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AHHOTALMUA

Kunra amepukanckoro yuenoro [x. Ceppuna, HecMo-
Tpd Ha CBOH MaJhlii 06beM, COAEDKUT HE TOJAbKO TOT Ma-
TepHuaJ, KOTOPbIH OOLIYHO BXOXHMT B KYpPChl TMAPOIUHAMHKH,
HO W psJ HOBBIX HJIH HEOGBIYHO M3JOXEHHBIX Pe3yJbTaTOB.
Oco6eHHO THIHYHEIMH B STOM OTHOLIEHHH SBJSIOTCH pas-
AeJbl, MOCBSILIEHHBIE H3JOXEHHIO BAPHALMOHHLIX MPHHIH-
OB, TEOpPUH JMHAMHYECKOrO MOAOGHS, TEOpHUH TeH30pa
HampshkeHuit, 0606mennio TeopeMn ["eabMroasna — Pajest.

XapaKTepHBIMH YepPTaMuH KHHUTH SBJSETCH YETKOCTb H
NOCJAEe0BAaTeNbHOCTh H3J0XEHHUS, NpefiedbHas MaTeMaTHue-
CKkasi CTPOrOCTb M BbICOKHH TeopeTHueckuil ypoBeHb. OT
uyTaTeas TpebyeTcs JMIIL H3BECTHAas MaTeMaTHYeCKad MOg-
rotoBka H He TpebyeTcs 3HaKOMCTBa C I'MIPOIUHAMHKOM,
INosToMy KHHTa NpeACTaBAfET HHTEPEC He TOJbKO M
CIeIHaJMCTOB B 061aCTH MHAPOasPOMEXaHHKH (Hay4HbIX pa-
GOTHUKOB M HHXXEHEPOB), HO H Jf IIHPOKOrO Kpyra Mare-
martukoB, OHa JOCTYNHA CTYACHTaM CTapUIMX KYpPCOB.

Pedaxyus aumepamypat no mamemamudeckum HAYKAM



FTJIABA 1

NPEAVNCNOBME U BBOAHLIE 3AME4YAHMA

1. 06G30op comepxanus. Kiaccuueckas MexaHMKa KUIKOCTH
ABJSETC OJHMM W3 pasie/oOB MeXaHHWKM CINIOWIHBIX Cpel H
HCXOIHUT, TaKUM 00pasoM, U3 NMPEANOJNONKEHHs, YTO KUAKOCTb MO
CBOEH CTPYKType NMPaKTHUeCKU HempepbiBHA U 0JHOpPoIHA. OCHOB-
HOe OT/IMYMe KUIKOCTM OT APYruX CIIOLIHBIX Cpel 8aKJlo-
yaeTcs B TOM, YTO B MOJIOXEHMHM PABHOBECHUs KacaTe/bHbIE Ha-
NpsOKEHUs] HAa TrpaHulle paslena ABYX CMEXHBIX 4acTeH KUIKOCTH
IOJKHBI paBHsiTbcs Hymo. Camo no cebe 3TO CBOHCTBO He §iB-
JISeTCS INOCTATOYHBIM [J51 ONMUCAHMs [BHXKEHUS KUAKOCTH, XOTH
OHO M TMNOJOXEHO B OCHOBY TMAPOCTaTUKM U TUAPOAMHAMUKH.
IOas Ttoro urobbl XapaKTepu3oBaTb (pu3MyeckOe MOBENeHHE He-
KOTOPO#H KMIKOCTH, 5TO CBOHCTBO HOMKHO OHITH 00O0OCLLEHO,
NpelCTaBJeHO B HalJexalled aHaauTUYeCKOH Qopme U YyyTEHO
B ypaBHEHUSIX [IBUKeHHS NPOM3BOJbHON criowHOA cpedbl. Ilpu
9TOM HeusfiexkHO MNoJyyaeTcs cucreMa duddepeHUMaIbHBIX ypaB«
HeHUH, KOTOpBHIM MAOMKHBI YAOBJETBOPATb CKOPOCTb, NaBJEHHE,
MJIOTHOCTb W T. L. INPH INPOU3BOJBHOM IBHXKEHHUM KUAKOCTH.
B nanHHo# craTbe MBI OyleM paccMaTpUBaTbh TH AUddepeHunaib-
Hble ypaBHEHWS, HMX BbIBOJL M3 OCHOBHBIX AKCHOM M pasjMylble
¢opMbl, KOTOpble NPUHMMAIOT STH YpaBHeHWss npu OGojee WJIH
MeHee OrpaHUYUTE/bHBIX NPeLNOJOKEHUAX, KacaloluXcsa CBOHCTB
XUIAKOCTH HJM ee IBHKEHHUS.

Takum o6pasom, Hala Le/b 3aKJII0YaeTC B MaTeMaTUYeCKH
KODPEKTHOM KPAaTKOM H3JIOXEHUU KJIACCHUECKOH MEXaHMKHU KHUAKO«
CTU; TNpU STOM JOCTaTOYHOE BHHMMAaHME YeJAETCS OCHOBHBIM .
akcuomaM. PaboTa colepKUT TOYHbIE TeOpeTHYeCKHE Pe3yJbTaThl,
MOJyYeHHble NPH UCCJIeNOBAHUM OCHOBHBIX YPaBHEHHH M He BKJIO-
YaeT ONMCAHHMS PENSATUBUCTCKUX U KBaHTOBHIX 3¢dexToB, GoJbluei
YaCTH KUHETHYeCKOH TeOpHH Ias0B, HEKOTOPHIX CHELHMAJbHBIX
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BOMPOCOB, HAPUMep TYypOYAeHTHOCTH, M BCeX YMCJAEHHBIX H NpH-
6auKeHHBIX HccaenoBaHui. OnylieHb TakXe HEKOTOphle pasiedsl,
BXOAdUMe B OOWIMH MJIaH CTaTbH, a UMEHHO TMAPOCTAaTHKA, MC-
CJleOBaHHe BPALIAIOLIUXCH MACC XKHIKOCTH, TEOPHS ONHOMEDHOro
TeyeHHs! Ta3a U TeOpHsl YCTOHYUBOCTH; STH paslesbl U3JAraloTcs
B IPYrdX CTaThiX NaHHOH Duuukjomenun!). OT uutaTens Tpe-
OyeTcs 3HaHME OCHOB BEKTODHOTO aHaJM3a M TeOpUH IUddepeH-
LIMaJbHBIX YPaBHEHHH C 4YACTHHIMH NMpPOUSBOJHBIMH; HEKOTOpOe
BHAKOMCTBO C THIPOAMHAMHKOH OyIeT, HeCOMHEHHO, MOJIE3HBIM.

CraTbsl HauMHaeTCsd MO CYUIECTBY C TJ. 2, rle BHIBOAATCA
ypaBHeHHs IBMKeHHs. Mbl cTapajuch AaTh CTPOroe M MOJHOE HC-
CJe0OBaHUe HCXONHBIX MpENNOJOXKEeHU A, OCHOBBIBAACh HA KOHIeN-
LMM IBHXEHUS KaK HelpepbiBHOTO TOYEYHOrO INpeo6pa3oBaHUs
NpoCTpaHCcTBa B cebs. B 3akiounTe/bHOM 4acTH STOM TIaBH pac-
CMaTpHBAIOTCS BONMPOCHI, CBI3aHHEIE C MPe0OPa3OBaHUEM KOOPAHHAT
¥ BapUALMOHHBIMH MPUHUMNAMU MeXaHHUKU kuikocTH. ColepikaHue
ria. 3 He BHIXOIMT B OCHOBHOM 33 PaMKM OOLIENPUHATHIX y4yeOHH-
KOB, OIHAKO, BBINYCTUB ee, Mbl HapylIMau Obl eIHHCTBO H3JIO-
xenuss. KpoMe Toro, B 3TOH riaaBe Mbl BNepBble 3HAKOMUMCH
CO MHOTMMHM HIesMH, UIPAIOLIMMH BAXHYIO POJb B JajabHeRlleM,
npu usydyeHuu OoOJiee CJONKHBIX BONPOCOB. B ri. 4 Mbl BHOBb
BO3BpAlllaeMCcs K MHCC/IENOBAHUI0 HCXOIHBIX NPEINOJOXeHUH u
KPaTKO M3J1araeM TepMOJMHAMHUKY IBUXKEHHUS XKHUIKOCTH, BKJIOYas
CHCTEMY TMOCTYJATOB COOTBETCTBYIOLIMX DPaslesOB KJACCHYeCKOH
TepMOLMHaMUKH. [lpelcTaBieHuss, pasBUThle B 3TOM paslele,
MOTYT CJYXHTb MOJIEJBI0 TNpPHU HM3YYEHHH MHOTOKOMIOHEHTHBIX
THIPOIMHAMUYECKUX CHCTEM.

B ran. & crpourcs obuas Teopusi TeueHUs UAeANbHOrO (T. €.
HeBI3KOro) rasa. Mbl cTapamucb KaK MOXHO 060Jee IIHPOKO
OXBATHUTb Ppe3y/bTAaThl, Kacalouiuecs HEU3IHTPONMMYECKUX IBHUKe-
HU}, ¥ pe3y/abTaThbl, He 3aBUCALLHE OT MPELNOJOXKEHHS O COBep-
weHHOCTH rasa (pV =&RT). VnrepecHo, 4TO 3Ta TOYKA 3peHHs
NpUBOJMT BO MHOTMX CJy4asX K YNPOLIEHHIO pPAacCyKIEHUH.
B ra. 6 paccmarpuBaeTcs TeOpHsl yAapHHIX BOJH B HIeaJbHOMH
XUAKOCTH. PaccyxIeHHs OCHOBaHBl TOJbKO Ha MOCTYJaTaX IBH-
senust (T, 2 u 4) u He TpeOYIOT HOBBHIX IMHAMHYECKHUX MNpel-
nosnoxeHu#t. Pasgen 06 ynapHOM cJ0e UrpaeT poJb BBeleHHS
K CrelHaJbHOR JuTepaType MO 3TOMY BOMPOCY. 3aKJIOYHTEJbHas

1) 3mech, Kak ¥ BCIOLY B HaibHeimeM, HMEeTCAd B BHIY , JHIHKJO-
nexus ¢usuueckux Hayk“ (Handbuch der Physik), B 1. VIII/1 kotopoit
BKJIOYEHa sTa cTaTb CeppuHa. — [Tpus. nepes.
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riaBa HayuHaeTcs € OOOCHOBAHMS YpaBHeHUH, OMUCHIBAIOLIMX
IBHXKeHHe BA3KOH MUILKOCTH, M OXBATHIBAET HEKOTODLIE Teope-
THYecKHe paboTbl, ONMyOJUKOBaHHBIE B MOCJELHHE TOLHI.

Pan pasnenoB COZepXKUT HOBHE pe3y/abTaThl WM 6oJjee CO-
BepLIEHHOE U3JOXeHHe HsBeCTHHX paboT. B ocoGeHHOCTH OTMETHM
ClelyIOle pa3fesbl: H3J0XKEHHe BapPUALMOHHBIX TMPUHLHUIOB
(n. 14, 15, 24 u 47), Teopuio nuHaMuueckoro noxo6us (m. 36 u 66),
TEOPHI0 TEH30pa HampsikeHuH (m. 59), sHepreTHuecku#f MeToX
(n. 73), o6o6ueHne TeopeMb ['enbmroabua — Paged (m. 75) u
HEKOTOpble HOBble (OPMYJB M YypaBHeHHs, Hanpumep (29.9),
(40.6), (42.8) u T. n. Beane, rae 3TO BO3MOXKHO, MBI NBITAJHCh
yKa3bBaTh B CCHIIKAX MePBOUCTOYHMKH, ONHAKO TNOJHaf Oubiuo-
rpadus Bompoca NPUBOZMTCS JAaJeKO He BCeraa, TaK Kak B 60/b-
LIHHCTBE CJAYYaeB ee MOXHO MPOC/JEIHTb MO LUTHPOBAHHBIM pa-
GoraM. B 3aksioyeHne MBI JOJKHBI NOOaBUTb, YTO BO MHOTHX
clyyafix [OKa3aTe/JbCTBA 3HAYHTE/JbHO BHIOM3MEHEHBI U COKpa-
IleHHl MO CPaBHEHHIO C MX TNepBOHauaJbHOR (opMoH.

dra pabota MHOruM O0s3aHa HHTEDECHHIM JEKIMAM H 3aMeyaTedb-
HOH spyauuuu Moux yuureaeit [ssuna lkun6apra u Kauddopaa Tpyc-
JeJqana. X BausiHHEe BO MHOI'HX MecCTax O4YeBHAHO, XOTA OTBETCTBEHHOCTb
3a COIepXKaHHe CTaTbH JEXHT LeJMKOM Ha MHe. Moeit xeHe Bap6ape
2 ray6oko GaaropapeH 3a 60JblIyi0 MOMOLIb B OGOPMJIEHHH DYKOMHCH
H B OCOGEHHOCTH 3a ee LeHHbIE 3aMeYaHud MO NOBOLYy 0611.(6[‘0 IJjaHa
cratbd. O6pasuoM pa6oTHl MO IHHAMHKE XHIKOCTH B CMBIC/IE CTHJA,
ACHOCTH M 3aKOHYEHHOCTH H3J0XeHus sBasercsa kuura Jlam6a ,Iuapo-
IuHaMuka“ [8]. ABTOp HazeeTcs, 4TO OH OCTaJCs BEPEH MaHepe H3Jo-
MEHHS 3TOH KHHIH.

HayuHo-uccaegoBareasckomy otneay BBC CIHA astop o6ssan
MonnepxKOH B mepuop pa6oThl Hax 9TOH cTaTbeH.

2. Bextopst M TeHsopwl. B sTo# cratbe ymnorpebasioTcs
TpaiulUMOHHbBle 0003HayeHUs BEKTOPHOro aHajausa. IIpuMeHeHue
9TuX 0003HAaYeHUH NMPHUBOAMT K TNpeldebHOH KPAaTKOCTH H3J/0XKe-
HHS M BMECTe C TeM MOfACHseT ¢uauyecku#t cMbica GopMmy.el. Mel
HCNOJb3yeM B OCHOBHOM CTAaHIAPTHBIE BEKTODHblE OMNEpaLuy,
OIHAKO B OTHEJbHBIX CAy4YasX BO3HHKaeT Heo0XOAUMOCTb MpH-
MEeHEeHHUs! BbIpaXKeHHH, KOTOpblE MOT'YT MOKa3aTbC HEeOOBLIYHBLIMHU
MM ABYCMBbICAeHHBIMU. ITo sTO#f mpuyuHe yNOOHO OMpPENEJHTDH
BCe ONMepalud TpH TOMOLIM KOMIOHEHT BEKTOpa; TOTAA JerKo
BBISICHUTb CMBIC/T YDaBHEHHs, MNepemucaB ero B Bule NpOeKuuH
Ha OCH KOOPAMHAT. DTOT METON MMeeT ellle U TO NMPEeUMYLIeCTBO,
yTO MOOOMY YPaBHEHUIO NPH XEJAHMH MOXHO Cpasy HaTb TeH-
30pHYI0 HHTEpIpETALHIO.
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3a HeMHOrMMH HCKJIOUeHMsMH Mbl OyideM ynoTpebasTb mo-
JyXKUpHbIE CTPOUHble OYKBBI JATHHCKOTO aadasuta Aasd o6o3Ha-
YeHHs BEKTOPOB; KOMIOHEHTHI BeKTOpoB b, ¢ u T. 1. B dukcupo-
BAHHOM OpPTOTOHAJbHOH cucTeMe KOOpAuMHAT OyayT 0003HAYaThCs
yepes b, ¢' w . 4. nm b, ¢; uT. A, rae i=1, 2, 3. B atux
0603HaueHUIX CKaJsipHOe mpousBeleHue b - ¢ ompenenserca dpop-
MyJIof

b c=blc,=b;ly

COTJIACHO OOGLIENPUHATOMY COTJIAlIEHHIO, MOBTOPSIOIMACA UHAEKC
03HayaeT CyMMHpOBAHHE MO STOMYy uHIekcy oT 1 mo 31).

AnanornyseiM 06pasoM BeKTOpHOe mpousBeleHue b X ¢ onpe-
IeJIAeTCsl Yepe3 KOMIMOHEHTH 3TUX BeKTOPOB (opmysoi

(b X o)) = eijkbjck,

rae e/ — oGbuHLI mepecTaHOBOUHBIA cuMBOJ 2). Moayuab Bek-
Topa b o0O603Hayaercs COOTBETCTBYIOLeH KypCHBHOH CTPOYHOH

6ykBoi#t b, T. e.
b=|b|=Vb-b

(ciefyeTr OTMETUTb, YTO MOAYJAb BeKTOpa CKOpocTH V Oyner
0603HaYaThCsa B OTJMYMe OT OOLIero npasuia yepesd ¢, a OyKBa v
6ynerT ucnoJb30BaHa 4/ 0003HauYeHUst OLHOR M3 KOMIOHEHT CKO-
pocTh). :

Cumsoant grad ¢, divb u rotb OyayT ucnonbsoBaTbCsi B UX
OOLIYHOM CMBICHE, T. €.

divb =2,
rot b)! = e'/*p rad ¢), =
( ko (€rade),=o ;.

3angras B 9TUX (GOpPMYJax B COOTBETCTBHH C OOBIUHBLIM COrJa-
meHueM o06o3Hauyaer au¢¢epeHunpoBaHue. JpyruMu C/I0BaMy,
I TpPOU3BOJILHON CKaMapHOH MM BeKTOPHOH (QYHKUMH TOYKH
MPOCTPAHCTBA Mbl MMeeM, MO ONpe.e/eHuIo,
OF
F,=—, i=1,2,3.
oxt
I1pu uCnoJb30BaHUU KPUBOJMHEHHBIX CHCTEM KOOPIHMHAT, Ha=
npumep B M. 12, onpenenexne F ; N0MKHO ObITh BUIOU3MEHEHO.

) OxHoBpeMeHHOe ynoTpebJeHHe BEepXHHX H HHXHHX HHIEKCOB
OPUHATO s efnHooGpasus ¢ 0603HAYEHHSIMH TEH30DHOTO HCYHCJEHHS.

2) To ecTb 0123 == 0231 = @312 = | ¢ == 213 = 2132 = ¢%2 = — 1, a OC-
TaJdbHble KOMIOHEHTHl paBHbI HYJIO.



2. BexTopbl u TeH30pbL 9

MBI, 0JHAaKO, Ha 3TOM OCTaHABJAMBATLCA He OyleM, TaKk Kak 3a
HECKOJIbKMMM HMCKJ/IOUEHHAMH CHCTeMa KOODJIMHAT BCIOLY MNpei-
noJiaraercsl AeKapTOBOM.

B sroft pabore Mbl uacTo OyaeM HMeTb AeJO C TEH30paMu
BTOpPOro paura (auapamu). Jas ux o6Go3HaueHuss OYAYT yro-
TpebJsaTbCs MoJyxupHbe nponucHele O6ykeet X, T u 1. 1. Komno-

HEHTH TeH3opa X OyayT o6osHauathcs ueped L/ wuu, koria
i
910 ynoGuee, ueped L'; n L;;. Tlox paBeHcTBamu
b=c-Z u b=2X-¢
MBl [IOHHMaeM COOTBETCTBEHHO
by=c;¥" wn b'=1%,
Hakonen, cumpon X:T o6osnauaer ckaaspHoe Mpou3BereHHe
LT
2
YV106Hb HeKoTOpble creuuadbHsle o6o3Hauenus. Iloa div
MBIl TOHMMaeM 8exmop C KommoHentamu /¢, .. Cumsos gradb
00603HauaeT MeH30p C KOMIOHeHTaMu b; ;;
(gradb);; =1b; ;
Hakowneu, nop X, Mbl MOHUMAeM 8€KMOP C KOMIOHEHTAMY e"jkfljk.
W3 sTtux omnpeleseHUHt clenyeT, 4TO

rotb=(gradb), u (c-gradb),= Cjbi,j-

j.

Yurareab, 3HAKOMBbIH € TEH30ODHBIM aHAJIM30M, 3aMETHT, UTO €CJH pac-
cMaTpuBath CHMBOA b Kak cokpauleHHoe 0603HaueHHE COBOKYNHOCTH
KOHTPABAPHAHTHBIX ' MJM KOBADHAHTHBIX b; KOMIOHEHT BEKTOpA B IpO-
U3BOJLHONH KPUBOJHHEHHOH cucTeMe KOOpAMHAT, a X — KaK COKpalleH-
Hoe 0603HaueHHEe COBOKYMNHOCTH KOMIIOHEHT T€H30pa, TO NpPHBEAEHHBbIE
BbIlIE ONpELEeNeH s HHBAPHAHTHBI 110 OTHOLIEHHIO K NMPOU3BOJbHBIM Npe-
o6pa3oBanuaM koopauHaT. Takum o6pasoM, BBEJAECHHYI0 HAMH BEKTOPHYIO
CHMBOJIMKY MOXHO B PaBHOH Mepe CUMTaTh M COKpalleHHbM ofo3Haue-
YueM onepauuil TEH30pHOro aHaausa.

