa
Texn. pegaxkrop H. B. Bepwununa

Iloppertop O. A. Byrycoca

HB Ne 11588

Craio B Habop 31.03.80. IMognpcano r uneuarit 09.10.80.

T-17641. Bywmara 84x108'/;,. Turt. N 1. OOLIKHOBeHHAasT

rapHuTypa. BBICOKAaA mNeuyarTh. YCJI0BH. med. a. 10,92,

Vu.-usm. . 11,59. Tupax 5000 ok3. 3axas Ne 124, Lena
wHurH 1 p. 30 K.

H3parenbctBo «Hayka»
fraBnad pegakoua (PU3NKO-MaTeMaTHYeCKO JIuUTepaTyphi
117071, Mockra, B-71, JIeHWHCKHNiI mpocnekxT. 15

4-a tumorpadusa usparenscTBa «Hayran
630077, Hosocubupck, 77, Craumncrasckoro, 25