O6myo ¢opMmyay npeoGpas3oBaHust MHTerpasa no o6beMmy
B MHTErpaj 10 MOBEPXHOCTH MOXHO 3amMuCaTh B CJAEAYIOLIEM CHM-
BOJIMUECKOM Buae 1)

[Fav= §Fnida. .1)
v §

) Punanunc [48], dopmyaa (127). (Cm. taxxke Kouwun H. E,
BekTopHoe WCuMC/JEHHE M Hayajla TEH30pHOro ucuucaenud, Hsn.
AH CCCP, M., 1951, ctp. 138. — ITepes.)
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dopMyna crnpaBenaMBa Ias CKANIpHOR, BEKTOPHOM HJH TeH30D-
HOH yHkuun F npu (QUKCHDOBAHHOM HHIEKCe I, NONYCKaeTcs
TaKXe CYMMUpOBaHue 1O 3TOMy uulekcy. Pyukuus F npenno-
Jaraercs 3necb HenpepuiBHO AuddepeHUUpyeMOi B paccMaTpu-
- BaeMOM o0beMe Y, OrpaHMYeHHOM IOCTaTOYHO TJaLKOH NOBepX-
HOCTBIO 8; uepes 7, 0003HaUeHEl KOMIIOHEHTHI 8HeuUlHell HOPMAK 1

k 8. 3amenss F mna b', mosyuaeM Tak HashBaeMyio TeopeMy
0 nuBepreHuud (Teopemy [aycca — OcTporpaickoro):

debdv==§b-ndw 2.2)
v 8

3amena F nHa e’jkbj NPUBOLUT K PaBEHCTBY
j}mbMu=§nxbdm 2.3)
v ¢

dopmyas Takoro poma OylyT 4acTO MPUMEHATbCH B 3TOH paboTe.

Ilepeyenp yacTo BCTpedaromuxcs 0603HAUYEHMI

Wuorpa naxe B npejetax OAHOro pasnena OJUH M TOT KE CHMBOJ
MOXET ONpEENATbCS H HCIOAb30BATHCA B Pa3JHYHBIX CMBICAAX. CCHIIKH
CAeJNanbl Ha MYHKT, B KOTOPOM CHMBOJI BBOXUTCS BIIEPBBIC.

— CKOpPOCTb 3BYyKa, M. 35,

— BHYTpeHHAs 3Heprus, m. 30, 33,
— IpOHU3BOJAbHAsA (QYHKIHUSA,

— o6mas sHTaabmud, 1. 18, 38,
— 3HTajabnug, 1. 38

— akobuaH, 1. 3,

— uncao Maxa, n. 36,

— IJMHA Ay HOPMAalH K JIMHHH TOKa,
— JlaBJEeHHE,

— MOJyJb BEKTOpPA CKOPOCTH,

— 0TOK Macchl, m. 37,

— JVIMHA pajuyca-BeKTopa,

— MJHHA AYTH JHHUH TOKa,

— surponus, m. 30, 33,

— BpeMS,

— abconoTHasA TeMImepaTypa,

U, — KOMIIOHEHTHl CKOPOCTH,

ZSST oo

Sy~ YO Y

— BEKTOp YCKOpDEHHS,
— TeH30p jedopMauuH, m. 11,

— BEKTOp BHelIHeH CHJIbI,

— elMHHYHAs MaTpHILa,

— BEKTOp eJUHHYHOH (BHENIHeiH) HOPMAaJMH K NOBEPXHOCTH,

EX k-1
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— BEKTOD HampskeHHs, 1. 6,
— TEH30D HampsikeHui, m. 6,
— BEKTOpD CKOPOCTH,

< -

— IIOTHOCT,

— NMOJSAPHBIH yroda,

— YroJ HakJIOHa BEKTOPa CKOPOCTH,
— JHUBepreHuus CKOPOCTH, I. 26,

— [OTEHLHal CKOPOCTH,

— dynkuua puccunanuy, . 34, 61,
— ¢yukuus Toka, m. 19, 42,

— BeJMYHMHA 3aBUXPEHHOCTH,

— NOTEHIMaJ BHEIIHHX CHJ. 1L 9,

— BEKTOp 3aBHXPEHHOCTH,
— TEH30p 3aBHXpeHHOCTH, m. 11,

— KHHeTHYecKas aHeprus, m. 9,

— Mepa 3aBHXpeHHOCTH, I. 27,

@€, &, B — xpuBble, NOBEPXHOCTH, O6HEMBI, IBHKYIIHECA BMECTE
C XKHIKOCTBIO,

b, 8 — o06beM M NMOBEPXHOCTb, GHKCHPOBAHHHE B MPOCTPAHCTBE.

8Y P& PE€ /s D=

Psap npyrux craugapTHeiXx 0603HaueHu# ykasaH B IL 2 H 3.
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YPABHEHUA ABUHEHUA

§ 1. KuHeMaTMKa M AMHAMHKA ABHKEHHS KHMAKOCTH

8. OcHOBHBHIE MOHATHA KHHEeMaTHKH. MarematuueckuM mo-
HAITHEM, COOTBETCTBYIOIUMM HHTYHTUBHOMY (u3HuecKOMy mnpen-
CTaBJEHUI0O O IBHXEHHH XUIKOCTH, SBJIACTCS NOHATHE Henpe-
Pbl8HO20 npeo6 pa308anuss TPEXMEPHOTO eBKJIMIOBA MPOCTPAH-
crBa B cebs. [lapamerp £, onuchiBaiowu#t 510 nMpeoGpasoraHme,
OTOXIECTBJAAETC C ‘BpeMeHeM. PoJb HAauaJbHOTO MOMEHTa Bpe-
MeHu Gyzer urpath £ =0, a 06JacTbl0 U3MeHeHUs { Mbl OyleM
OBGBLIYHO CUMTaTb BCIO IEeHCTBUTEJLHYIO OCh.

Jlas  aHaJAUTMYeCKOrO OMHCaHMs TNpeoOpasoBaHus BBeleM
PUKCUPOBAHKYIO 8 NPOCMPAHCMEBE NPAMOY20AbHYI0 CUCMEMY
Kpopounam (x!, x2, x3). Tpoilky koopauHar (x!, x2, x3) Mul
OTOXIEETBJsIEM C MOYKOU NMPOCTPAHCTBA M 0003HAUaeM yepes X
PaccMOTpUM Temepb XapaKTepHYIO TOYKY MM vactuuy P, 1Bu-
Kymyocs ¢ xuikoctblo. Ilyctb B MOMeHT ¢ ==0 oHa Haxoaurcs
B Touke X=(X1, X2, X%, a B MOMeHT f—B TOuYKe X==
== (x1, x2, x3). Torza BeanuuHa X ompeneieHa Kak Qynkuus X
U { U TeyeHUe MONKET pPacCMaTpUBaTbCA Kak NpeoOpasoBaHHe

x=0X, t) @@m x=¢ X, £)). (3.1)

Ecin X ¢ukcupoBaHo, a £ u3MeHsiercs, TO ypaBHenue (3.1)
oHpeleaseT mpaexmopuio 4acTHubl P, NepBOHAYAJbHO HAXO-
Juseiics B Touke X. C npyroft cTopoHsl, npu GpUKCHPOBAHHOM &
cootHowenue (3.1) onpenmenser npeoOpasoBaHue 06.1acTH, 3a-
HIMaeMO! XUIKOCTbIO B HaYaJbHBIH MOMEHT, B 00/1aCTb, 3aHUMae-
MYI0 XUIAKOCTBIO B MOMEHT BpeMeHH f.

Mbl npennosaraeM, 4YTO NePBOHAYa/JbHO pPAa3JMYHbIE TOYKH
OCTAIOTCA PAa3JIMYHLIMH BO BCE BpeMs INBUXEHHUS, WJH, APYTrUMH
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CJOBAMH, 4YTO AJs npeobpasoBanus (3.1) cymectByer oOpaTHoe
npeoGpasosanue !): .

X=®(x, £) (um X°=0"(x, £)). 3.2)

IMpennonaraetca Takxke, uto ¢ u @° 0061a1al0T HempephiB-
HBIMH NPOM3BOAHBLIMU A0 TPETbEro NMOpsiKa MO BCEM NEpEMEHHbLIM,
WCKJI0Yas, GbITb MOXET, HEKOTOpble 0COOble MOBEPXHOCTH, KPH-
Bhle MJAM TOYKM. ECaM NPOTUBOMOJOXKHOE He OrOBOPEHO, Mhl
GyzeM paccMaTpHBaTh TOJLKO Te HaCTH TEYEHHsi, KOTOphe He
comepxat ocoGeHHocTefl. Vck/mounteabHbie cayyau (B YaCTHOCTH,
oco6rie MOBEPXHOCTH) TPeOYIOT CNelHaJbHOTO HM3YuYeHHs; O HHUX
peus Oyzer uartd B n. 51 m 54. 3ameTuM B 3aK./IOueHHE, 4TO
BHYTpH Ji00O# 3aMKHYTOH NMOBEPXHOCTH, ABUXKYLIEHCH € XKUAKO=
CTbIO, COLEpPKATCH OINHM M -T€ Xe 4acCTHUbl BO BCE BPeEMA ABU-
HeHus.

XoTa TeueHMe INOJHOCTbIO OmNpeneJserca npeoGpasosa-
uueM (3.1), CTOJb Ke BaXKHO PAaCCMOTPETH COCTOSIHAE NBHKEHHMS
B NaHHOH TOuUKe MpPOCTPAHCTBA, M3MeHsoLleecs BO Bpemenn. OHO
OonuchHBaeTcs NMpu noMowyu ¢GyHKUMA

p=p(X, ), V=V(X,f) mT L, (3.3)

KOTOphie [AlOT HaM 3HauYeHHe NJIOTHOCTH, CKOPOCTH H T. X. IJd
YacTHLb, HAXOLslEHCS B MOMEHT ! B TOYKe X. 3HauyeHHe OMH~
canus noJasa (3.3) mpu u3yyeHMM IBMKEHUA XUIAKOCTH OblIO OT-
Meueno Bmepsbie Janambepom (1749 r.) u Dtnepom (1752 r.).
3ameuarebHas Mles U3yyeHHs ABUMEHHS HEMOCPENCTBEHHO yepes
nuddepeHunanbible ypaBHEHHs C YACTHBIMA NPOU3BOLHLIMM OT-
HOCHTEJILHO BenuuuH (3.3) npuHannexut dHaepy ?).
ITepeMenHbie (X, £), BBeleHHble NPH paccMOTpeHuH noJs (3.3),
GyayT B JlaibHeHllleM Ha3biBaTbCS NPOCMPAHCMBEHHOLMU (KX
HA3HIBAIOT TaKKe IepeMeHHbIMM Ofinepa); nepemenHbie (X, £),

) 'peueckue GyKBbI 6yAyT HCNOJbL30BATHCA B KaueCTBE HHIEKCOB.
KOOPJHHAT YaCTHIBL.

2) Pa6oth Jiinepa N0 MEXAHUKE XXUIKOCTH CONEPIKATCH B OCHOBHOM
B 12 u 13 Ttomax ero cobpanus counHenuil (Opera Omnia. Zurich).
BBenenns K sTUM TOMaM, HamucaHHble mpod. TpycnenioM conepxar
HCTOPHIECKHH 0630p HCCJEIOBAaHHH 1O MEXaHHKE XUAKOCTH TOrO Bpe-
menu. CpaBHeHHe paGOT NpenIleCTBEHHHKOB Jitnepa ¢ paboTamu ero
YUEHHKOB -X MOCJeloBaTeNell no3poaseT 6onee sCHO MPEACTaBUTDL 3Ha-
ueHue uied Jiinepa Ajas Pa3BHTHA MEXAHHKHM XHJAKOCTH B IEJOM.
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KOTOpble BBIIENAIOT HEKOTOPYI (UKCHPOBAHHYIO HYACTHLY, MBI
OyneM HasblBaTb nepemennsimu Jlazpanocal).

Jliobyilo BequuuHy F, 3alaHHYI0O KakK YHKUMIO NpPOCTpaH-
CTBEHHBIX TEpeMeHHBIX (X, £), MOXHO paccCMaTpUBATb TaKke U
Kak ¢yHkumio nepemeHHblx Jlarpanxka (X, £), u Hao6opor. Eciu
MBI XOTHM TOJYEPKHYTb 3aBUCHMOCTb F OT OnpeleseHHBIX Tepe-
MEeHHHIX, TO Mb mumeM F==F (X, ) nm F=F (X, t); npu
stom ¢yHkuun F (X, £) u F (X, £) cBfi3aHbl, KOHEYHO, 3aMeHON
nepeMeHHbX (3.1) u (3.2). T'eoMerpuuecku 3T (YHKUMH MOXHO
uHtepnperupoBaTh Tak: F (X, f) ectb BeauunHa F, ompeleneH-
Has B MOMEHT BpeMeHM f [J 4YacCTHLBl, KOTOpas HaxoIu/acb
nepBOHaua/JbHO B Touke X, a F (X, £) ectb BequmuuHa F, ompe-
IeJleHHas IJs YacTHlbl, HaXolsuiefcs B MOMEHT f B IOJIOXe-
HuM X. Mbl GyzeM ynorpeGuasaTh 0603HaueHUs

 OF _ 0F(x, 1) dF __ 0F (X, t)
=" " @@= ot

IJI IBYX BO3MOXHBIX NMPOM3BOLHBIX NO BpeMeHH OT F; oueBHIHO,
YTO S5TO COBEpIIEHHO pasHble BeauuuHbl. [IpousBonnas dF/[dt
HasblBaeTCsd mamepuasvruoli npou3soonod or F. OHa usMepser
CKOpPOCTb H3MEHeHHMsl BequuuHbl F 1/1a BHIOpaHHOH 4YacTHULB M
MoxeT ObITh BblpaXeHa KaK B NepeMeHHHIX JlarpaHxa, Tak H
B TNpPOCTPaHCTBeHHbIX nepeMeHHbiXx. C npyro#t cropoun, 0F/[ot
JIaeT CKOpPOCTb HM3MeHeHHs BeaWuuHbl F J1ja Habmaonarens, Ha-
X0JIAL1erocss B TOYKe X.

Cropocmb V 4HacTHLBl ompefenseTcs CaeLyloMM oOpasoM:

dx ( i dxt 09l (X, 1)

at \CF =T )
B cuiy sTOro ompeleseHds CKOPOCTb V siBJaseTcsd (yHKUueH
nepeMeHHbX JlarpaHxa; Ha NpakTHKe, OLHAKO, Yallle UMEIOT HeJO
C ee omnpeleJeHHeM B NPOCTPAHCTBEHHBIX IepeMEHHBIX:

v=v(X, ).

V=

B GosbIIMHCTBE 3aJay BaXXHO 3HaThb V (X, £), a He JefiCTBHTE/b-
Hoe nBuxeHue (3.1).

Mpl BBeau moJe CKOpOCTeft NMpH NMOMOLUM IBHXKEHMs, 3aJaH-
Horo cootHowenusmu (3.1). Ilpu paccMoTpeHun moJs ckopocreit
v (X, £), 3aIaHHOrO He3aBUCUMO OT cooTHoleHu#t (3.1), ecrte-

) ¥craHOBHBIIAACS TEPMHHOJOTHS .SBJSETCA HE BIOJHE MPaBHJb-
HOM, TaK KaKk Ha CaMOM JeJe M Te M JIpyrue nepeMeHHble ObllM BBe-
ZeHb BrepBhle JitiepoM; cM. [27], § 14.



8. OcHosHble NOHATUA KUHeMATUKU 15

CTBEHHO BO3HMKAeT BONPOC O CYIUECTBOBAHMM M HAXOXKIEHUH
JBHXKEHUS C STUM MNOJeM cKkopocTeH. 3amaya CBOAMTCS K pelle-
HUIO CHCTeMbl OObIKHOBeHHBIX AMdQepeHUUaNbHEX YpaBHEHHH

B —vx t) (3.4)
npu HavaabHeX ycaoBusx X (0) = X. MHrerpupoBaHue ypasHe-
Hus (3.4) DOMKHO ObITb BHIIOJHEHO ,B LEJOM“ H, CJIeLOBaTeJbHO,
He BCerla NpeicTaBjsieT NPOCTyio 3alauy !).

Ycxopenue ectb ckopocTb uaMeHeHus V (X, £) a8 IBHXKY~
wefics yactuubl. OO603HAYMB BEKTOD YCKOpeHMs uepe3 a, MHI
nonyuyuM a ==dv/df. 3aMeTHM, 4YTO YCKOpDeHHE MOXHO HafiTu He-
NOCPEJCTBEHHO IO MOJIO CKOpocTeft V (X, £):

i dvl vl | ovi dx
at ~ ot ox/ dt '

HIm

=% v gradv. (3.5)

PaseHctBo (3.5) sBJseTCA UACTHHIM cayuaeM oOuwie#t (opMysbi
dF oF

—df=—d—t—-|—v-grad F, (36)

CBfI3bIBAOIE MAaTepUaNbHYIO NMPOM3BOLHYIO C MPOCTPAHCTBEHHOH.
Buipaxenue (3.6) MOXHO HHTEpNpPETHPOBATb IJs MPOU3BOJLHOH
pequuuHbl F == F (X, f) Kak CKOpOCTb HM3MeHeHUsi F BO BpeMeHH
nns HaGJionaTens, IBHMKYLIErocss € dYacTuueH, KOTOpas B MO-
MEeHT { HaxomUTCid B TOUYKE X.

Slko6uan npeobpasoBauus (3.1)

_0(x, 2% 2% oxt
J= X xz x5y — det ( ox«)

JaeT BeJMYMHY OTHOCUTENbHOrO pacliMpeHusi GECKOHEUHO Ma-
J0ro 06beMa, NBHXYLIErocs C KUIKOCTbIO. M3 npennonoxeHus
O CYyIecTBOBaHUU AuddepeHLUpyeMoro o6paTHOro npeo6pasosa-
HUSl CJEeNyeT, 4TO

0<J< oo (3.7)

) B pa6ote [10], § 9.21, npuBeneH WHTepeCHBI npUMEpP HHTErpH-
poBaHus ypaBHeHus (3.4), npunamaexauuit Makcseany [Proc. Lond.
Math. Soc., 3, 82 (1870)]. llpyrue npuMepbl MOXHO HadTH B paGo-
tax [10], § 9.71 u [8], § 72, 159. O6mas 3amaya WHTErpUpPOBaHUsA pac-
cmarpuBanach Jluxrenmreitnom [9)], crp. 159—170.
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Brocaencreun Mpl GyleM noJb30BaThCs M3ALHOH (popMy.IOh

dal

7 =Jdivyv, (38)

npuxaanexamet dinepy. Ilns ee BbBoga 0603HauMM uyepes Aj
anre6panyeckoe nomnoJHeHue B J saementa dx'/0X*. Torma u3
COOTHOLLIEHHUS

oxt [ i
axe A= 18
cielyer, uro

J.

dJ d [ oxt o ol . ovi ox) . oot
— = —T) =g Ai=—— — g Ai=——
dt dt \ 0X 0X ox/ 0X oxt

Hecocumaemore oscudxocmu. Eciu sUIKOCTb MpeanoNaraercs
HeCXnMaeMO# (3TO O03HayaeT, UTO JBMXKEHME MPOUCXONUT Ge3
usMeHeHus o0bema), To u3 Qopmy.as (3.8) caemyer, uTo

divv=0. 3.9)

HanbHelillee u3yueHUe IBMKEHUS HECHKUMAEMOH KMIAKOCTHU
JOJIKHO BKJ/IIOYAaTh B ce0s JMHAMUYECKHE PACCYXIECHMA; B 4acT-
HOCTH, OOBIYHOE mnpenmonoxenue rotv=0 Bcaxku# pas Hyx-
JaeTcs B JMHAMHUYECKOM OGOCHOBAHHUM.

4. Teopema mepenoca. Ilycts 8 = B (£) — npousBoNLHEIH
o0beM, IBWNKYyWM#ACA C xuikocTbiol), a. F (X, £) — ckanapHas
WM BeKTOpHas ¢yHkuus Touku. Torza MHTErpax mno oGbemy

dev
3

fIBJISeTCs BNOJIHE onpeleneHHOR ¢yHkunett BpeMenu. ITpousson-
Hasg 9TOH (PyHKUMM BbIpaXaeTca chaelyiollelt BaxKHOH (opmyioi:

%fﬁ‘dvzf(‘z—[;ﬁ—li‘divv)dv. (4.1)
B B

) M Bcerma GynmeM ynoTpeGaaTh NPONHCHBIE FOTHYECKHE GYKBHI
Iast. 0003HAaueHUs OO0BHEMOB, IOBEPXHOCTEH M KPHBBIX, HBHKYIIAXCS
C yacTuuaMu Xuakoctd. C Jpyro# CTOPOHH, 06GbEMBI, OBEPXHOCTH
¥ KpHBHE, (UKCHPOBaHHbiE B ()M3UYECKOM MpPOCTPAHCTBE, MBI GyneM
0603HauaTh CTPOYHBIMHM FOTHYECKUMH GYKBaMH. JTH 0603HAUEHHS Y IOGHBI
OpH M3JO0XEHHH OCHOBHBIX NPHHLHMIIOB THAPOIHHAMHKH,
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Haa nokasateiabcTBa paseHcTBa (4.1) BriGepeM B KauecTBe INe-
peMeHHBIX MHTerpupoBanusi nepeMenHsie (X!, X2, X3), casau-
Hole ¢ (x!, x2%, x3) coornowenusmu (3.1). Ilpu sTOM 0B6BEM
U (¢), mBmxkymubica BMecTe C XKUAKOCTbIO B NPOCTPAHCTBE Tepe-
MeHHBIX X, mnepefizer B ofbvem L=V (0), ¢ukcupoBaHubIH
B npoctpaHcTBe mnepemeHHbX X (oO6wem B (f) cocrour Bee
BpeMfAi M3 OJHMX M TeX )K€ YaCTUL KUIKOCTH).
SlkoOuaH ykasaHHOH 3aMeHHl paBeH J, CJeNOBATENBHO,

[Fav=[FX, t)Jdv,
B Bo

Tak kak B npaBoif yactu OT { 3aBUCHUT TOJIbKO NnoAUHTErpaJb-
Had q)YHKLU/IH, Mbl BUIAUM, 4YTO

%lev:\f(J S+ F ) ao

0

u pasenctso (4.1) cpasy cuaenyer us ¢opmyinn ditnepa (3.8).
®opmyane (4.1) MOxHO mpumaTh BHA, KOTOpHHU crenaer Go-
Jee fICHEIM ee KHHeMaTH4yeCKoe 3HaueHue. B camom nene, moa-
HHTerpajbHas (yHKuMs B npaBofi wacTu paBencrsa (4.1) B cuay
coorHouwenus (3.6) mMoxer ObiThb 3amucaHa B Bule

”?)TF —+ div (vF).
Ilpumenns rteopemy Iaycca — Ocrporpaackoro (2.2), noayuum

d 9
—ﬁdev::—deFdfv—FEﬁ;Fv-nda. (4.2)
B B [

3nech © 0603Hayaer rpaHUYIYIO MOBEPXHOCTb 06beMa B, v-n—
NPOEKIMIO V HA HampasieHue BHewHei HopMmam k &, a 9/0f —
nuddepenunposanue npu ¢uxkcupoBanHom o6wbveme B. Papen-
ctBo (4.2) oTpaxaer TOT (paKT, YTO CKOPOCTb M3MEHEHUS MHTEr-
pana ot Beanunnbl F, 3anaHHoM Ha MaTepuasbHOM o6beMe B, pasHa
CyMMe CKODOCTHM H3MeHeHH HHTerpajsa oT F no ¢uKCMpOBaH-
HOMy o00beMy, coBnazawolieMy B MomeHT ¢ ¢ B, u mnoroka F
yepes TpaHuuHylo nosepxnoctb. Cielyer nomyepkHyTb, YTO pa-
BeHcTBa (4.1) u (4.2) BHPAKAOT KUHEMAMUHECKYIO MeOpemy,
He 3aBHUCAILYI0 OT XapakTepa BeJHYMHB F.

9 3ak. 1160
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6. YpaBHeHHe Hepa3pHIBHOCTH. Mbl mpeanosaraem, uTto
Macca N KUAKOCTH, 3aK/a0YeHHOM B oGbeme B, ompenensercs
¢dopmy.toit

M= fpdv. (5.1)
Py

rxe p=p (X, £) > 0. Ilnornoctu p(X, f) npunuceiBaerca ¢Gusu-
yecKasi pa3MepHOCTb ,Macca/elnHuia oObema‘.

O6pawasch K GU3NYECKOMY B3HAYEHUIO MOHATHA MACCHI, MHI
NOCTYIUpYeM CAELYIOLUN NPURGUN COXPAHEHUR MACCHL: MACCA
auorKocmu 8 o6seme B, 0suscyuemcs 8mecme ¢ HU0KOCMbIO,
Heu3menHa 80 8ce 8pems O8uscesus. DTOT NPUHLUHMN COXpa-
HEHHsl MacChl MOXKHO CGOpPMyJMpOBaTh MHAauye KAaK YTBEPKIAEHHE

d
= [pav=0. (.2)
Py

Ws ypasuenut (4.1) u (5.2) caenyer, uto
dp : —
f(-E—{-pdnvv)dfv—O.
B
M B CHIY NPOU3BOMBLHOCTH OODbEMa Mbl NOJyYaeM
B 4 pdivv=0. (5.3)

PapenctBo (5.3), sBJsOleecs HEOOXOMMMBIM U IOCTATOYHBIM
yCAOBMEM COXpaHeHHs MacChl B KamIOM IBUKylleMcs 00bewme,
HOCHUT Ha3BaHHE YPABHeHUS Hepa3dpusnocmu 8 gopme Jirepa.
Bocnoas3oBasmuch ¢opmyJoft (3.6), Mbl MOXeM samucaTb ypaB-
HeHHe HepaspbiBHOCTH B APYroM BHie:

9 4 div (pv) =0. (5.4)

3aMeTuM, YTO B CYUIHOCTH TpHBELEHHble PACCYKIeHHS IpHHAJ-
Jexar direpy 1).

) Euler L., Principes généraux,du mouvement des fluids, Hist.
Acad. Berlin (1755), Opera Omnia (2), 12, ctp. 54—92. Eme paubure
(B 1751 r.) Diinep moayuusa COOTBETCTBYIOIHE PE3YJAbTAThl 11 HECHKH-
MaeMOH KHAKOCTH, HO OHM He Oblau omy6aukoBaHel 0 1761 r.
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Ymuoxus ypaBHenue (5.3) Ha J u mpumeHuB ¢opmyay (3.8),
MHl TIOJIyUUM YpaBHerue Hepa3pvisHocmu 8 ghoprue Jlazpanica:

d
a7 ) =0, pJ=ypy (5.5)

31ech p,=py(X) o0603HauaeT NepBOHAYaJbHOE - pacNpene/eHue
TJIOTHOCTH.

IIpuHUMI CcOXpaHeHMs MacChl BBIDAXAalOT MHOIAA B SKBUBa-
JeHTHOR ¢Qopme 119 PUKCUPOBAHHOIO 00beMa: CKOPOCTb H3Me-
HeHUsl MacChH B (UKCHDOBAHHOM oObeMe b paBHAa MOTOKY MAacchl
yepe3 rpaHUYHYI0O INOBEDXHOCTb, T. €.

gt-fpdfu:—&pv-nda. (5.6)
v ¢

IMpumenenue TeopeMu I'aycca—OcTporpalckoro k npaBofl yacTu
paBenctBa (5.6) NPUBOIUT K ypaBHEHHIO

[ (%—1— div (pv)) dv =0,

v

M3 KOTOPOTO JErKo MOJy4yuTb ypaBHeHue (5.4). B GoJbluuHCTBE
yu4eOHMKOB H3/MOXKEHHE HIeT MMEHHO MO 3TOMY NYTH, HO MpHMe-
HEHHE TeOPeMbl O MMBEPTeHUMHM MACKUPYeTCs pacCMOTPEHHEM
BAPHALMK PV B MaJOM napa/uelenuneie. EQuHCTBEHHHIM BO3pa-
XEHUEM MPOTUB TAKOTO O0OOCHOBAHHUS yPaBHEHHS! HepPaspbHIBHOCTH
ABJseTcs 66 basn yOeauTeJbHOCTb NMPUHUMNA COXPAHEHUS MACCHI
B €ro nepBo#t ¢opwme.

B 3axiioyeHue 3TOro0 pasiesa Mbl NMpHUBENEM BaxHYIO ¢op-
MyJay, CnpaBelJUBYIO A/ NpOou3BOAbHOK ¢yHkuun F = F (X, £):

d dF
prF dv:fp o do. (5.7)
b b
PasenctBo (5.7) nerko BmBecTd u3 ¢opmya (4.1) u (5.3).

6. YpaBHeHHs [ABMKeHMs. Mbl nepexonum Temepb K pac-
CMOTPEHHIO OUHAMUKL IBUXEHHS XUIKOCTM M CTaBUM hepej
co6oft 3ajauy MOMYYUTb Te YDPaBHEHHUs, KOTOPHIE ONUCHIBAIOT
AeHCTBUS HA XKUIKOCTb BHEUIHUX H BHYTPEHHUX CHIJI. B stom
NyHKTe MH JaJuM, BePOSTHO, Haubojee NpsMoe H 0GOCHOBaHHOE
MCC/IeJI0BaHHE STOTO BOMPOCA, HaMeueHHOe B OCHOBHEIX YepTax
ewe B paborax D#tnepa u Kowwu.

DA
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Mbl npuHHMaeM B KaueCTBe INOCTY/aTa NPpUKYUN HANPSice-
nuii Kownl), yreepxnaiowutt, 4t0 ,I/9 M0G0H 3aMKHYTOH MO~
BepxHocTH & CyliecTBYeT pacnpelesieHue 8eKmOpa HARPAKHCe-
Huii t c pesyabTUpyOule# U MOMEHTOM, SKBHBAJEHTHBIMU MOJIO
CuJI, IEeHCTBYIOLIUX HA CIUIOLWIHYIO CPeLY,.3aKI0ueHHy 0 BHyTpU ©,
CO CTOPOHBI CpPelbl, PAacrnoJOXeHHOH BHe STOH moBepxHoOCTH* 2),
Ilpennosaraercs mpu 3TOM, YTO B JaHHHI/I MOMEHT BPEMCHH BeKs
TOp t 3aBUCUT TOJBKO OT MOJIOXEHHS W OpHEHTAUMH HJeMeHTa
MOBEPXHOCTH da; IpPYTMMH CJIOBaMH, ecau OGO3HAUUTHL uepe3 N
BHELIHIOI0 HOpManab K moBepxHoctd &, To t=1t(x, £ n). Kak
ormeuaer Tpycmenn, npunuun Komu obaanaer ,reduasbHof
npocroto#t. Ero mnomaauHHy0 rayOuHy MOXHO OLUEHHTb, TOJbKO
npenctaBuB cebe, YTO LeJOe CTOJIETHE BBIIAIOIIUECS reOMETPHI
HCIO/b30BaJM NPU HCCAENOBAHUN LOBOJbHO YAaCTHHIX 3aJay ynpy-
FOCTH OYeHb CJIOXHble, & UHOTIA U He COBCeM KOPpPEKTHHE Me-
Toabl. B ux pa6oTax HeT Haxe HameKa Ha STy OCHOBHYIO HMIEIO,
KOTOpas Cpa3y HaMmeTu/Ja saCHBle NYTH OOOCHOBaHUS MEXAHUKH
CIIOWIHBIX cpen® 3).

Mbl chopMyaupyeM Tenepb OCHOBHOM NpPHUHIMN JIUHAMHKH
INBUMHEHHSA KUIKOCTU, HOCSAIUUH Ha3BaHUE NPUHYUNA COXPAHe-
HUSL KOAUUeCMBA OBUNCEHUA: CKOPOCMb UBMEHEHUA KOAuYe-.
cmea 08udCeHuss HUOKOCMU, 3AKAOUEHHOE 8 O0BUICYUEMCR
obseme B, pasna pe3yavmupyouei. cur, Oelcmeyouux
Ha amy ocudxocms?). AHATUTUYECKMM BBIPAXEHHEM STOTO

) Cauchy A. L, Ex. de Math., 2 (1827), Oeuvres (2), 7,
ctp. 79—81. AHanoruuHbii npuHIUND Ol CHOPMYIHPOBaH paHee Die-
poM B Ciyuae HAeabHOH XHUIKOCTH.

?) IlpuBeneHHass HaMH (pol{/}mynnpoaxa npuHiuna Komu npunapie-
wut Tpycaeany [J. Rational Mech. and Anal., 1, 125 (1952)].

) Truesdell C., Amer. Math. Monthly, 60, 445 (1953).

4) Heo6Xx0HMMOCTb YETKOrO ONpEJeJeHHs! MOCTYJIaTOB, HAa KOTOPHIX
OCHOBaHAa MeXaHWKa CIJIOMIHHX cpejl, 6blia OTMeueHa eme Peaukcom
Kneiinom u [laBunoM ['mabGeptoM. CBejenue HCXOIHBIX MpEANONONKE-
HUt B CHCTEMY aKCHOM G6BlIO ocyuiecTBjaeHO BnepBhie ['amerem [Math.
Ann., 66, 350 (1908)]; cm. Taxxe [42], cTp. 1—42. Bonee crtporoe o6o-
CHOBaHHE MEXaHHKH CINIOWHBIX Cpejfi, CPaBHHMOE MO YPOBHIO CTPOTOCTH
C COBpEMEHHBIM MaTeMaTHYEeCKHM aHaJH30M, MOXHO HaiiTH § HelaBHeH
pa6ore B. Hoaua.

CrnepyeT mOpuepkHyTb, 4TO CHOPMYIMPOBAHHBINH BbIIIE MOCTyJAaT,
HECMOTPS.-Ha CYIECTBYIOILYIO 31eCh aHAJIOTHIO, HE MOXET GbiTh HOJy-
YeH M3 KJACCHYECKOH MEeXaHWKM CHCTEeMbl QHCKPETHBIX MaTepHaJbHBIX
TOYEK MPOCTHIM MpPEJEeJbHBIM MEPEXOLOM.
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NpUHIMNA SIBJSETCS YpaBHEeHHe
%fpvdv:fpidv+§tda, (6.1)
B B

rie ueped f 0603HAUEHO noOsLe BHEUWHUX CUAR, OMHECEHHbX
K edunuye macce.. B dopmymuposke (6.1) nmpuHuMmA HesABHO
npeanoJsaraercs, uto cuja f asaserca ussecmnuoll gyrnryuel, 3apu-
cauelt oT BeIOpaHHOH TOUKH NPOCTPAHCTBA, BPEMEHHU H, BO3SMOXHO,
COCTOSIHUS ABMXEHHS KUIKOCTH. 3aMETHM, YTO NMpH TaKoO# TOuke
3peHHss 00XOLMTCS ONHA ©3 TJIABHBIX Npo6.ieM O0GOCHOBaHMS Me-
XaHUKM, a WMeHHO mpobJeMa OmpeleneHHs CHCTEMBbl KOQPIMHAT,
B koTopo#t f saBiseTcs usBecTHOH ¢yHKuMeH, HaIM no KpaHuef
Mepe 10Ka3aTenbCTBA CYLeCTBOBAHUSI TAKOH CHCTEMBI KODPAHMHAT.
OIHAKO B NMPUJIOMEHHAX MEXaHHKH KHIKOCTH HHEPUUAJIbHOCTD
paccMatpuBaeMOi CHCTeMbl KOOpAMHHAT OOBLIYHO He EHI3bIBAeT
COMHEHHH M nepexol oT chOopMyJHU-
POBaHHOTO TNpHUHLMMNA COXPaHEeHHs
KOJIMYEeCTBA JIBHXKEHHS K YpaBHe-
nuto (6.1) saBasieTcq, OYEeBMOHO, 3a-
KOHHBIM. Mcnosb3ys ¢opmyay (5.7),
ypaBHenue (6.1) MoxHO 3anucathb
B Bulle

p%‘tidu=fpfdv+§tda.
v 8

(6.2)

(31ecb MHTerpupoBaHUe MO ABHXKY-
nieMycst 00beMy MOXHO 3aMeHUTb
WHTErpupoBaHUEM no HENMOABHXK~
HOMYy 00beMy.) Puc. 1. Hanpswenus Ha
OTMETHM OIHO BAXHOE CJENCT- TETpasape.

Bue ypasHenus (6.2). Tlycte 3

ecTb BeqMyMHa oGbeMa 06naCTH D; pasfeauB 00e YacT{ paBeHs-
crea (6.2) Ha /2, Mbl mouayuyum B npezene, koraa [-»>0, npu
OJIHOM TOJbKO TNpPENNOJOXEHUH OrPaHHYEHHOCTH MOJAMHTErpab-

HOM Gy lim 12§ tda 0. (6.3)
[

?

v->0

D10 paBeHCTBO MOKAa3biBAeT, YTO CHJbl HaNpskeHUH Haxoaarcs
B JIOKaJbHOM paBHOBeCHMH. PaccMOTpuM Tenepb TeTPasiap, H30-
OpaxenHblfl Ha puc. 1, ¢ BeplUMHOH B HEKOTOPOH .NPOUBBOJILHOM
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TOYKe X M TpeMs TpPaHAMH, MNapaJeJbHBIMH KOOPIMHATHEIM
niaockoctaM. OO003HauuM HODMaJgb K HAKJIOHHOM TpaHd M IIO-
waib STOR TpaHM COOTBETCTBEHHO uepe3 n u X. HopMansmu
K TpeM OCTaJbHbIM TpaHfAM SABJAKTCA BexkTOpnl —i, —j, —k,
a ¥X MIOWANM paBHB mE, nyL u ngk. IlpuMenuM dopmyay
(6.3) x ceMeficTBY TeTpasApoB C MJIOIIANBI0 HAKJIOHHOH rpaHu
L—0 u o¢ukcupoaHHo# HopMaabio n. Tak kak 2~03 ut
ABJISICTCA HEeNMpephiBHOH (YyHKUMEH TOYKH, MBI NOJYYHM

t(n) - nyt (— i) ngt (— j) 4+ ngt (— k) =0; (6.4)
sgecb t(n) cokpauweHHo o6Gosnauaer t(n)=t(X, {; n). Ira
¢opMy/a NOKasaHa HaMH TOJbKO NpPH NMOJOXKHTEJbHBIX £, [l
TOro 4ToObl NPOBEPUTH €e CIpaBelJMBOCTb NMpU 60Jee IMPOKUX
NpENNoNOXKEHHAX, 3aMeTHM CHaya/Ja, YTO IO HeNpepLIBHOCTU
sTa Qopmyna ocraercs crnpaseiauBod mpu n; > 0. Orciona,
B YaCTHOCTH, CJELyeT, YTO

t()=—t(—i), t)=—t(—J) tk)=—t(—k. (6.5)

PaccmarpuBas Temepb TeTpasipbl B APYrMX OKTAHTaX M NpHMe-
Hfisl cOOTHOLIEHHA (6.5), HeTpylHO yberuTbes, YTO (Gopmyia

t(n) = n,t (i) 4+ not (j) + nst (k) (6.6)

ClipaBelJiMBa [1J9 NMPOU3BOJBLHOrO BekTopa n. Cuedosamensio, t
npeocmasasem co00% AUHEUHYIO OYHK{ULIO KOMNOHeHm
sexmopa n:

ti=n].Tj", rae T/ =T/ (x, t).

Matpuua kosdounmuentos 7T o0pasyeT, OYeBUIHO, TEH30p;
STOT TEeH30p HAa3bIBAETCH MeH30POM HanpAxcenuid u 0603Ha-
yaeTcsi B Hawe# pabore uepesa T. Kaxnas koMmmonenta T umeer
NpOCTy0 (UBMYECKYI0 MHTepmpeTauuio, a uMenHo T ecth koM.
TNOHEHTa MO OCH j CHJIbI, ﬂ.eﬂCTBleU.leﬂ Ha ﬂOBerHOCTHbIﬂ 3/jle-
MEHT C BHElUHeH HOPMaJblo, HanpapienHo# no ocu i. Ilpuse-
JeHHble PaCCYX[eHHs B CYIHOCTH npuHamiaexaT Komwu 1),
Bamensn B ypaBHennd (6.2) t Ha n - T u NpuMeHss TeopeMmy
l'aycca — Ocrporpanckoro, Mbel IoJiyuaeM, 4TO

dav .
fp—dz—dv=f(pf+d1vT)dv,
v v

) Cauchy A. L., Ex. de Math., 2 (1827); Oeuvres (2), 7, ctp.
79—81.
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a TaKk Kkak o6beM D NpPOU3BOJIEH, OTCIOAA CJeAyeT, 4TO
d .
pT‘t’=pf+dwT. (6.7)

Brepsble 9T0 H3AlIHOE YpasHerue 08udcenus ObLIO MOMY-
yeno Kommu!). OHO cnpaBel/IMBO He TOJBKO HJsS KUAKOCTH, HO
u BooOwe AJs J60H CHJIOIWHOA cpedbl He3aBUCHMO OT BHIA
TeH30pa HaNpsXKeHUH.

Hoearvnas owcudkocms. Bo Bcex peasbHBIX IKUAKOCTAX
MOTYT BO3HMKA4Tb, OYEBHIHO, TaHTeHLUHMAJbHble HATPSKEHUS Ha
MOBEPXHOCTHBIX 2JIEMEHTaX, TaK YTO HAaNpaBJICHHE CHJB t He
Gyner, BooOLle rOBOPS, OPTOTOHANbHO 3JEMEHTY MOBEPXHOCTH,
K KOTODOMy 9Ta cHJa NpHJoxeHa. TeM He MeHee BO MHOTHX
NpaKTHYeCKUX 3aJayaX TaHTeHIUMaJbHble HANPSIKEHHS WrpaioT
HE3HAUUTE/bHYIO POJb U NOITOMY INPEICTaBJIAET MHTEpeC H3yuye-
HUe uIeaM3MPOBAHHOH CpeLbl, B KOTOPO¥ TaHreHUHMaJbHble Ha-
npspkeHuss OTCYTCTBYOT. HTak, mo ompelreseHuio, ILjasa udeasrs-
Kol acudrocmu

t=— pn. (6.8)

BesuuuHa p HOCHT HasBaHWe Oassenus: Korga p > 0, cuJw t,
IeHCTBYIOIIME HA 3aMKHYTYI0 IIOBEPXHOCTh, CTPEMATCH CXKATh
MUIKOCTb, 3dKJ/IOYEHHYI0 BHYTpH 3To#t moBepxHoctd. Comocra-
BuB pasexctBa (6.6) u (6.8), Mbl HattmeM, uyto p(n)=p (i) =
= p()=p (k). Bemmunna p He 3aBUCHT, TakuM oOpasom,
oT N H

p=pX 0.

VpapHeHHs IBUXKEHHS NPUHHMAIOT B pPACCMATPUBAEMOM CJayyae
Gosee mpocToft BUL!):

P ,
pd—;':pf—grad p. (6.9)

[To/yyeHHYI0 HAMU CUCTeMY, COCTOSLLYI0 M3 TPeX ypaBHe-
HUH, COOTBETCTBYOWHUX ypaBHeHuam (6.7) uan (6.9), u ypasHe-
Hus (5.3), MOXHO paccMaTpUBATh KaK CHCTEMY OTHOCHTEJbHO
YeThIpeX HEM3BECTHBIX: p U TPeX KOMIOHEHT ckopoctu v. Ilepe-
Menuie T wu p, BXoddwue B ypasHenus (6.7) u (6.9), na

" Cauchy A. L, Ex. de Math, 3 (1828); Oeuvres (2), 8,
ctp. 195—226.
2) Cm. paboty Diinepa, ykasaHHylo B mpumedanuu 1 Ha ctp. 18,
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OCHOBAaHUU COOOpaKeHU# TepMOIMHAMUYECKOTO M MEXaHUYECKOT O
XapakTepa MOTyT ObITb HEMOCPEACTBEHHO BbIpaKEHH Yepe3 IJIOT-
HOCTb M KOMIIOHEHTBI CKOPOCTH. Pas/uuHble BO3MOXKHBIE BAPHAHTHL
6yLyT paccMOTpeHbl B CJAENYIOLIUMX TJIaBax.

Y pasHernus Osuocenus 8 nepemennox Jlazpanoca. B cay-
yae UAeaJbHOH KMAKOCTH HETPYNHO MOJYUYHTb yDaBHEHHS, KOTO-
pbIM YIOBJETBOPSIOT V, p U p Kak (QYHKUMM TepeMeHHHX X £.
IleficTBuTebHO, yMHOXUB 0Oe 4actu ypasHenus (6.9) va x; ,=
= x’, | U BOCNO/Ib30BABILKCH PABEHCTBOM dV/dt == d?X[dt2, Mbl
HOJIyYUM, 4YTO

d2xt ; 1
(G =) == e
Dru ypaBHeHUs MOXHO 3aNucath B BeKTOPHOH (opMe Tak:
2
Gradx-(%—i):—%gradp. (6.10)

3a uCcKMOYeHHEM CJyyasi ONHOMEPHLIX TedeHui, ypasHeHus (6.10)
MOUTH HEe HCNOJB3YIOTCH, TaK KaK WX NMpPUMEHEHHe NOBOJbLHO
HeynoOHO. HeoOX0IMMOCTb B HHUX BO3HHKAET, OIHAKO, KaxIbil
pas, Koriza HYXHO OTJMYATh OAHY YaCTHIy OT APYroH, Hampu-
Mep B cayyae HEOIHOPOIHON KMIKOCTH. YDaBHEHHS NBHIKEHUS
BA3KOH MMIKOCTH B MepeMeHHbIX JlarpaHxa, BeposiTHO, He MpH-
MeHsoTcs BooOGIe 1).

7. 3aKOH COXpaHEHHS MOMEHTa KOJHYeCTBa JBHXKEHHS.
B kuaccuuecko#t JIUHaMHUKe MaTepHuaJJbHBIX TOYEK HJH TBEPAbIX
T€J NpUHHIMI COXpaHeHus MOMEHTA KOJIPI‘{ECTBa JBHXKEHHUA
06bUHO (opMy/HpyeTCss B BHIe TeopeMbl. Ee 10KasaTenbCTBO
OCHOBAHO, OJHAKO, HA ONpeneJeHHbIX NMpeanoJIOKEHUIX OTHOCH-
TEJbHO ,,BHyTpeHHl/lX“ CHUJ B3auMOLEHCTBUSA YACTUL HUJIH TeJ,
'06pasyolMX MaTepuabHYI0 CHCTeMy. AHaJOTMYHBI} MeTOx mpH-
MEHHM W B MeXaHUKe CIIOWHHLX cpel ?). 3mech AJas TOro, 4TOOb!
o0ecneuuTb COXpaHeHue MOMEHTA KOJMYeCTBA JBUXKEHUA, HYNKHO

) B Teopuu HeJHMHEHHOH YIPYrocTH, HAanpoTHB, YPAaBHEHHS IBH-
JeHusl B mepeMeHHbiX JlarpaHxa HrpawT GoabLIylo poJb.

2) Cxema, KOTOPO#l Mbl MPHIEPXKHBAEMCA HHXeE, NOXO0Xa HAa CXeMy,
npennoxennylo ['ameaem B pa6ore [42], ctp. 9. Bosmoxen u zpyroi
NOAXOH, NPH KOTOPOM MOCTYJHpyeTcst OGOOIIEHHBIH 3aKOH COXpaHEeHUs
MOMEHTa KOJMYECTBA IBMIKEHHs, CNPABEJJNHBLIH H NPU HAJIHUYHK_MOMEH-
TOB BHEUIHMX CHJ; CM. cTathio Tpycieana u Tymuea B 3TOH DHUMKJIO-
nepuu (tom III, wacte 1). .
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cllenaTb ONpele/eHHble MNPEeANONOXKeHUss OTHOCHTENbHO Hamps-
JKeHHH HA MOBEPXHOCTHBIX 3JEeMEHTaX MM, APYTHMH CJAOBAMH,
OTHOCUTE/JIbHO TeH30pa HampskeHUH. TouHee: MBI MOCTY/MpYyeM
CUMMETPHYHOCTb TEH30pa HampsiKeHUu#, T. €. PaBEHCTBO

T =T, (7.1)

(TIpu HanMMuUM BHEWHUX MOMEHMOS CuA4 BBeleHHOE NpeLnoao-
XeHue Hyxpaercd B Moaudukauuu. OJHAKO NpDH U3YYeHUH Me-
XaHUKH OKMAKOCTH MOXHO, YTO Mbl M JedaeM B JajbHeHlueM,
npeHeOperaTb BO3AeHCTBUEM STHX 3aKPYYMBAIOLIUX MOMEHTOB,
TaK KaK OHM, BOOOLIEe roBOpS, BO3HUKAIOT TOJAbKO B MOJSPU30-
BaHHOM BeulectBe.) CooTHomenus (7.1) GblaM MOAyYeHH BHep-
Bole Kommn!) Kkak cleicTBHe NpHHUMNA COXPAHEHHS MOMEHTa
KOJMMYeCTBa IBHMKeHHS. TOT (aKT, 4TO 9STH YCJIOBHS SIBIASIOTCS
M JOCTATOYHBIMM JJIsl CNPaBelJUBOCTH YKA3aHHOIO MNPHUHUMUIA,
6ui1 ob6napyxeH Doabumanom (cM. [42], ctp. 9).

Teopema (3aKOH COXpaHeHUsSs MOMEHTAa KO.JH-
yecTBa ABUXKEeHUSA). Hasg aw6ol cnaounoi cpeds, yoo-
saemgopsouel ypaswenuio Hepadpwsrocmu (5.3), ypasue-
nuam osuscernusn (6.7) u nocmyasamy Boasymana (7.1), mo
umeenm

‘ddeP(f><V)d‘v=fp(r><f)dv+§r><tda (7.2)
B B &

048 npoussoasnozo ob6sema B, Osuscywezocs smecme
¢ oHUudKoCmbIO.

IokasateabctBo. Vcxons us ypasuenust (5.7) u (6.7),
HETPYAHO MOKa3aTh, uTO

%Jp(r)(v)dv:wfp(rx%)dv=

-_—fp(rxf)dfv+<§r><tda-f T, dv.
8 & 8

Yepes T, asmech oGoswauen BekTop ¢ koMmoHentamu (T,)' =

= e*T;,. B cuay coorsomenn# (7.1) b uveem T,=0, u
ypasuenne (7.2) noxasaHo. BepHo M 06paTHOe yTBepKIeHHE:
ec/i ypasHenue (7.2) cnpaBeiuBO AJs NPOKH3BOALHOrO o6beMa B,
10 Tensop T #O/MKeH OBITb CHMMeTpPHUHBIM,

1) Cm. pa6ory Komwy, ykasanryl B npHUMEYaHHH i Ha :Tp. 22.
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JI1s HeKOTOPHIX JKUAKOCTEH TEH30p HATpPSKEHHH OKa3bIBaeTCs
CHMMETPHYHBLIM B CHJY YHCTO MeXaHMYeCKUX NPHYHH, HE3aBUCHMO
OT Kakux-au60 APYTHUX npennojoxeHu#. Mbl OTMeTuM, B yacT-
HOCTH, HeBS3KHE XUIKOCTH, AJa8 KOoTophx T =— pl, u uso-
TPOMNHbIE BASKHE XKUAKOCTH, IUIA KOTODHLIX HANpsXeHHe ABJAETCA
¢yHKuMe# oT ckopoctu jnedopmaunu (m. 59). B stux mpakru-
YeCKM MHTepeCHBHX CJayyasx moctynatT bosablMaHa sAB/seTcs
NpPOCTO TaBTOJOTHe#t U ypaBHeHHe (7.2) MOxeT OBITH NMOJYYEHO
HENOCPeACTBEHHO W3 ypaBHEHHH IBHXKEeHHS.

MoxHO (GopMaJbHO TOCTPOHTb MEXAHHYECKYI0 CHCTEMY, LA KOTO-
poit ten3op T 6ymer HECHMMETDHYHBIM; NPHMEpbl TAaKHX CHCTEM IpHU-
BeleHs B pa6Gore ["amens [42]. [lpuHUMN COXpaHEHHS MOMEHTAa KOJH-

yecTBa IBHmeHHA B dopMe (7.2) B 3TOM clyuae yxe HeCHpaBelJaHB H
HyXJaeTcs B 0GOGIEHHH.

8. I'pannunbie ycJaosus. Eciau nosepxuocts & B aBuxy-
wecs KUAKOCTH COCTOMT BCe BPeMsi M3 ONHHX H TeX Xe YacTHL,
TO SICHO, YTO OHAa HrpaeT poJb NOBEPXHOCTH pasfena, OT-
nensiomedt KUAKOCTb, B3aKJIUYEHHYI0 BHYTpH ©, OT XHIKOCTH
BHe 3TOH noBepxHOCTH. OOpaTHOe NpenJOXKeHHe O TOM, YTO
KaxJass TOBEPXHOCTb pasliesa COCTOHT BCe BpeMS H3 OIHHX H
TeX JKe 4YaCTHll, MeHee OUYEBHIHO.

[TpeanosokuM, UYTO IKHIKOCTb HAXOJAHMTCA B HeNpepLIBHOM
IBHKEHHH, YIOBJETBODSIOLIEM YC/AOBHAM, CHOPMYTHPOBAHHBIM
B M. 3, u uro noBepxXHOCTb F (X, f)==0 orpaHuyMBaeT HeKO-
Topbit 00beM kuAkocTH. Toraa dyHkuus F L0MKHA yHOBJe-
TBOPATb CJELYIOLEMY YCJOBHUIO:

%z%—{—v-gradf‘:o npu F=0. 8.1)
VYcnosue (8.1) 6wito Bmepsbie chopMymupoBaHo KeabsuHoM 1)
DTo ycaoBMe 03HAuYAeT, YTO MOBepXHOCTb F (X, £)==0 Bce Bpems
COCTOMT W3 ONHHX M TeX e uactul (Jlarpamxk?)).

ODokasateabcTBO. HopMaibHas CkOPOCTb IABHKYLIEHCH
nosepxHoctd F (X, £) =0 BnipaxaerTca u3BecTHOH ¢opMmy.oH
OF /ot
V=—1grmdr"

Y Thomson W. (Kelvin), Cambridge and Dublin Math. J.
(1848); Papers 1, ctp. 83.

?) Lagrange J. L., Nouv. Mém. Acad. Sci. Berlin (1781),
Oeuvres 4, ctp. 706. ‘
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ITo mnpeanonoxeuuo moBepxHocTh F =0 gBaAeTCA NOBEPX-
HOCTbIO pasnena. Jlerko BHIeTb, YTO HJA TAKOH# NOBEPXHOCTH
JO/DKHO BBINOJIHATLCS YCJIOBHE

V=v-.-n=v.(grad F/|grad F|).

Orciona cpasy chaenyer paseHcTBO (8.1). IloxaxeMm remepb, uTO
npu BbmoaHeHHH YycuoBusi (8.1) nosepxHocts F =0 cocTout
BCE BpeMd M3 ONHHX M TeX Ke yacTul. ITosoxum

GX, )=F@X 1), 1)

u paccMorpuM noeepxHocTb G (X, £)=0 B mpocTpaHCTBe mNepe-
MeHHBIX X. DTa MOBEPXHOCTb SBJSETCS FEOMETPUYECKHM MECTOM
TOYeK, B KOTOPHIX NEPBOHAYa/JbHO HAXOIMJIHUCb YACTHLBI, COCTa-
Basiomie B MoMeHT £ nosepxHocte F (X, £)=0. W3 ycnosus

(8.1) caenyer, uto
oG
——=0 mnpu G=0.
of p
Takum 06pa3oM, HOpPMajibHas CKOPOCTb ~PaclpOCTPAHEHHS
nosepxHocTd G =0 paBHa HYyJI0 H, C/IeLOBATeJbHO, B IPOCTPaH-
cTBe NepeMeHHbIX X 3Ta IOBEPXHOCTb INOKOMTCA. IJTO B CBOIO
ouepelb O3HAYaeT, YTO NMOBepXHOCTb F =0 cocrour Bce BpeMd
U3 ONHMX U TeX XKe YacTUL.
Ha HenomBMXHBIX YacTAX TpPaHULB! BLINOJHSETCS OYeBUIHOE
ycnoBue v -n==0.

§ 2. NlepeHoc sHepruM M KOJHYECTBA ABHIKEHHSA

9. YpaBHeHHe nepeHoca oHepruu. OGosnaunm uyepesa T
KHHETHYECKYI0 SHEpruio XHIKOCTH B 00beMe .

1
E: 7qu2d'v,
B

a uepes D— mensop Oegopranun, D=1/, (v; ;+v; ).
Toraa aas npousBo/bHOro o6beMa B, ABHAKYIIErOCH C KUIKOCTHIO,
Mbl HMEEM

L2 = [of-vav+ $t-vda— [T:Ddv. (O.1)
B & 3B

BriBon 3TO# (OPMYJE CBOAUTCSA K NPOCTOMY NPHMEHEHHIO ypaB~
nenut (6.7) u (6.7) c yuerom cummerpunm TeHsopa T.
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Ypasuenue (9.1) 03navaem, umo cropocms U3MeHeHUS KuHe-
muyeckoli snepauu 8 08UNCYUeMCA 00BeMe PABHA PA3HOCMU
MOUWHOCM U BHEWHUX cunr, Oelicmsynouux Ha o6sem, U om-
HeCeHHOU K eOuHuye BpeMmerHl BeaudluHb, ,ouccunayuu®,
8bL38AHHOU pabomoli cusr Hanpaxcenuii no OJegopmayuu
o6sema. TouHee, mocaelHu#t ujeH HaeT BeJauuuHy paboThl, 3a-
TpauuBaeMOH 3a eNMHMIy BpeMeHM Ha H3MeHeHUe OODbeMa H
dopMbl  5JeMeHTa KuAKOCTH. HexoTopas uyacTb SHepruu- mnpu
9TOM MepeXOIUT B TelIOTY (cM. m. 34). B cayuae uzneanbHo#
WUAKOCTH ypaBHeHHe SHEepPTuu NMpUHUMaeT 6oJiee MPOCTyio GOpPMY:

%—:fpf-vdv—(ﬁpv—nda—}-fpdivvdv. 9.2)
3 & By

INocnenuuft uynen sToft GOpPMy/abl IHaeT BeJMUMHY pPaGOTH CHUJ
IaB/ieHHs, 3aTpayuBaeMOfl 3a eNMHHLY BpeMEHH Ha HM3MeHeHHe
o6beMa KUILKOCTH.

YpagHeHHe SHepruu HONMycKaeT He6GOJbIIOE yNpolieHUe, eC/H
nose f MopoxIaeTcs He 3aBUCALLMM OT BPeMeHH MOTEHIUAJIOM:

= — grad @, @ = 2 (x). B srom cayuae, nonaras U = f pL dv,
3

MBI MOJYYUM

F@+W=§t-vie— [T:Dav,
8 B

10. YpaBHeHHe nepeHoca KoJan4ecTBa ABHKeHus. [1puHuun
CoXpaHeHus KoJuyecTBa JABMmxkeHus (6.1) nmossoJaser onpeneiuTb
CKODOCTb H3MEHEeHHsl KOJIMYeCTBA JBHXEHUS B (PUKCHPOBAHHOM
ob6beMe b, paBHyIO

'g—tfde‘szpfd'v—l—§(t—-pvv.n)da_ (101)
v » by

Jlas BEIBOZA STOTO OTHOLIEHHA [NOCTAaTOYHO NPUMEHHTb K ypaB-
Henuio (6.1) ¢opmyny (4.2). ‘Mcxons u3 ¢u3HuecKOro CMbicaa
nocaeniero ujtena (10.1). 9TO COOTHOIIeHHe HA3LIBAIOT ypPas-
HeHuem nepesoca Kosudecmsa Osudicerus. POPMyNHPOBKH
(6.1) u (10.1) 3axoHa coXpaHeHHUs KOJHYECTBA IABUKEHUS ABJIAIOTCA
PABHOCH/IbHBIMU, W WHOTAA 33 OCHOBY OepyT BTOpOe U3 9TUX
YpaBHeHu#. ‘
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YpaBHeHue MepeHOCa KOMMYECTBA ABHKEHHS YaCTO UCMOAb3YIOT
IS TOro, yroOnl HalTu cuay, AeHCTBYIOLLYI0 Ha TeJO B ycCTa-
HOBHUBILEMCS TeuyeHUH. [IpOMAIIOCTpHpYeM STOT METOL OIHHM
npuMepoM. [IpeanosioxkuM, uTO HKMAKOCTb 3aHUMaeT BCe MpO-
CTPAaHCTBO BHE HEKOTOPDOrO TeJa W 4YTO BHeWIHWE CMJIB OT-
cyrcrBytor. Torma, o0o3HauuB 4depe3 & MNOBEPXHOCTb TeJd,
a yepes X — ,KOHTPOJbHYIO“ NOBEPXHOCTb, OXBATHIBAKILYIO 8,
Mbl noayuuM mias cuabl F, aefcTBylomie Ha Teno, caelnywoouiee
BBIpaXeHue:

F=—-gftda=xf(t-—pvv-n)da (10.2)

(sametuM, uTo V- -n=0 Ha 8).

AHanoruuHblM 06pa3oM, UCNOJb3Ya ypaBHeHue (7.2), HETPYLHO
HaliTu s MoMeHTa L cuna, neficTByolluX Ha MOBEPXHOCTb, Bbl=
paxenue

L=fr><(t—pvv-n)da.

X

Ilpyroro pona ¢opmyna miaa cuabl, NeHcTBywome#t Ha Teno,
fl0/1yyaeTcst Npu noMowu ypasHenus suepruu (9.1). Paccmorpum
TBEpLOe TeJO, IBHXKYlleecd MNPAMOIMHEHHO cO ckopocTbio U
B XMIKOCTH, KOTOpas MpeanoJaraeTcs OrpaHHuYeHHOH HeIolBUK-
HbIMH cTeHkaMu. Ecaum o6aacTh Teuenus -0603Haunth yepes B,
BHELIHIO TpaHuUy 3TO# 00/acTH — yepes § M NOBEPXHOCTb
IBUKYLIETOCA TeJa — uepe3 &, TO

ft-va’a:U- ftda (10.3)
8 8

(B crlyyae HeBA3KOH MHMAKOCTH STO PaBEHCTBO CJelyeT U3 rpa-
HUYHOrO ycaoBus V-n==U.n, a B cayyae BA3KOR KUAKOCTH —
u3 npennonoxenus v==U Ha §)). BocnoapsoBaBiuuch Teneph
ypasuenueM (9.1), Mbl nmoayunm dopmyny

. d<
F.U=W+,f.T:‘de.- (10.4)
B

KOTOpas NaeT BeaMuMHy npoekunn F Ha Hanpapienue nBuxke-
Husl. (Popmyay (10.4) moxHO 0600WMTbL Ha Cayuallt HeOrpau-
YeHHOM 00/IACTH TEYeHUsl; HYXHO TOJbKO HANOKUTL ONpeleseH-
Hble TpeOOBaHMA HA NOBeleHHE TeYeHHT' Ha OGeCKOHEUHOCTH.
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Bosee noapo6HOe H3MOXeHHe NMPUIIOKEHUH NPUHIMIA COXPaHEHHs
KOJIMYeCTBa ABUKEHUS MOXHO HalTH B KHure [26], crp. 203—204,
H B KHure [12].)

11. Kunematuka paedopmannu. Bektop 3aBHXpeHHOCTH.
Paccyxaenus 3TOro pasjella OCHOBAHbl Ha NMPOCTOM NpeaCTaBJe-
HUM TeHsopa grad v:

gradv=D-4Q, (11.1)
rie

1 1
D=5 @, ;+v,) Qy=5:—1,).

Tensopst D u @ gBIAIOTCA COOTBETCTBEHHO CHMMETPHYECKOH M
KococuMMeTpHueckolt vactbio grad v. Manoxenue Oyner ynoGHO
pasbuTb Ha IBe YacCTH.

1. Teunsop odegopmayuu. OGo3Haunm uyepes dX KUIKUH
aneMeHT AyrH. CKOPOCTb H3MEHEHHS ITOrO 3JEMEHTa NpH ABH-
MEHHU XUIKOCTH BhIpaxaercs QpopMmynaoH

d P d [ oxt u ovi . ovt
L @xh = (o axt) =2 axt =22 4y,
ar @)= (ax ) 0X ox/

UnM, B BEKTODHOH ¢opme,

4 (@x)=dx - gradv. (11.2)
Us ypaBuenus (11.2) cnemyer, uro

A @sh=2adx-D.dx,

rie ds = |dx|. TaxuM o6GpasoM, TeHsop D npexncrasaser coGoi
Mepy CKOPOCTH H3MEHEHHs KBaJpaTa 3JeMeHTa AYyrH, ABHXyeHcs
BMECTe C XHIKOCTbIO. EcCau KUIKOCTb IABHXKETCS KaK TBepioe
TeN0, TO ds == const, NO3TOMY He06X00uUMbLM U QOCMAMOLHBLM
yca08uem mozo, 4molo. 8 OQHHbBLE MOMEHM B PeMEHL HCUOKOCTD
A0KAAbHO 08U2ANACL KAK mBepdoe meso, SABASEMCA YCA0-
sue D =0. Hcxons u3 stux coobpaxenutt, D HaswBaloT mex-
3opox Oepopmayuu. Tensop D —1/, (SpurD)I Ttakxe npen-
CTaBJ€T MHTEPEC; PABEHCTBO STONO TeH30pa HY/IO ABJAETCS
HeOOXOZMMbIM U NOCTATOYHBIM YCJOBHEM COXPAaHEHHS YTJIOB
(B AQHHOH TOYKe B JAHHHI# MOMEHT BpeMeHu).
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Ecin D=0, To XHIKOCTb IBHXETCS KaK TBEepLOE TeJO H
1
v=—2-u)><r—§-const. (11.3)

BennuuHa ® 31ech He 3aBUCHT OT I M paBHAa YABOEHHOH Yrio-
BOl CKODOCTH BpAlIaTeJbHOTO IBHXEHHs. AHAJUTHYECKH COOT-
Howrenue (11.3) gB/geTcs CaAeACTBUEM CHCTEMBl YpaBHEHU] MePBOTrO
NopsiiKa C YaCTHBIMU NMpousBOAHBIMH D =0 u Jerko noayuaercs
M3 NepBHIX MHTErPANOB 3TOH CHCTEMBL.

2. O6wuii caynai dsudicenus scudrwocmu. PaccMoTpum moJje
CKOPOCTeH B OKDECTHOCTH HEeKOTOpO# (uKcUpOBaHHON Touku P.
Ecau nonumate noa Fp 3HaueHue BeJauunHsl F B Touke P, TO
IJaa Touek, OJH3KUX K P,

v=vp—+r-(grad v)p—+ O (r?;

31ech yepe3 r 0603HaueH pafHyC-BeKTOD, OTIOKEHHBI}! U3 TOUKH P.
Ecimn npene6peub uneHaMu nopsaaxa r2 W BOCHOJb30BATLCS Npel-
craBierueM (11.1), To MBl moayuyuMm

V=vp+r-Dp+r- Q. (11.4)

BuiicHuM Tenepb CMBICK OTAENbHBIX Y/ACHOB STOH QOPMYyJbl.

TlepBEIft uleH MpelCTaBJseT MOCTYNATebHOE ABHXKEHHE C M0-
CTOAHHO! CKOPOCTbIO Vp. ITosoxuB D==r:Dp-.r, M MONEM
3amucaTh BTOPOR 4/eH B BUle

grad - D. (11.5)

ITose ckopocTel, COOTBETCTBYIOLIEE 3STOMY 4JeHY, B KaxIOH
TOYKE OPTOI'OHAJbHO MOBEPXHOCTH 3Jjauncouna D = const, mpo-
xoasue# uepes 3Ty TOuky. B 3TOM nose ckopocreft ecTb TpH
B3aMMHO NepIeHAMKYAADHbIX HaNpaB/eHus — IJ1aBHble OCH aedop-
MalKMM, He y4acCTBYIOLlME B MTHOBEHHOM BpalLaTeJbHOM IBHMXEHUH
(COOTBETCTBYIOLEM 3TOMY MOJIO CcKopocTelt). I'aBHble 3HaueHUs
TeHsopa D paBHbl CKOPOCTSIM OTHOCHTEJBHOTO YIJHHEHUS MULKHX
3/IeMEHTOB B 3THUX HaNpaBJEHHUSX.
[Mocnennut unen copmyasl (11.4) MOXHO 3amucaTb B Bule
s opXr, (11.6)

rie ® ==rotv npeiacraBiseT COOOH 8exkmop 3asuxpeHHOCMU.
[Ana nmoxasateabcTsa ¢opmyanl (11.6) mpouwe Bcero BOCMOb=
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30BaTbCA TEM, UTO

o= (grad v)y =Qy =2 (923’ Q1 912)'

Jlerko BHAETb, UYTO BEKTOD (Ry3, Ry, Qqp) X T paBeH 1 - Rp.]
Bexropuas sanuch (11.6) nmocnennero unena, r - @p, nMokaskiBaer,
YTO TOT YJEH XapaKTepusdyeT BpallleHHe MXUAKOCTH KAK TBep-
LOro TeJa C YrJIOBOH CKOPOCTBIO !y ®p.

ComnocraB/sis MOJy4YeHHble Bbillle Pe3yJAbTaTbl, Mbl NPUXOLUM
K C/eLylolleMy HCTOJKOBaHUIO cooTtHoweHus (11.4). Ilaa npous-
BOJILHOTO JBHXEHHsl TOJe CKOpOCTe# v BOau3M gaHHOH Touxu P
C TOYHOCTbIO 1O OECKOHEYHO MajblX BTOPOTO INOPSAKA HMeeT
BUIL,

v=vp+grad%D—|—%u)p><r, (11.7)

ge D=r -D-r=const onpeneasier siauncoun necbopmanuy,
a o —rot v — BekTOp 3aBuxpeHHOCTH. Taxkum obpasoM, «060e
M2HOBEHHOE COCMOSAHUE OBUNCEHUS CRAOULHOL Cpedbl ABASEMCS
8 KadcOO0i mouKe cynepnosuyueli nocmynamessHozo 08udice-
HUS, PACMANCEHUS NO MPeM B3AUMHO OPHO20HAAbHULM OCAM
u 8pawenus smux oceli rKax meepdozo measal). Yriaosas
CKOPOCTb YKa3aHHOTO BpalleHus paBHa !/, wp. Chopmynuposan-
HOe TpelaOXKeHHe TMO3BOJSET YTBEPKAATb, UTO ©W npedcmasisent
CO60i M2HOBEHHYIO CKOPOCMb BPAUEHUS HCUOKOCMU 8 OQH-
Hoi mouxe.

Ecin B nanuo#t Touke D=0, To u3 ¢opmyan (11.7) cae-
LyeT, YTO IBHKEHHE JIOKA/JIbHO MpeLCTaBlseT COO00# MIHOBEHHOE
BpalleHue; ecan ke D==4E&I, To ZnBMxKeHue sBJfETCA CyNEpro-
3UUMEH UMCTOrO pACTSXKEHMs M BpalleHus. IDTH  Pe3yJbTaThl
CIYXKAT INONTBEPKIEHHEM TpeNJIONKeHUll, BHICKA3aHHBIX BLILIE.
C 1pyro#t CTOPOHEL, €CJIH B KOHEYHOM 00'beMe KUIKOCTH = Q=0,
TO OTHOCHTE/NbHOE [ABHXEHHE JIOGOro 3JeMelTa 3TOro 06beMa
siBJSeTC YMCTOR JOedopMalimelt M HasbiBaeTcsl Ge3BUXPEBBHIM.
B 9TOM ciayyae MOXHO TNOKa3aTh, YTO MOJe SBJIAETCA NOTEH-
LUAJTbHBIM, T. €. MpeiCcTaBiseT COOOR rpaiueHT HEKOTOpOro
noreHuyuana (v=grad ¢); cm. [48], ctp. 101.

Y Cauchy A. L., Ex. dAnal. Phys. Math., 2 (1841), Oeuvres
(2), 12, ctp. 343377, Stokes G., Trans. Cambridge Phil. Soc., 8
(1845), Papers 1, cTp. 75—129.
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§ 8. IlpeoSpasoBanue KOOPAMHAT

12. YpaBHeHHS IBHXEHHSi B KPHBOJHHEHHBIX KOOpAMHA-
TaX. Mbl XOTUM MNOJYUYUTb 31eCh YPaBHEHUS HCPA3PBLIBHOCTH H
NBUXEHUS] B MpPOM3BOJbHON KDUBOJHMHEHHOR cuCTeMe KOOpPAMHAT.
Jlisn 9TOH uUean ynoOHO BOCNOJB30BATHCH METONAMM 3JIeMEHTap-
HOr0 TEH30PHOTO aHAJM3a; YMTATe]Nb, HE3HAKOMBbIH C TEH3OPHBIM
aHanu3oM, Moxer o6partutbcs K pabore [47], rae NaHO ACHOe
U3JIOXEHHE ITOTO MpeiMera l), WM MOXET NPOMYCTUTb BeCb 3TOT
pasmesn 6e3 3HauMTeJbHOTO yluepba 1Jf MOHUMAHHA OCTAJbHOH
yactu cratbu. OGo3HaunMm uepe3 (x!, x2%, x3) KOOpAMHATH TOUKH
B NPOM3BOJILHON KDUBO/MMHEHHON cucTeMe KoopiauHaT. Mbl, Kak
W paublie, nojokuMm X == (x!, x2, x%), omHako X 3aecb Heab3s
paccMaTpUBaTh KaK BeKTOp. I BHxeHHE MO-NpexHeMy BblpaxKaercs
ypaBHeHusMu B ¢opme (3.1), KOTOphe 10T HaM IOJOXKeHHe 4Ya-
CTHUB! B MOMEHT f; B UMJIMHIDUYECKON CHCTeMe KOOpIMHAT, Ha-
npuMep, IBHXKeHHe 3aJaeTcs MpPH MOMOLUM ypaBHeHHH

r=xX ), 0=oX, f), 2=9¢(X, b

SIcio, uro mpoussoaubie dx'/dt or dyukuuit (3.1) apasiorca
KOHTPaBaPUAHTHBIMM KOMIIOHEHTaMH BEeKTOpa, TaK UYTO Onpeje-

MeHWe BekTOpa ckopocTd U =dx'[dt coxpanser cMbica. Jas
onpelesieHuss MamMepuasbHol npou3goorod OT NPOU3BOJLHON
CKa/IipHOM, BEKTOPHOH MM TeH3OpHOH (GyHKUUM F Mbl BOCHO/b-
3yeMcsl popmynoi

3F oF i

-T:—d—t"—“—'UF'i, (121)

rie cuMBoa F; 0003HauaeT KOBAPUAHMHYIO NPOU3BOOHYIO

or F no mepemenHo# x‘. HeTpyiHo mpoBepurb, 4TO TaK ornpe-
JleJleHHasi MaTepuajbHas NMPOM3BOAHAA ABJAETCH TEH30DOM U UTO
IaHHOe OfpejeJieliie COTJACyeTcs C BBEJEeHHbIM paHee onpele-
nenneM (3.6). Cuaenyer orTMmeruth, uro BeauunHa OF (X, f)/ot
B O0lueM cjyuae yxe He fBASeTCS TEH30DOM, M, C/edOBaTe/bHO,
onpelesieHne, BBeleHHOe B M. 3, B o0lleM cayuyae HelpPUMEHHUMO.
Ias Toro uyro0bl MOAYYUTb KOPPEKTHYI0 (GopMyay I/d Marepu-
anbHOW TpPOM3BOLHON B nepemerHsx Jlazpansca, MOXHO MO-

) Cm. takxke Kouwnu H. E., Bekropuoe ucuucienue u Hauana
TensopHoro ucuucaenus, M. AH CCCP, M., 1951, crp. 138. — ITpun.
nepes.

3 3ak. 1160
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CTyNUTb CaAeldylomuM o00pas3oM. 3anuileM KOBAPHAHTHYIO [PO-
M3BOJHYIO B BHIE

OF
.

.i‘—ox

rie A; —XOpOWIO HM3BeCTHble BbIPaXeHHS, BKJOUaoliMe B cebs
cumoabl Kpucroddens. [loacraBuB 310 BblpameHue B ¢op-
myay (12.1), mbl nonyuum TpeGyemyio dopmy.y:

P OF | (OF . aF |
_F:_()T_;_v'(g}—iq—,zli):—dt—_}-v%,., (12.17)

dopmyna (12.17) BcTpeuaercss Takwe B NuddepeHHUanbHOR reo-
MeTpUM B TEOpPHM TNAapa/e/bHOro NMepeHoca U SICHO NOKa3biBaer
pasanune mexnuy 8F/d u dF[dt. 3ameruM, uTO B NPSAMOYroJb-
HOH cucTeMe KOOpAMHAT 006a 9THX ONpeleNeHHs COBMNAAAIoT,
3F 3t = dF/dt; npyruMu cl0BaMM, TOYHO TaK ke Kak 06oOblueHUe
0OBIYHON NMPOU3BOLHONH NMPUBOLUT K MOHATHIO KOBAPUAHTHOM mpo-
13BOLHOH, 0600LIeHHe MOHATHS MaTepHalbHON NPOU3BOAHOH d F/dt
NpUBOAMT K onepauuu 8F/df. 3aMeTnM, HAKOHEL, YTO MpPHU UCIOJb-
30BaHMM NOHATHA MaTepUaJbHOH MPOU3BOIHON yloOHee HCXOIUTb
us ¢opmyael (12.17), a He (12.1). Humxe mbr 6yaeM nmos»308aThCs
BEKTOPHBIMM O0O03HAYEHUAMU; ONpelLe/eHUs M. 2 NepeHOCITCs MpH
9TOM Ha cJay4ail mpousBONbLHOH KpUBOJAMHEHHOH cucTeMbl KOOp-
IMHAT OYeBUIHBHIM oOpasoM. Hanpumep, cumson v OGylner Tenepb
00603HaYaTh YNOPSALOUYEHHYI0 TPORKY KOBApHAHTHBIX MM KOHTpa-
BAPUAHTHHIX (B 3aBUCUMOCTH OT CHTYalMM) KOMIOHEHT BEKTOpa
ckopoctd, a ¢opmyna (12.1) sanuuwercs B BuIe
Eg:—%ﬁ——{—v-gradﬁ

[TpuHsB TaKoe corJalieHHe, Mbl MOXeM 3amucaTb ypaBHEHHe

Hepas3pbIBHOCTH B M00O0# M3 IBYX MHBAPMAHTHHIX (GOpM:

¥ podivv=0 nm L 4divev=0, (12.2)
rie IlV[BepreHU.Vlﬂ, KaK U OOLIYHO B TeHBOpHOM aHaJ/au3de, O3Hayaer
1 o0 i
divb=1b' ;= ——=— (Vg b').
)i Vg oxi Vé )
Tensop nebopMauuum Mbl ONpele UM 4epe3 ero KOMIOHEHTHI

B HEKOTOpOH npsiMOyroJbHOH cucreme koopauHart. Toraa coor-
HOLEHHE MeXILYy BEKTOPOM HAanpsKeHHH t M HOpMaJbio K Mo-
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BepxHocTH N, t=n - T 6yner cnpaBelJUBHIM Jaxe B TOM C/lIyuae,
Korna komnoHeHTsl T He COBMAaNalOT C BeJUYMHAMMU CHJ, HeH-
CTBYIOLIMX HA 3JEMEHTH TNOBepXHOCTH. OTMETHUM, HaKOHell, WH-
BAPUAHTHOCTb YPaBHEHUS IBUXKEHUS, 3aNMHCAHHOIO B CJELYIOLIEM
BUIe:

p%—_—pf—{—div T, (12.3)
rue

: 1 0 (/= ;
(dwT),.=Tk,.,k—_—7§w(1/grki)——rki T/, (12.4)

PaccmorpuM noapobhee cayyalt OpPTOTOHAJbHOM CHCTEMb
KOOpAMHAT. B Takux cucTeMax KBaipaT 3JeMeHTa LYrd Bhlpa-
xkaetca ¢dopmyIoH

ds? = (hy dx")2 + (hy dx?)? -+ (hy dx3)2. (12.5)

YpaBHete Hepa3pLIBHOCTM B PAacCMaTPUBaEMOM Clyuae ympo-
1aeTcss W NPUHUMAeT BUI

0p 1 0 - N__n > ——
0_t+ﬁ BF(VgPU )=0.- Vg=hhhy. (12.6)

C uenbio npeobpasoBaHus ypaBHeHus (12.3) sametum cHauasa,
4T0

a=— Bv— ()t VLV w—{—grad%q? (12.7)

[cM. dopmyay (17.1)]; cnenoBaTenbHO, YCKOpDeHHe JeErKO Bbl-

paxaercs yepes vV M ©. Yunthipas pasenctso I'f, =T, sex-
TOp ® MOXHO NpENCTaBUTb B BUIE
. eijk ljk 0.
o' = =1, ]’*. (12.8)
Ve 17 Vg ox
[Tpeo6pazoBaTe unen div T 6oJee 3aTPyAHUTEbHO B CUJIY CJOXK-
Hoctu ¢opmyn (12.4). Cumsoan Kpucroddenss, coorsercTsyio-
ue Merpuxe (12.5), BbIpaxaloTcs CaeAyIOLIUM 06pas3oM:

j 1 oh
I, =rI." = — 20
ik ki hi Oxk
sz; . h; on (i + kY,
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k
Bce octanbHbele Beqauuunbl I';"; = 0. (CymmupoBaHue 1o uHiekcaMm

i vk B aroft dopmyae He mnpousBosuTcs.) HenocpedcTBeHHblE
BBIYUCJ/EHUS MOKA3bIBAIOT, YTO

. 1 0 — dlogh
L L Tk)_— Tk 108 My )
(le T)z Vg dxk (Vg 1) k 0)61 (12 9)

“(cymmupoBanue mo k). B cayuae uIeanbHOH KUAKOCTH HEOGXO-
JUMOCTb B 9TOH (opMyae oTnaaer. 3aMeTUM TaK:Ke, 4TO B Cayuae
BA3KOM KMUAKOCTH, yIOBJeTBOpsioumiel 3akoHy Kowmu — Ilyaccouna
(n. 61), Kak NpaBu/O, TNpOLUE BBLIBECTH YyDPaBHEHUS [ABUKEHHUS,
He o6pawasch k ¢dopmyie (12.9).

MoxHO ykasaTb ApYryro Qopmyay s oOnpeleneHus yCKO-
peHus, a HUMEHHO
ai:——L-q-v’*(ﬂ—vkmgﬁ). (12.10)

ox* 0x*

BriBoa 3TOH (opMyabl aHajoruueH BbiBOLy dopmyas (12.9).
Ha npakTtike uacTo ObiBaeT yA0GHO pacCMaTpUBaTb BMECTO

KOBAPUAHTHBIX WJM KOHTPaBAPUAHTHLIX KOMIIOHEHT BeKTOpa b ero
¢usuyeckue KOMIOHeHTH [;. dusuueckue KOMIOHEHTH BeKkTOpa b
onpeje/AIOTCS PaBEeHCTBAMHU

i 1

L

pi“‘htb - h; bt

(o i He CYMMHpOBAaTb) U NMPEACTABJAOT COOOH BeJNUYMHBI MPO-
exuu#t b Ha COOTEeTCTBYIOLIME KOOPIMHATHHIE JHHUH, MPOXOAfi-
lMe yepe3 TOYKY MPUIOKEHHS BEKTOpA. AHAJOTUYHBIM 06pasoM
onpenensioT (U3MYeCKHe KOMIOHEHTHl TeH30Pa, OAHAKO HA ITOM
Mbl OCTaHABJAMBATbCS He OyneM.

Mpumep. Lurundpuneckasn cucmena Koopounan. B atom
clyyae Mbl UMeeM

ds? =dr? 4 (r d)* -+ dz2
Ecau 0603HauuTh uepe3 U,, Uy U U, COOTBETCTBYIOLUME (HU3M-

YyecKMe KOMIOHEHTH CKODOCTU, TO YpaBHEHUE HEPa3pBLIBHOCTH
NpUMeT BUI

0 170 0 0
—0‘2‘"{' ;"[W (pro,) + 55 (Pvg) + 3 (P”"z)J=0- (12.11)
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dusnyeckue KOMIIOHEHTBl YCKOPeHMs B YpaBHEHHH JIBUXKEHUS
B cuay cootHowenus (12.7) umu (12.10) Bripaxatorcs GopMy1amu

2 ‘Ute

Yo
a, =Dy, — —, ay=Dv, -+ . a,=Duv,

o 0 'Ue 0
D=7+’U’7)7+ r 00+vzdz

dusnueckue kommoHentsl div T npusemenel B pabore Jlgsal),
OJHAKO HAM OHM He NOHanobsiTcs. HakoHel, KOMNOHEHTHl Bek-
TOpa 3aBUXPEHHOCTH ONpeNeNsioTCs U3 COOTHOIUEHHH

1 0y, duy __ Ovu, o0v,
Cr=7790 ez’ T oz or’
0y 1 ov, 'uf,
U)z——-'*dT—“-r——a'“e + (1212)

13. PumanoBo npocTpaHctBo. C TOUKH 3peHHS BHISICHEHUS
JIOTHYECKOH CTPYKTYpbl OCHOB MeXaHHKM XUAKOCTH MpeICTaBJsieT
MHTEpeC BHIBOJ YpaBHEHHH THIPOAMHAMUKH B DPHUMaHOBOM IpO-
CTpaHCTBE C 3alaHHOH B HEKOTOPOM CuCTeMe KOOpIHHAT
x =(x!, ..., x") merpuxo#t

ds?=g, dx'dx’.
BooG6uie rosopsi, B 9TOM NPOCTPAHCTBE HEJb3sl BBECTU JeKapTOBY
CHCTEMY KOOpAMHAT M, CJENOBaTe/bHO, He/ab3s NMPUMEHUTL He-
NOCPeNCTBEHHO [pOBeleHHble BBIIIE PAaCCyXIeHWs /s BbBOIA
»YPABHEHUH NBHKEHHA,
IlBukeHue B PUMAHOBOM INPOCTPAHCTBE OMHUCHIBAETCA NpPeol-

pasoBanueM tHna (3.1), HO Temepb i NPUHHUMAET 3HAYEHHS OT
1 1o n. Mb npuHuMaeM B KaueCTBe OMNpeleJeHUs KOMMOHEHT

BEKTOpA CKODPOCTH COOTHolWeHns v'=dx‘/df n mno anasnoruu
C onpele/eHHeM MaTepHabHOM MPOM3BOAHOH IV eBK/HMLOBA
MPOCTPAHCTBA NOJaraeM

3F oF i

e = —— o' F .. 13.1
ot ot + vk (13.1)
(dro onpenesenue o6GaanaeT TeM CBOHCTBOM, KOTOpOe HUMeNO Gbl
MeCTO I1Jid I'IPOCTpﬁHCTBa, NMOMEUIEHHOI'0 B €BKJIUIO0BO INMpPOCTPAH-
CTBO Bhicuieit pasmepHocTd. Ecau, HanpuMep, Mbl paccMOTpuUM

'y as A., Marematuueckas teopus ynpyroctd, OHTH, 1935
(cM. Takxe ykasanuyto Bbime kuury H. E. Kouuna. — ITepes.)
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MOBEPXHOCTb B TPEXMEDHOM IPOCTPAHCTBE, TO MaTepuabHas
NpousBoIHasi, NoHuMaeMass B cMbicae (13.1), aBisiercs npoekumei
Ha TIOBEPXHOCTb ,eCTECTBEHHOH® MaTepuaJbHOW NpPOU3BOLHON
€BK/UI0BAa NPOCTPAHCTBA.)

YpaBHeHHe Hepa3pBIBHOCTH JETKO MOJYYHTb, MOJB3YSCh Me-
togamu 1. 4 u 5. Popmyna (4.2) saMensieTcs npu sToM GopMyaoh

fp(x, HdV = fp(x, 1) VgJdu,

9% Wo

a BMecTO ypaBHeHus (3.8) ucnoJbayercs ypaBHeHHE
d - SRR
+ (V&)= Vgidivv.

Bo Bcem ocTanbHOM paccyxineHis NOJHOCTbIO COBNAJAOT U NpU-
BOAAT B KOHLE KOHLOB K YpaBH¢HUIO

%A—pdivv:o,

MIEHTUYHOMY ypaBHenuio (12.2), Ho moayueHHoMmy Ge3 npuslie-
yeHUs! NeKAapTOBOH CHUCTeMbl KOOpPIAMHAT.

BbiBOL ypaBHeHHUs ABHKeHHs BKJIoyaeT B cebsi IMHAMUYECKHe
paccyxIeHusi, KOTOpble, MNO-BUAHMOMY, HeJ/b3s INPHCHOCOGUTHL
K pUMAaHOBY NDOCTPAHCTBY, B WYaCTHOCTH, HESCHO, KaK Hamo
¢OpMy/IMpPOBATH NPHHLUMI COXPAaHEHHS KOJMMYECTBA JBHXKEHUS.
TeM He MeHee HAM KaKeTCsl eCTeCTBEHHBIM PUHATh ypaBHeHue (12.3)
B KauecTBe noctynaTa. B saToM cayuvae maibHefliee uccaenoBa-
HHe TPOBOAMTCH TOYHO TAK e, Kak U B OOBIUHOH ruapoau-
HaMHKe.

§ 4. BapuanucHHbe MeTOABI

llinupoxoe u ycmemHoe NpHUMeHeHHE BapUALUOHHBIX TPUHLM-
MOB B KJACCHYECKOH MeXaHHKe BLI3BAJIO MHOIO MOMHITOK cdop-
MYJIMpPOBATH AHAJOTMYHBIM 0OPA30OM 3aKOHBl MEXAHMKH CIJIOUIHBIX
cpen. Hexoropele u3 3Tux ¢opMyaupoBOK OyAyT PaccMOTpPEHEI
Hmxke, B M. 14, Bce mnOJyyeHHLIE B 3TOM NYHKTE pPe3yJabTaThi
nepeHocsTcs Ge3 BCAKUX U3MeHeHMH Ha cayyall NpPOU3BOJLHOK
cnowHOM cpenbl. B n. 15 uccnenyiorea HekoTopbie cneuuasbHbe
BapHALMOHHbIE TMPHHUMIBI, CpaBelUBLIe TOJbKO IS ABHIKEHHH
HAEaNbHOH KUAKOCTH.
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14. [IpousBoabHbIE XUAKOCTH. Bapuauuonnvie NPHHLHILL,
COOTBETCTBYIOLME HEKOTOPOH MHCCHMATUBHOM CHCTEME, B TOY-
HOCTH COOTBETCTBYIOT OCOOCHHOCTAM MeXaHu3Ma NUCCHMALHUU 3TOH
CHCTEMBl; MX HeJb3si 0e3 CYLIEeCTBEHHBIX H3MeHeHU#l 00O0OILUTD
Ha Apyrue cucteMbl. ITOT (akT oOseruaer GopMyJIUPOBKY Ba-
pUALMOHHBIX TIPHHLUMIIOB MeXaHHUKH JKUIAKOCTM U  YKa3blBaeT,
C Apyro#t CTOpOHbI, Ha HEOOXONMMOCTb NpPENBAPUTEILHOTO Bbl-
sicHeHHA CBOHCTB ucchaenyemoro spiaexus. CielyeT MoouepKHYTb,
YTO YCTAHOBJEGHHAS HUXKE CHCTEMa BAPHALMOWHBLIX MPHUHUMUIIOB
Gosiee UM MeHee SKBUBAJNEHTHA CHUCTEMe YpaBHEHUH IBUKeHH:
KUAKOCTH U SIBJASIETCS MO CYLIECTBY APYTo# (DOPMyIMPOBKOH 3THX
3aKOHOB IBUXEHHUSA, NPUCTOCOONEHHOR K MPUMEHEHHIO MeTOLOB
BAPUALMOHHOTO HCUHMCJEHHS.

[Tyctb X == % (X, f) o003HauaeT 8upmya.nbHOE nepemeue-
Hie YaCTHULBl KUAKOCTH M3 TOUKH X, B KOTODOH OHA HAaXOAUTCH
B JaHHBLI MOMeHT BpeMeHu f. BexrtopHaa dyuxuus 7 (X, £) npen-
MoJIaraeTcss OTpaHMYeHHOW UM HENpepblBHO AU(depeHuupyemMol;
KpOMe TOro, OHa JOJKHA YNOBJETBOPATb BCEM OTPAaHHUYEHHUAM,
HAJI0KEHHBIM Ha MepeMelleHue XUIKOCTH. B yacTHOCTH, nocaennee
ycaoBue colepxuT B cebe TpeGoBanue, 4TOOBI BEKTOD ¥ Jexas
B KacaTeJbHOM TMJIOCKOCTH JI0OOH CTeHKH, OrpaHHYUBAIOLLEH
KUAKOCTb. Bupmyaasuywo pa6omy, COOTBETCTBYIOUIYIO BHPTY-
anbHOMY TepeMelleHuI0 8X, onpelejnM caenyioue#t gopmyof:

e

U =3, — ’ T : grad 9x dv;

‘V

sgech B — oObeM, 3aHuMaeMblft xuakoctbio, T — Tensopuas
¢yHkuusa TOuku, a

U, = fpf-Bxdfu+ é\:t-ﬁxda (14.1)

B

IB/SIeTCA BUPTya/bHOH paboToR BHemHMX cua f M MOBEPXHOCT-
HBIX Hanpsxenu#t t. Bropo# unen ¢opmyas, onpeneasioue# 82,
creuddUYHBIA A1 MeXaHUKM CIUIOIIHOM Cpelbl, OTpa){aeT TO
00CTOATENLCTBO, YTO NMpH AedOpMalMM KUAKOH Cpelbl 3aTpayu-
BaeTcsi paGora Ha MpeojOJeHHe CUJ Hanpsikenus. B nanbHeliueM
Mbl He OyZeM TnO0J/b30BaThbCs MPENNOJOKEHHEM O CHUMMETpHY-
noctu T. 3ameruM, oxHaxko, uro npu HecumMerpuuyHoMm T Bup-
Tya/JbHOMY MepeMelleHHI0 KUAKOCTH KaK TBEpPIOro Te/a OTBEYaer,
BoOOIIe TOBOps, HeHyJ/eBas BUPTyanabHas padora mo AedopMauuu
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wunkoctd. [lo 3To# npuuyuHe OOGBIYHO PAaCCMAaTPUBAIOT TOJbKO
CHUMMeTpHUYHble TeH30phl Hanpsikenu#t T.

Cdopmyaupyem Tenepb OCHOBHOH BapHALMOHHBIA MNpUHLMM
JTlanambepa — Jlarpanxka:

Judkocmb dsuscemcs maxum o0 pa3onm, 4mo

B’l[—fpa-%xd'vzo (14.2)
2

045 8CeX BUDMYAAbHbLX NepemeuweHuii, rKomopsle ydosie-
meopsaom 3a0aHHUM Kunemamuseckum ycaosuam'). Ecau
Ha [BUXKEHHE JKHUIKOCTH He HA/NOXEHO HHUKAKUX OrpaHuveHuft,
KpOMe YCJOBHs HAa HENOLBMXKHOH TpaHulle, TO MOC/AE XOpPOWIO
M3BECTHBHIX pacCyxAeHudt moaydyaeM, 4yTO L] IKCTpeMmajel 3a-
nauu (14.2)

pa=opf+divT u t=n-T. (14.3)

[TepBoe ypaBHeHHe HMeeT MeCTO B J000# BHyTpeHHeH TOuKe,
BTOpPOE — Ha ,CBOGOAHOR* MOBEpXHOCTH. DT GOPMY/B B TOY-
HOCTH COBMNAfaloT C YpaBHEHUSMH JABHXEHHs, BblBeJAeHHBIMH
paHee.

MeTonbl BapUALMOHHOTO HCUUCAECHUS NO3BOJSAIOT MCCAENOBATH
NBUKEHHE KUAKOCTH, B KOTOPOM YACTULL MOTYT MEPEeMeliaThCs
TOMLKO MO 3alaHHOMY CeMeHCTBY MNOBEPXHOCTEH MM CBS3aHBI
KaKuMu-HUOynb APyruMu orpaHuyenusiMu. Hurarenab, UHTEpecyio-
1UACS STUMH BOMPOCAMH, MOXKET OOpATHTbCH K CTaTbe XeJJuH-
repa B JDHUUKJONEAMM MaTemaTHueckux Hayk (§ 3e, 4c u 8b).

Ykasanuw# npusuun JlasamGepa — Jlarpamxa MoxHo c¢op-
MYJMpOBATL Takxe B ¢opme npunuuna I'amuabrona. Jlas s1oro
HYXHO CBSI3aTh BUPTya/lbHOE MNepemelleHde C Bapualuell Tpaex-
Topuft  yactuu. JIycThb MHOXECTBO TpaeKTOpU#, MOJAYYEHHBIX
B pe3yJbTaTe BApUALMH pacCMaTpiBaeMoro asuwxenus X =@ (X, f),
umeer Bun X =@ (X, £, ¢), e —1<e<<1l noeX £ 0)=

') Cnavana npunuun (14.2) 6uin moayuen Jiarpamwxem (,AHanuTu-
yeckas MexaHMKa‘) Has caydas CTaTHYECKOrO DaBHOBECHA: CNAOWHAS
cpeda Hax00umcsi 8 pasHOBeCUU 6 MOM U MOALKO 8 MOM CAyHae,
K020a dU =10 0as 6cex supmyarsnelx nepemeuwjennii. Ilosnuee Jla-
rpamx (TaM JKe), MCIOJb3ys n3BeCTHh npunuun [lanam6epa, pacmnpo-
CTpPaHMI MOJAYUYEHHbIE pe3yabTaThl Ha JAHHaMHYeckHe cucTeMbl. CM.
rakxe Voss P., Enc. Math. Wiss.,, 4!, Ne |; Hellinger E. Enc.
Math. Wiss., 44, Ne 30.
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= @ (X, ). Eciu BBeCTH CHUMBOIJ
d

TO BHPTyaJAbHOE TepeMellleHHe, COOTBETCTBYIOLlEe TNOJyYeHHOMY
B pe3yjbTaTe BapHallM¥ IBUKEHHUIO, 3aMULIETCS B BUIE

S — 4%
Bx—Bcp_K s
B cuiy toro uro d U O NepecTaHOBOUHbI,
d N dox d 1
a -dx= A 0X) — vV - =7 - Bx)—ng?. (14.49)

Bapuauus nJOTHOCTH ONpefle/seTcs yC/JIOBHEM COXPAHEHHs MacChl
WHUAKOCTH NpPH NepeMelleHUsX COCTaBJAAIILUX 3Ty MacCy YacTHL.
MateMaTU4eCKH 3TO yCJOBHE TNPUBOAUT K CJENYIOLIEMY ,YCJO-
BUIO HEpPa3pbIBHOCTH“:

dp = — pdiv dx. (14.5)

B camoMm nene, ecau aaa gBumkenus X =@ (X, f; €) B KauecTBe
BpPEMeHH B3ATb MapaMeTp &, TO Be/JMyMHa OX Oyler UrpaTh poJb
HayaJbHOH CKOpOCTH; TakuM o06pa3oM, cooTHouleHue (14.5) cie-
IyeT Ccpady M3 ypaBHeHWs HEePa3pbIBHOCTH TpPH 3aMeHe B IO-
cnenneM d/df w v Ha O u OX COOTBETCTBEHHO. AHAMOTHYHBIMH
paccyxIeHHsMH JOKa3biBaeTcs ¢Gopmy.a

prFdz!-_:prF dv. (14.6)

Ycaosue (14.5) sBaserTcs Takike C/leJCTBHEM CJACAYIOLWIMX TNpen-
NoJIOKeHUH: a) Kamaoe IHBHXKEHUE, TNOJyueHHOe B pe3y/bTaTe
BapUaLMHK, YIOBJETBOpSieT YPaBHEHUIO Hepa3phIBHOCTH M 6) BUp-
TyaJbHble TepeMellleHHs paBHBI HY/I0 B HEKOTOpbI# ¢HUKCHPO-
BaHHEIE MOMeHT BpeMeHd. Eciau yMHOXHUTb 006e 4YacTH COOT-
Homwenuss (14.4) Ha p u npounrerpuposaTb no o6vemy B,
08udCyUeMYCs ¢ HCUOKOCMbIO, TO TnpuMeHenue ¢opmyn (5.7)
n (14.6) npuBOAMT K ypaBHEHUIO

o d
fpa.oxd'vzﬁ fpv - dx dv — 3T, (14.7

¥ «@

rie € o6o3HauaeT KHHETHYECKYI0 3SHEpruio, T. e.

1
5Z=7 quzdv.
3
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Haxoneu, B cuay npunuuna [asnamOepa — JlarpaHxa ypaBHeHue
(14.7) MoxHO 3amucaTb B BUAE

5T 4 U —-gt—fpv.axdv=0. (14.8)
B

3T0 ypaBHeHHe CHpAaBEeINUBO B TOM CJyyae, KOTIa MOJyYEHHOE
B pe3y/abTaTe BapHAUMM IBHXEHHE YIOBJETBOPSET YPaBHEHHUIO
HepaspelBHOCTH (14.5) M cOrnacoBaHO ¢ BHEIIHUMU CBSI3SIMH,
HaJIOXXeHHBIMH HA paccMaTpuBaeMoe IBHxeHHe. [Ipounterpuposas
ypasuenue (14.8) mo f or £, 10 #; 1 mMpeAnoJOkKHuB, 4TO OX =0
npu t=4¢, u ¢{==¢;, Mb MNOJYYUM TaK HA3bIBAEMBbI}l MpPUHIMHII
FamuabToHa 1):

4
f (T -+ 39) df =0,
ty

CMpaBelMuBbIf 415 MI060r0 MOJYYEHHOTO B pe3y/bTaTe BapHALHMHU
IBUKEHHS, YAOBJIETBOPAOUIEIO YCAOBHIO HEpa3pbBHOCTH, BHEI-
HUM CBA3AM M ycaoBuio OXx =0 npu ¢t =¢, u £t =t,?).

15. WneanbHeie mHUAKOCTH. [l niea/bHOM HecC:KMMaeMOH
KUAKOCTH npuHuun JlasamGepa — Jlarpatka MOXHO cdopmyiu-
poBaTb B O6oJiee H3ALIHOK (OpMe, a MMEHHO udeaAbHas He-
cocumaenan HuOKocms O8uxcemcs marxum 00pPa3om, 4mo

3, — fa.axdv=o (15.1)
B

045 8CeX BUPMYQAAbHBLX Nepemeujenull X, COXPAHAOUULX
00veM, urw, Opysumu cA08aMU, YO0B8AEMBOPSIOUUX YCAOBLIO
divdx =0. Bupmyassnan pa6oma 3, onpedersemcs 3decs,
Kaxk u pansue, gopmuysol (14.1). ‘

B cootBercTBMM ¢ Teopuelt MHOxuTenelt JlarpaHxa ypasHe-
Hue (15.1) 9KBHBAJIEHTHO CJELYIOLIEMY:

f[p(a—f)-ax—xdivax]dv— §t-axda=o,
b ©

") Cm. Hellinger E. Enc. Math. Wiss, 44, npumeuanue 61.

2) Cpenu Ipyrux BapHaLMOHHBIX NMPHHIMIIOB HauGOJbIIMH HHTEpec
NpencTaBaseT NPUHUMN HauMeHbiero Bpemend (Hellinger, § 5¢)
u sHepretnyeckuii mpuduun [Herivel J. W. Proc. Roy. Irish.
Acad., 56, 37, 67 (1954)]. Cm. Takxe cTaTblo [‘6abaepa [H61der E.,
Ber. sichs. Acad. Wiss. (Lpz), Math.-phys. KI., 97 (1950)].
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rae A — mHOxuTe b JlarpaHxa, a Ha 8X yiKe He HAJOKEHO HH-
Kakux yc/aoBuH. VHTerpupys 9TO COOTHOLIEHHe MO 4YacTaM, MO-
JyyaeM

pa=pf —gradA u t=—An (15.2)

Beauuuna A, Takum o6pasom, uUrpaer poJb ,J1aBJACHUA® U sSBJSETCH
OIHOH M3 OCHOBHBIX HEeM3BECTHbIX 3alaud. YpaBHeHus (15.2)
BMeCTe C YCJOBHEM Hepa3pbiBHOCTH 00pasyloT ueTbipe ypaBHe-
HHA C YETbIPbMS HEM3BECTHBIMU: V U A.

JlarpaHx cuuTaj, 4TO YypaBHeHue (15.2) cmpaBenranBo u
B oOLIeM c/ydae CKMMaeMOH uieaJbHOR XXHIAKOCTH, €CJU B 3TOM
ypaBHEHUH pACCMATpPHBATb A KaK ,CUJIy peakUuu“ npH HU3MeHe-
Huu obGbemal). Dror Meron pacuiupeHus 06JacTH NpPUMeHeHUs
ypaBHeHHUs, TOJYYeHHOrO B YaCTHOM CJyvae BBeleHHEM — IO-
CpeICTBOM MHOXuUTeas JlarpaHma — HOBBIX ,CHJ  peakuuu®,
laMenb Ha3Basa ,MPUHUUNOM BbICBOOOMIeHUa“ JlarpaHxka. Yka-
3aHHbIe PACCYXKIeHHs, XOTd M NMPUBOAAT K NpPaBUJILHOMY pe3yJb-
TaTy, NOBOJbHO HeyOelnuTeabHbl; TPYLHOCTH CTAHYT OYEBUIHBIMH,
€C/H pPAcCMOTpETb CXKMMaeMbli ras, I8 KOTOPOro [IaBJjeHHe
ABJISETCH TePMOAMHAMUYECKOH MNepeMeHHOH.

Ecau Bocno/b3oBaTbes cooTHolieHHeM (14.5), To BapHaluoH-
Heft npuHuun (15.1) MoxHo 3anucaTh B opMe npuHuuna I'aMuib-
TOHA: Apu 0BUMNCEHUU UOCAAbHOU HecHcUMAeMOl dHudKocmu

t
f (T + 3, dt =0

to

048 sapuayuii 08udiceHus 8X, Y008AeMBOPLOUUX YCAOBULM
divdx=0; 3%x =0 npu ft=¢ u t=t¢,.

AHa/JOrMYHbBIH BapUAUMOHHBIH NMpUHUMO Obl1 ycTaHOBJEH JIMXTeH-
wrednom [9, ra. 9] Mg ABMKeHU  CKMMaeMOH  MIeaJbHON
Kuakoctd. Heckoubko HCKycCTBeHHbIH MeTon JIuxTeHiTeHa Obla
nosnHee ycoBeplieHcTBOBaH Taybom [44, ctp. 148]. Hauboiee

) Cu. [5], crp. 173, 522. AHajoruunblf MeTOX OblA HCIOAb3OBAH
[Muona [Piola G., Modena Mem., 24, 1 (1848)] ans BbiBoja o6uIUX
ypaBHeHHH JBHXKEHHS CIVIOWIHOH Cpeabl.
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yrauHast pOpMyJaHpOBKAa STOrO NpDHHLMIA, KOTODOH MBI U Oy.aeM
0/b30BaTbCsl HIKE, NMpuHalaexut Xepuseay l).
3aMmeTUM CHaya/a, 4TO AJS MeXaHUYeCKOH CHCTeMBl C U3BeCT-
HO# sHeprueft npuHuMn IaMU/IbTOHA MOXHO C(OPMYIUPOBATH
B BUIE
4
f (AL~ 3,)dt =0, (15.3)

to

rie ¢yuxuus Jlarpanxa £ npeacrasiaser co60# pasHOCTb KHHETH-
yeckO# u noTeHuuabHOH sHeprun. CyllecTBeHHOe OTaHYHE
npunuuna (15.3) OoT ycTaHOBJAEHHBLIX paHee 3aKJIOYAaeTCA B TOM,
uyro ¢opMa 3TOrO0 MNpUHUMNA HE B3aBUCUT OT BHUIA YpaBHeHHH
IBHXeHNs paccMatpuBaeModt sasaun. IpuHuun (15.3) nospouser,
TakuM 00pasoM, BLIBECTH ypaBHeHHe NBUXKEHHS COBEPIUEHHO He-
3aBUCUMO OT NPUHSTOrO BhHILIE IOCTYJ/JaTa O COXPAaHEHUH KOJaH-
yecTBa ABMkKeHUA. IpuMeHUM 3TOT MeTOA IJs BbIBOJLA YpaBHe-
HUA NBMXKEHUsl Trasa.

ByneM npeamnosaraTh, 4TO JBHXEHHE NPOUCXOANT 0e3 BbI-
JleNeHus TelJIOBON SHepPTruM UJM, TOYHee, YTO yie/bHas sHTponus S
KaX10# KHUIKOH vacTHLbl OCTaeTcs INOCTOSHHOW BO BpeMs IBU-

*KeHust 2), T. e. uTo

as
A =0. (15.4)

[Ipy 3TOM mNpeLNOJOXKEHUH SHeprus omnpenedsercs ¢GopMy.Ioi
T+ 6, rme T — kunernveckas sHeprusa, a & — BHyTpeHHss
SHepTHs paccMaTpuBaeMoro 06beMa KHIKOCTH;

§ = f pEdv, E=E((p, S)= YneibHast BHyTpeHHsIs SHeprus.
2

B kauectse ¢ynkuun Jlarpanxa ecrectseHHo BhGpath 8 = T —G.
[Tokaxcem Tenepb, uro npu TakoM BhiGope ¥ ypasHenue (15.3)
NPUBOAMT K TPABUIbHBIM YpaBHEHHAM [BIXKEHHS CXHMaeMoft
nieajbHOH XUIAKOCTH.

MMycte &x =08x (X, f) o6o3Hauaer BapualLMI0 TPAeKTOPHUY;
0y =0 npu t=1t; n t==¢;. Kak OblIO NOKa3aHO Bhllle, M3
NpeanoJoKeHUss O TOM, YTO MOJYuYeHHOe B pecyJbTaTe BapHaluu

Y Herivel J. W., Proc. Cambridge Phil. Soc., 51, 344 (1955).
?) TepMoJAuHAMHYECKOEe OBGOCHOBaHHE MOCJEAYIIIUX PacCyAeHUR
MOXcHO HaiiTu B 0. 30 u nepBoM pasgese m. 33.
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IBUIKEHUE YIOBJCTBOPAET YPABHEHWIO HEPA3PBIBHOCTH, CJelyer,
4TO BapHalus MJIOTHOCTH ompelensercs gopmyuoit (14.5). Ana-
JOTHYHBIMU PACCYXICHMAMHM NOKA3bIBAETCA, YTO BAPHALMUS IHTPO-
MUU [OJ/DKHA YLOBJETBOPSATH YC/IOBHUIO

3§ =0.

U3 ypashenuit (14.6), (14.5) u coorHowenns (0E/dp)g = p/p?
noJyyaem

6(g=fp85dﬂ=—fpdivﬁxdv=
9 2

—_—fo-gradpa'v— &pn-%xdu.
; g

W

Benuuuna 3T onpenensercs dopmyaoit (14.7). Mbl MoxeM Tenepb,
npeo6pasys oObluHbIM crnioco6oM ypasHeHue (15.3) u ucno.bays
dopmyant nas 3, 3E u dA,, BuBeCTH YypaBHeHUs
pa=pf—gradp un t=— pn,

COBMAJalolIUe, OUEBUIHO, C OOBIYHBIMU YpaBHEHUSAMH 1BHKeHHUs 1),
Mpl cHOBa MOIUEpPKUBAEM, UTO OHM OBIIM BbIBelIeHbl M3 Bapua-
UMOHHOTO MPHHUMMNA, He BKJIOUAIOLIero B ceGs anpuOPHOTO 3HA-
HuA ux ¢opMmbl. [leno 0o06CTOAN0 MHAYe MPU BHIBOJE YpaBHeHUH
neimkenust (14.3) u3 Bapuauvonuoro mpunuina (14.2).

B Teoperuueckoli MeXaHUKe ypaBHEHHE ODHEPrUM ABJSIETCS
CJeACTBMEM TpuHUMNA [aMHUIbTOHA. 3aMeTUM, YTO 3TO BEPHO H
B HauleM cJjayuyae. Jle#CTBUTEJbHO, H3 COOTHOIUEHUS

d€ dE .
7—‘[970’"0— fpleV(l"U
3 8

Mbl TOJYyYaeM, BOCMOJb3OBaBIIUCL ypaBHeHueM (9.2), ypaBHeuue

L@ +6) = [of-vao + fvao
Rt S
KOTOpOE COBManaeT ¢ OO6LIYHOH (OPMYIMPOBKOH 3aKOHA COXpa-
YE€HUs DHEPrun n.g HeTeﬂﬂOﬂpOBOﬂ.HOﬂ Cpenbl.
B paGore, Ha KOTOpPYID Mbl yXe cCHIAAUCh, XepuBea Mbi-
Ta/jca 0O6O0CHOBATL VpaBHEHUA JOBHXKeHHUA UaeanbHOH KUIAKOCTH

') B namewm BbBOje MBI cJaelOBajaH B OCHOBHOM paGoTe Xepupeaa,
OIHaKO B (OPMYJIMPOBKY NpPUHLMIA H €ro NOKa3aTeJdbCTBO BHECEHbI
HEKOTOpbIE H3MEHEHUS!.
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npu MOMOILM BapUALMOHHOrO MNpPHUHLMNE, CHOPMYJIHPOBAHHOTO
B nepeMeHHbX OJftnepa. Emy He ynasnoch, OIHaKo, AOCTHYb
NoJHOH OOLIHOCTH; TOJbKO HEKOTOpPHH KJacc TeueHuf, yao-
BJIETROPSIOIINX ypaBHeHUssM OHniepa, MAaBaa dKCTPEMyM Io-
CTpoeHHOMY (yHKLMOHATy. OTO 3aTpylHeHHe BrepBble OblIO
paspewieHo JluHb Ll3s-1370, KOTOpbLIM OblMa Npel/oxeHa Kop-
peKTHas tbopM'ym{poaxa BapMALMOHHOrO nNpuHuuna Xepuseaal).
PaccmaTpuBaeMbli  BapuauMOHHbIf NpuHuun Xepusenaa — JIunHs
yTBEpKIAeT, YTO KaxJas SKCTpeMalb (YHKLHMOHAJa

ffL(v, 0, S)dvdt, (15.5)
rie uepe3 L ofo3HaueHa maoTHOCTh (yHxkuuu Jlarpanxa

1
L=5pg*—p(E+R),

AB/NSETCH TeueHWeM, YIOBJIETBOPAIOLIUM YpaBHeHusM Oiepa.
dkcTpeManb (YHKUUMOHANA pa3bCKMBAeTCs INPH STOM B KJacce
JBMXEHUH, YI0B/JETBOPSIOWUX CJAELYIOLIMM 3aKOHAM COXPaHEeHHs:

i;% —+div(pv)=0 (coxpaHeHue Macchi),

-%f— =0 (coxpaHeHUe SHeprum), (15.6)
ax .
= 0 (unieHTHUKALUS YaCTHUILBI);

3nech BexkTopHoe mose X (X, f) onpele/ser HayaJAbHOE MOJOKe-
HHe YaCTULbl, HAXOAsLEeHCs B MOMEHT BpeMeHH f B TOuKe X 2).

Cdopmy TMpoBaHHYI0 BAapUALMOHHYIO 3aJayy MOXHO OCBOGO-
IUTb OT OUpaHMYeHUH, HANOMEHHBIX Ha Bapuauuu v, p, S u X.
JIlnst 9TOrO HYXHO BBeCTH MHOxuTeau Jlarpamka ¢, B, v, nocse

') B Bapunauuonno#i sapaue, chopmyaupoBaHHo# XepuBesom, Ha-
KJaAbIBAJMCh TOJBKO INepBbie gBa orpanuuenus (15.6), TpeTbe orpanu-
yeHue G6bliI0 BBeneHo JIuHem (B HeonyOaukoBanHOl pa6oTe). Ges atoro
JIOTIOJHUTEJIBHOIO YCJAOBHS H33HTPONHYECKOe TeyeHHe NaBaJO 3KCTpe-
MyM ¢yHKiuoHaay (15.5) ToabkO B TOM cayuae, KOrja 3TO TeueHHe
6bl10 Ge3BuXpeBbIM [cM. nepBoe ypaBHeHnae (15.7)].

2) AHaJoruyHple pe3yJbTaTbl MpPENBapMTEJbHOrO XapakTepa Obliu
noayuensl Kaebwem [Clebsch A, J. reine angew. Math., 54, 293
(1857); 56, 1 (1859)] un Beiitmenom [Bateman H., Proc. Roy. Soc.
Lond., Ser. A, 125, 598 (1929)].
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yero 9Ta 3afaya NPUHHAMaeT CJelylOWu# Bul:
0 . dS dX
Bff{Lﬂ—go(a—;—i—dxv(pv))—-—pB—dt———py . —dt—}dfodt=0.

YacTHble Bapuauuu BeJUYHH, BXOAALIUX B 3TO COOTHOLIEHHUE, NPHU-
BOIAT K ypaBHEHUAM

dv: v =grado-}BgradS—4gradX -y,
d 1
w: G _lp g
.odd __(OE\ __ (15.7)
SS. “(B‘——(FS‘)P—"T;
X: Mo

[MoxaxeM, uto ypaBHeHue (6.9) sB/isieTcs cleNCTBUEM STHX ypas-
HeHH# M IBYX mnepBblX cooTHoweHu# (15.6). INepenuiueMm c sto#t
lebl0 NMepBoe U3 cooTHowenu#t (15.7) B Bume

v=X¢, grad 7,

[Mpumenss dopmyasl (3.5) 1 (3.6), Mbl NPUXOAUM K CaelyiOLieMY
BbIpAXKEHUIO L0/ YCKOpEHHd:

1 \! dn, dg,
a—grad P = Z (&x grad Tnt ~+ —;- grad m) . (15.8)

X

Ho dS/dt = dX/dt =dy[dt =0, nosromy

1 d dg 1
a=—grad 3 g%+ grad 7? +- d—‘tgrad S = —grad 9——? grad p.

(Mbl Mcnosb30BaaM 31eCh U3BECTHOE TePMONMHAMUUYECKOE TOXKIe-
crBo TdS =dl —dp/p.)

Insg roro yroObl MpuiaTh MPOBELEHHOMY HCCAeLOBAHMIO 3a-
KOHUEHHBbIf XapaKTep, HYKHO €llle MOKa3aTb, UTO KaxJoe reye-
HHE UAeaJbHOH CHUMAeMOH MKHAKOCTH ABJIAETCA 3KCTPEMaJbio
BapualMoOHHON 3anauu Xepusena — Jluua. droT dakt Obl1 ycTa-
HOBJIEH aBTOPOM Hacrtosiiel paGoThl (cM. m. 29a).

Xorenocb Obl MMETb BO3MOXHOCTb BbIBECTH ypaBHEHHA [BH-
KeHUst BABKOH KUAKOCTM HAa OCHOBE BapHUALMOHHOrO MPHHLMMNA,
aHaJIOrHyHOro npuHiuny Xepusesa. Bonmpoc cBOAMTCH MO cylie-
CTBy K TOMY, YTO He00XOAMMO B KauecTBe JAOMOJHUTENbHOIO
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yCJIOBHS NOCTY/IMPOBATh ypaBHeHHe sHepruu (B pabore Xepuseua,
HampuMep, ypaBHeHHe 3HEpruu ompejeseTcs yYC/IOBHEM COXpa-
HeHust SHTponuu). DBes Takoro uauM Kakoro-1u60 aHAJOTHUHOTO
JIONOJ/IHUTEIbHOTO YCJOBUS, NMO-BUAHMOMY, HEBO3MOXKHO MOJYUYUTH
ypaBHEHHst [IBHXEHWS BSASKOH MKUAKOCTM M3 npuHUMNA [amMu/b-
toHa. Tak, nampuMep, MuaivkeH!) mokasas, uTO 3 MPUHLHMNA

BUIA Bdevzo, roe L 3aBHCHT TOJBKO OT Vv M gradyv,

He/Jb3 BbIBECTH ypPaBHEHHH yCTAHOBMBLIErocs IBUXKEHUS BASKOH
HeC)KUMaeMOH IKUAKOCTH, 33 UCKJIOUYEHHEM HEKOTOPHIX TedyeHuH
yacTHOrO BuAa (3TH Tedenus OyAyT PaCCMOTPEHBl B M. 75 Halueh
cTaTbu) 2).

lpyzue sapuayuonusie npunyuns., KpoMe pacCMOTPEHHBIX
Bblllle OCHOBHBIX BapHaLMOHHGIX MPUHIUIIOB, CYLECTBYIOT Pasany-
Hble BapHaLMOHHble (QOPMYJMPOBKM UACTHBIX 3alay JAHHAMHKH
xuakocTi. Hexoropbie M3 9TUX BapHaUMOHHBIX 3ajdau Mbl Oyiem
paccMaTpMBaTh HiKe B COOTBETCTBYIOIMX Pasie/aX Halled CTaTbu.
OTMeTUM, B UaCTHOCTH, TeopeMy KeabBMHA O MUHUMyMe 3Hep-
run (n. 24), BapuauuoHHble mnpuHuMnbl BedT™ena (m. 47), Teo-
pembl [eabmrosbua u Pasges (m. 75) u T. m.

1y Millikan C., Phil. Mag., (7) 7, 641 (1929).

2) Pe3yJabTaThl OTPULATENBHOrO XapaKTepa, KacalolHecs BapHalHOH-
HBIX NPMHUMNOB [l JBHXEHHS BABKOH XMIKOCTH, OBbIIM TOJYYEHHI
npyrumu aBropamu [Gerber R., Ann. Inst. Fourier (Grenoble), 1,
157 (1950), J. Math. Pure Appl., 32, 79 (1950); Bateman H., Phys.
Rev., (2), 38, 815 (1931)].



rnasa 3

HECHHMMAEMBIE U BAPOTPONHLIE UAEANDBHBIE
HUAKROCTH

§ 1. O6Gwue nPUHLUNLI

16. Beenenne. Mnl HauuHaeM [leTa/JbHOe U3yyeHHe CBOHCTB
IOBHXKYLIERCS HULKOCTH C 4aCTHOrO, HO BECbMa BAXKHOTO CJydyas
uieaJbHOH KUAKOCTH. B 3TOM cayyae BEKTOD HanpsikeHHUR Bbl-
paxaetcs npocTo# Qopmy/aoM t= — pn UM ypaBHeHHUs IBHxe-
HUS MMEIOT BHI

B 4 pdivy=0, (16.1)
d
p.st’ = of — grad p. (16.2)

B o6uieM cayyae K 9TUM YeTHIpeM YpaBHEHHAM cJjeldyeT A00aBUTb
TepPMOIMHAMUYECKOE COOTHOIIEHHE

p=1@ 1), (16.3)
rie uepes T o6o3HaueHa aGcomoTHas TeMmnepatypa. Mccaenosa-
HUe 3TOro OoOlIero c/ayyasi Mbl OTJIOXKHM 1O CJAeNYIOWHMX IJ/IaB,
3leCh e Mbl pacCMaTpUBaeM U3SIUHYIO TEOPHIO, OCHOBAHHYIO Ha
NpeinoIOKeHUH, YTO JaBleHHe M IUIOTHOCTb C8A3AHbH. Heno-
CpedcmsenHo, T. €. uTO

p=1/(p) wm p=g(p). (16.4)
TeuyeHne, B KOTOPOM IJIOTHOCTb M JaBJeHHE CBA3aHBl TaKUM
o6pasoM, HasblBaeTcs 6@ POMpPORHsLM. 3aMETHM, 4TO COOTHO-
uienne (16.4) MoxeT BHINMOJNHATbCS AMO60 B CHUaAy OCOOHIX YC/10-
BUH, NpM KOTOPHIX TNPOMUCXOAMT IABHXKeHHe, JUOO B CHIY NpU-
CYLIMX CaMOR XKMIKOCTH CBOHCTB. B moc/eiHeM ciyuae XHIKOCTb
HasbiBaeTCA nve3omponnol (pasanune Mexay 6apOTPONHEIM IBU-
EHHWEeM M JBUXEHHUEM Nbe30TPOMHOH MKUIAKOCTH CTAHET SCHHIM,
ecqd 3aMeTHTb, 4TO JMI000e TeyeHHe Mbe30TPOMHON KUIKOCTH
6apoTpONnHO, HO He HAOOOpOT; CM., HampuMep, TNpHUBelNeHHLIE
Hue npuMepbl). [Ibe30TpomHas MXUAKOCTb, A KOTOpPOR p =
== const, Ha3bIBaeTCH HecocuMmaemol.

4 3ak. 1160
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YkaxeM caeiyoouiye npuMmepbsl 0apOTpPONMHOTO TEUEHHS.

1. YcraHoBuBLIeecs INEMXKEeHMe BO3LyXa Npu uucaax Maxa
or 0 no 0,4. VaMeHeHue NJOTHOCTH BO Bceft 00JacTy TeueHus
npu TakuX uucaax Maxa He mpesbliaer 8%, M, Kak MPaBHUJIO,
IJIOTHOCTb MOXHO CYHTAaTb MOCTOAHHOMH.

2. WssHTponuueckoe ABHXKeHHe rasa. B cayuae, Hanpumep,
COBEpIIEH! O O rasa C NMOCTOSHHBLIMHU YAEeAbHBIMU TEN/I0eMKOCTAMH,

p==Np', N, y==const.

Bce pesyabTaTh, NMOJYYeHHBle B STOH TIjaBe, OCHOBAHBH Ha
NpeANo/IOKEHHH KOHCePBATHBHOCTH MOJA BHEWHUX cua, f==
= —grad @. 3aMeTuM, YTO HMKaKHe IONOJHUTE/bHbIE Mpeiro-
JIOKEHMS OTHOCHTEJbHO XapaKkrepa [IBHXKEHUS KUAKOCTH 31eCh
UCI0J/1b30BATbCA He OyayT.

Xapaxmepuwm csolicmgom Oapomponnozo 0BudiCeHUus
ABASEMCA NOMEHYUAABHOCME NOAS YCKOperuil

a=2 = —gnd(| %’i+9) (16.5)

dra npocras ¢opmyna Dfinepa sABAAETCA OCHOBOR HanbHeHUIETo
HCCMEeNO0BAHMS U MPUBOIUT K 3HAUMTEIbHOMY YNPOIUEHUIO BOMpPOCaA
O CBOMCTBAX IBMXKEHHS KUIAKOCTHU.

Irocroe dsusicenue. Ocecummempuinoe osudcerue. Bex-
mopHsle aunuu. Kpatku#t 0630p 3TUX NMOHATHH, KOTOPHIM Mbl
3aKaHuMBaeM BBOJAHBI MYHKT 1aHHOTO pasfeja, HM¢eT CBOek
TIaBHOW UEJbI0 YCTaHOBUTH TEPMHHOJOTHIO.

JIBMXeHWe MKULKOCTH HA3blBaeTCs NAOCKUM TeYeHHeM, eC/H
B HEKOTOpPOH NpAMOYro/bHOH CHCTeMe KOOpAMHAT X =:(X, Y, 2)
ckopoct 4 =v!, v =1v? aBaAAOTCA QYHKUMAMH TOJBKO X H Y,
a v3=0. JIBMmXKeHHe TNpPOUCXOIAUT B CeMefCTBE MJOCKOCTeH,
napaJge/bHHX MIOCKOCTH X, Y, M B KaXIO# U3 STUX IJIOCKO-
cTel MMeeT OAMH W TOT Xe BHUA. [Io 3TOH mnpHuYMHE MOKHO
OrpaHUYUTLCSA PACCMOTpPEHHEM eNMHCTBEHHOH miockoctd 2 ==0.
JlBiXeHHe Ha3bLIBAIOT OcecuMMempuuHbiM, €CIM B HEKOTOPOH
UMAMHAPHYECKOH cucTeMe KoopauHaT X = (x, y, 0)1) ckopactu

1) OpueHTalus CHCTEMbl KOOpAMHAT NMOKasaHa Ha puc. 2. Bmecrto
9THX 0603HaueHHH HeKoTOphie aBTOpbl [Hampumep, Jlam6 u Muan-Tom-
COH HCIOJB3YIT 0603HaueHus (x, w, §)]. Caenyer sameTuTh, UTO BBEAE-
HUIO B MEPUIMAHHOH IJIOCKOCTH MOJAPHBIX KOOPAHHAT 7, § 0GHIUHO COOT-
BETCTBYEeT BBeJeHHE B IPOCTPAHCTBE CHepiiecKnx KOOpAHHAT r, ¢, {.
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=v!, v=0? aBAAIOTC QYHKUMAMU TOJBKO X U y, 4 v3=0.
OueBUIHO, YTO B ITOM CJyyae JOCTATOYHO H3YYUTb IBUKEHHE
B MepuinanHo# noayniaockoctu 6 =0.

Kpupas, kacatesibnas Kk KOTODOH cOBNalaeT B KaxIO# TOuKe
C JAHHBIM HEMPEepLIBHBIM BEKTOPHBIM MOJIEM, Ha3bLIBAETCA BEKTOP-
HOM JsMHMe#. B uyacTnOCTH, BEeKTOpHBIE JMHMH MOJS CKOPOCTeH
Ha3bIBAIOTCA AUHUAMU MOKQ, & BEKTODHBIE JIMHUM TOJS BeK-
TOpPa B3aBUXPEHHOCTH — BUXpPesbiMl AuuAMU. (3aMETHM, 4TO
JUHUKM TOKA W TPAEKTOPHH HYaCTHULL
COBMAaJaloT, BOOOLIE TOBOPS, TOJNBKO ¥

B C/ydYae YCTaHOBUBLIErOCS IBHXKE-
@,y)
nus.) Hakownen, roBopdr, uto ABH-
weHue Ge3suxpesoe, eciu ToJe
BEKTOPAa  3aBUXPEHHOCTH  PAaBHO
Hy 0. —

17. KoHBexuus 3aBHUXpeH-
HocTH. M3yueHne usMeHeHMs BO
BpeMeHU TMOJsS BeKTOpa 3aBUXpeH-
HOCTH SBJISIETCS OAHMM M3 HAaubONee p .. 9 Cucrema KOOPIHHAT
BAaXHBIX METOLOB I10/YHYEHUS l/lH(pOp- I8 OCeCHMMETPHYHOr0 IBH-
Malu O ABMXEHHUHU WUAKOCTH. Vmes HEHuUs.
9T0 B BHLY, Mbl BHIBeleM celuac
KMHEMaTHUECKOE COOTHOLIEHHE, ONpele/siolliee CKOPOCTh U3MeHe-
HUs 3aBUXPEHHOCTH B MPOM3BOJILHOM TeYeHHM CIJIOWIHOH Cpenbl.
OTnpaBHHIM NYHKTOM HaM MOCJIYXUT XOPOLIO M3BECTHOE TOXKIE-
CTBO

v.grad v= w><v—|—grad—q (17.1)

[Tpumenus onepaTop rot k obOeuM wacTaM ypaBHenus (3.5), Mbl
B CHJIY paBeHCTBa (17.1) nosyuum

rofa—- o +rot(o)><v)_—dt— w - grad v} w divv.

M3 sToro ypaBHeHus M ypaBHeHus (5.3) cielyer ypasHexue
ougghy3uu benbTpamul), a UMEHHO ypaBHeHUe

d 1
;ﬁ(%)=9— - grad v+—rota. (17.2)

1) Beltraml E., Mem. Acc. Scz Bologna (1371—1873); Opere,
2, ctp. 202—379, B 0cOBeHHOCTH §6

4*
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[puMeHHM Temepb 3TOT pe3yabTar K OapOTPONHOMY TeueHHIO
uieaabHOH KUAKOCTH. B 3arom ciayuae B cuay cdopmyian (16.5)
rota==0, tak uto ypaBHeHue (17.2) mpuHuMaeT CJAeAyIOWUN BUL:

d (o ©

_ =) == ".9or . .

dt(p) ; grad v (17.3)
10 u3dlHOEe ypaBHeHHe !) OMUCHIBAET KOHBEKLMIO 3aBMXPEHHOCTH
npu GaporponHoM ABHxeHuu. MurtepecHo, uro ypasuenue (17.3),
paccMarpuBaeMoe Kak AnddepeHuuanbHOe ypaBHeHUE OTHOCH-
TeJbHO ®, LOMYCKaeT TOYHOE WHTErpupoBaHue. JleHcTBUTENbHO,
BBeleM HOBYI0 HEHM3BECTHYIO ¢, OmNpeleseMyi0 PaBeHCTBOM 2)

v ==pc - Grad x. (17.4)

Ata 3aMeHa NepeMeHHBIX KoppekTHa, Tak Kak J==|Grad x | # 0.
Torna, Kak MOKa3blBAIOT MPOCTbie BBIYHCIEHHS,

dc
T =0, c¢==c(X).
[oacraBnsa B ¢opmyay (17.4) ¢t =0, noayyaeM w;=p,C u,
C/Iel0BATEbHO,
(0]

2 =2 . Grad x. (17.5)
4 Po

DroT 3aMevarelbHBIR pe3y/abTaT Obla MOAYUYeH, NpaBia, U3: COBCEM
apyrux cooGpawenuft, Komu?d) B 1815 r.
OTMeTHM TPH BAXHBIX CJeACTBUsS ypaBHenust (17.5).

1. Coxpansiemocms Buxpesolx Aunul. ITO O3HAUYAET
MpPOCTO, YTO MHOXECTBO 4YacTull, oOpasyioliee BUXPEBYIO JIHHHIO
B HEKOTOPbIl MOMeHT BpeMeHH, npu npeobpasopanun X =@ (X, £)
MepeXOINT B MHOXECTBO, SBJsIOLIeecs BUXPeBOH JMHHUe#i BO Bce
NoCJ/eyIOliHe MOMEHTHl BpeMeHil. [l 1OKa3are/bCTBA 3STOTO
YAMBUTEIbHOTO (paKTa J0OCTATOYHO MOKA3aTh, YTO HampasJ/eHue dX,
KacaTe/bHOe K BHXDEBOH JIMHUM B HEKOTOPBLI MOMEHT BpeMeHH,
nepeMellaeTcs BMECTE C KMAKOCTbIO TaKMM 00pasoM, uTO BO BCe

) Ono mnpunamaexur Haucouy [Nanson E. Mess. Math, 3,
120 (1874)]. B neckoabko uHOH (opMe 3TOT pe3yabTar Gbla MOAYYEH
ditnepoM [Euler L., Novi Comm. Acad. Sci. Petrop. (1762); Opera
Omnia (2) 12, ctp. 133—168). B uacTHOM cayuae MOCTOAHHOH MAOTHOCTH
ypaBHenue (17.3) o6bluHO Ha3blBAIOT ypaBHeHHeM [enqbMrosbua.

2) B caenyomem nanee pasenctse Grad xadxj/dXi.
8) Cauchy A.-L., Mem. Divers Savants (2), 1; Oeuvres (1),
1, ctp. 5—318, B ocoGennoctu u. 1, § 4.
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BpeMA IBHXKeHUA OCTAeTCA KACATE/AbHLIM K BI’[XI)QBOﬂ munun. Tak
kak npy £t =0 dx=dX =w;dr, 10 B /11000ft Apyro#f MOMEHT
BpeMeHH

dx =dX - Grad x = w,, - Grad Xd’t'—:—%o-(!)d't, (17.6)

H Mbl JeHCTBMTE/bHO TOJyYaeM, YTO BEKTOp dX HampasJ/eH 1o
KacateqpHOH K BuxpeBo#t amuuu. Kcrartn, ypasuenue (17.6) mo-
Ka3blBaeT, YTO JJIMHA B3JeMeHTa IAYru dS BUXPEBOH JIHMHHM H3-
MeHsieTCHl B COOTBETCTBHU € (HOPMY/IOH

(% ds = %% ds,. 17.7)

HccaenoBanve BUXPEBbIX JHHHA OyleT Npoxo/keHO B M. 25.

2. Teopenma Jlazpanynca — Kowu'). Ecau wacmuya
HUOKOCMU UL HEeKOMOPBLE 06BeM HCUOKOCMU HAX00UAUCDH
nepeoHAUALbHO 8 (Ge38UXPEBOM OBUdNCEHUW, MO 3MO CBOUCMBO
COXPAHUMCS 80 BCe 8pems O8udceHus. D10 YTBepKIeHHE
IBIIETCH OUEBMIOHBLIM caenctsieM dopmyast Kowwm (17.5).

3. B cayuae nuockoz2o O0suscernuss Mbl nuMeeM

:my:o, (DTZ(D:--QK—QL. (17.8)

@ 2 ox ay

X

Takum 00pa3oM, BeKTOp ® HanpaBJeH MO HOPMaaM K MJIOCKOCTH
TeyeHus U o - grad v=0. W3 ypasnenus (17.3) curenyer, uto
s (UKCMPOBAHHON YACTHLLI XKUAKOCTH w/p == const; 3TOT dakT
HATAAAHO WJIIOCTPUpYET caelcTBHA 1 u 2, chopMy/anpoBaHHble
Bbillle., AHAJOTMYHO IS OCECHMMETPHYHOrO TeueHNs

ov ou
x:o_)y:.:o, (1)"):(1)2—0’—;»—-5)-’— (179)

(em. n. 12). Hs ypasuenna (17.7) caeayer, yto Aas Qukcupo-
BAHHOM YaCTHLBI KUAKOCTH ®/yp == const. DTOT pe3yabTaT MOKHO

) Lagrange J. L., Nouv. Mém. Acad. Berlin (1781); Oeuvres,
4, ctp. 695—748. Tlpu dopmyanpoBke M J10Ka3aTelbCTBE TeopeMmbl Jla-
rpaHkK JOMYCTHA HEKOTOPble HETOYHOCTH. KoppekTHOe A0Ka3aTeabCcTBO
TeopeMb] NpHuHaAiexuT Komw, cM. MpHMeuyaHue Bbille. 3aMETHM, 4TO
teopeMa Jlarpanxa — Komu ocCHOBaHa Ha NpeANOJOXKEHHH O Helpe-
PHIBHOCTH [JIBUXEHHA B CMBICJE OMNpeJeneHus, gaHHoro B m. 3. besBu-
XpeBOe TeueHHe MOXET CTaTb BHXPEBHIM MOC/E NPOXOXKAEHHA yAapHOH
BOJHBI (CM. N. 54), HO ocraeTcs O€3BHXPEBBIM IIpH Nepexoje uepes
NOBEPXHOCTb caaboro paspuiBa (cM. m. 51).

®
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Obi10 Obl' MOJIYUUTh, MCXOMLS, KAK M B Cayyae IUIOCKOTO TeyeHus,
u3 ypasHeHus (17.3), oaHaxo BbIBOA Obli1 OBl HE CTOJbL INPOCT.

18. Teopemnl Bepuyaau. YpapHeHueMm DBepHy/1an OGBUHO
Ha3LIBAIOT OJMH M3 MEPBBIX MHTErPAJIOB ypaBHeHUH IBHMKeHus!).
B 8aBUCUMOCTH OT YaCTHHIX AMHAMMYECKUX WM KHHEMATHYECKHX
NpeanoaOKeHuH OTHOCHTeNbHO XapaKTepa IBHIKEHMS 9TO ypaBHe-
HUe TpPHUHUMAeT pas/nuHble (GOpPMbI, ONLHAKO BO BCeX CJyyaax
OCHOBHYI0 pO/Ib UIpaeT BeJUYMHA

1 d

MBbl paccMOTpUM B STOM MNYHKTe pas3/uyHbie GOpMBbI ypaBHe-
Hus bBepHymim B ciayuyae 6GapOTpPONHOrO TeuyeHUs HIeaJbHOH
KUIKOCTH.

BocnoabsoBaBiincs Qopmyaoft (17.1), Mbl MOkeM 3anucaTb
ocHoBHOe ypaBHenue (16.5) B Buze

%+va:—gradH. (18.1)

[TpennosokuM Temepb, UYTO TeyeHHE YCTAHOBMBIIEeCs; TOrA4,
Kak Jerko Buneth u3 ypaBnenus (18.1), cnpasennuso ciaenyo-
liee yTBEpKIEHHE.

Teopema bepuyaaun. Ecau 8 o6aacmu ycmaHrogus-
wezo0css GApPOMPONnHO20 meveHuss wuOeasbHOL JHCUOKoCmU
wXv=0, mo

%qi’—i-fipp——{—ﬂas—const.

B npomusnom caywae, ecau w X v=+0, 8 o6aacmu meue-
HUR cyuwjecmsyem cemelicmso nosepxHocmel

H=%q2+f—dp£—i—9=const,

npuwem Ha Kaooh ud smux nosepxnocmed 8 Kawecmse
KOOPOUHAMHOE cemKu MOJNCHO Bbi6pamp Buxpesvle AUHUL
u aunug morxa. B wacmuocmu, H = const Ha aunusax moxa.

1) Nanuua Bepuyain (Bernoulli D. Hydrodynamica, 1738)
noayyua obuyio TteopemMy Tuma cdopmyaupoBaHHoit Boime. He Hamo
IyMaTb, OJHAKO, YTO eMy OblIH HM3BECTHbl BCE DEe3yabTaThl, KOTOpbIE
cefiuac HOCAT HasBaHue ypaBHeHuit BepHyan.a. Cw., Hampumep, IpexH-
gosue penaktopa k CoGpanuio couudenuii Jiinepa (Opera Omnia

) 12).



18. Teopemer Bepryaiu 55

[Mosepxuocty H = const MOxHO Obl0 OB Ha3bIBATb MOBEPX-
HocTamu Jlam6a mo MMeHH WX NEepBOro ucciaenosatess ).

[Toutn Taxkoff ke pe3yabTaT MOMHO MOJAYUHTb MpH Gojee cCaaGom
NPENNONOKEHHH He3aAsUCUMOCMU OM 6peMerl NOAS BeKMOpA 3a8ux-
penHOCmu, He TIpEAnonaras 3apauee, 4TO TEYEHHE yCTaHOBUBLIeecsH 2).
B camoMm nene, ecan o X v==0, To, npuMeHuB omeparop rot K coor-
HOILEHHIO V = Rw, MBI MOJNYYUM

©?
T w-rotoe

’

M3 4ero CJAelAyeT, YTO TMO0Je CKOPOCTeH TaKkKe SIBA#ETCH YCTaHOBUB-
mwuMcd. DTOT OCHOBHOW cayuyaidl yme Obla paccMOTpeH Bbime. Ecau
o X v =0, T0 mone ckopocTe#t He 006s3aTeNbHO OYIET yCTaHOBHB-
IuMCsl, HO B 3TOM cayuae

ov 0w

rot —+

of = of =0

U, ClEJOBaTeNbHO, OV/0f = grad y, rle 7y — HEKOTOpas MOTeHIuanbHas
¢ynxuust. Takum obpasoM, npu ® X v == 0 B o6aacTu TeueHUs Cyie-
CTByeT CeMeHCTBO TMOBEpPXHOCTel

%q2+fi—p+53+x= const,

Ha Ka¥JIOH H3 KOTOpPbIX B KayeCTBE KOOPAMHATHOH CETKM MOXHO
BbIGpaTh BUXpPEBble JHHHM H JUHHH TOKa.

Kak wu3BecTHO, Ge3aBUXpeBOe TeuyeHHe XapaKTepu3yeTcs TeM,
yTo cyuectsyeT (ObITb MOXKET, MHOIO3HAuHBI) nomeHyuas
noan cxopocmell ¢ =q¢(X, t), Tako#, 4TO

v=grad ¢. (18.2)

(HekoTopble aBTOpPBH MO aHAJIOTUM C MOTEHLHANOM CHJI Ompe-
IeJAI0T NOTEeHWUHal CKOPOCTeH COOTHOWEHHEM V== — grad ¢.
Oanako 3To MeHee y100HO, M B COBPEeMEHHOH JUTepaType
noc/efHee onpejeseHue, Kak NpaBuio, He ynotpeb.siercs.) Coor-
Houwenue (18.2) mossoJsifeT npouHTerpupoBaTh ypaBHeHue (18.1),
M Mbl TOJy4YaeM, TaKuM oO0pasoM, meopeny bBepryiru 0isn
Ge38uxpesozo meueHus:

%_i_%q?_{—f%—{—ng(t). (18.3)

’5) Lamb H, Proc. Lond. Math. Soc., 9, 91 (1878); cm. Taxe [8],
§ 165.

2) 10 o0606ueHHe NpHHAANEKHUT, No-BuauMomy, Masorru [M a-
sotti, Rend. Lincei, (6) 6, 224 (1927)].
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B cayuae ycraHOBUBLIErOCA HABMXeHUS ypasHeHue (18.3) mpu-
HuMaeT 6oJiee MPOCTOH BUA:

_;_q‘z_{_f%ﬂ—i—gzsconst. (18.4)

Bosbinoe 3Hauenue ypasuenuit (18.3) u (18.4) ompenensiercs
TeM, YTO S5TH YpaBHEHMS TPENCTABJAIOT COOOH MOJHBIE MHTE-
rpajsbl ypaBHeHWH IBUKEHHUS.

19. dynxkuna Toka. B kaxaom ciyuae, korza ypaBHeHue
Hepa3pBIBHOCTH [OMyCKaeT MpeNCTABAEHUE B BHIE CYMMBl JIBYX
NPOU3BOIHBIX, STO ypPaBHEHHE MOXET OBLITb MPOHHTEr PUPOBAHO
BBeJeHUeM (YHKUMM TOKa. B 9TOM NyHKTe Mbl pPacCMOTPHUM
TOJMbKO TJIOCKOe TedyeHHe U OCeCUMMETDHUYHOE TeueHue, XOTH
9TH TEYeHUs] HE HCUEPIBIBAIOT BCE CJyuyah, B KOTOPHIX BO3MOXHO
nocTpoeHue ¢yHkuuMn Toka. Mpl Oylnem npennonaraTb TaKxke,
YTO KHMIKOCTb HeCxkHMaeMa; OoJjiee CJIOWHBIH Clyuaih cxxuMaeMoH
XKUMAKOCTH OyIeT paccMOTpeH Huxe (cM. 1. 42).

ITarockoe mewenue. B atom ciyuae u = u(x, y), v="v(x, y),
w==0, 1 NO3TOMY ypaBHeHUe Hepa3pPbIBHOCTH HUMEET BU

ou ov
ox T3y =0
B cuJiy 57010 ypaBHeHUsi KpUBOMMHEHHLI ! UHTET paJl f udy—vdx,

B3ATHIH OT (UKCHPOBAHHOM TOUKH (X, Y,) 1O INepeMeHHOH
TOUKM (X, y), ompelenser (6bITb MOXET, MHOFO3HAYHYIO) (QYHK=
wo $=14¢(x, y, £):
oY oy
=T =L, 9.
u dy v o (19.1)
Jlerko BUIETb, YTO MO M3BECTHOH (yHKUMM ¢ nose cKopocTeH
BOCCTAaHABJIMBAETCSA OJHO3HAYHO. SICHO TaKk»ke, 4TO JuHUU § = const
ABJAIOTCA JIMHUAMM TOKA; NocJelHee OOCTOATENbCTBO MOCYKHIO
NPUYUHON HasBaHUs (yHKuuu ¢ QyHkuue# Toka.
[TpencraBiseT MHTEpeC ypaBHEHHE, KOTOPOMY YIOBJETBOpSET
¢yHKUMA §, 4 MMEHHO ypaBHeHHe
0% 0%
W—l——@z———m, (192)
KOTOpOe sBJseTcs cJencTBueM ypasHenu#t (17.8) u (19.1) wu
HCTIONb3YETCA JiA  onpeleseHus ¢ 1O M3BeCTHOH Be/MuUHe
3aBUXPEHHOCTH. 3aMeTUM TeNepb, YTO IJISl NAOCKOZ0 YCMAHQ-
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susuLe2ocsa mederus B cuiay ypasHenus (18.1)
H=H{), o=——-~.

CrenoBaTenbHo, M0Goe peenune ypaBHenus A% = f () Moxer

C/LYKHMTb IPUMEPOM YCTAHOBUBLIETOCS IIIOCKOTO TEUECHHUA; KOHEUHO,

B KOHKPETHOH 3alaue HYKHO TaKKe TPHHIMATL BO BHUMAHUE

TpaHUYHBIE YCIOBHS, KOTOPHIM 10/KHA YAOBJIETBOPATL QYHKLUHUS L.
B cayuae Ge3BUXpPeBOro TeueHHs CYLLECTBYeT MOTEHUMAN ¢ H

_ 9% __ 0} _ %% _ 0}

STy YT T T

KomnnekcHas ¢ynkuna @ =w (2, ) =9 +1ib, z=x-1iy
AB/ISETCS, CJAELOBATe/bHO, aHAaJUTHYeCKOH; 9TOT (aKT 4Yacro
NO03BOJISET HANTH TOUHOE pelleHHe 3aAauyl O MIOCKOM Ge3Buxpe-
BOM [IBMXKEHMM HecxkumaeMoH xuakoctu. YUurareap moxuer obpa-
THTbCS MO 3TOMY Bompocy Kk kuuram Jlam6a [8] u Muan-Tom-
cona [10], a rakxe k cTathaM Bepkepa, Bexaysena u Ilxunbapra
B NAHHOW DHUUK/IOMEIUH.

u

Ocecummempuunoe mevenue. Tak Kak paccymeHns B ITOM
ciyyae BIOJIHE aHAJOTMYHBl H3JIOMCHHLIM BbIlE, MbI OTpaHH-
yuMcst (GopMyaupoBKOH pe3ynbTaToB. JIAS  OCECMMMETPHYHOTO
TeueHUs ypaBHeHHe HepaspbIBHOCTH MMeeT BUI

0 0

a5 (Ya) +W(W’) =0
[cM. dopmyay (12.11)]; cienoBate/bHO, MBI MOXEM OMpELENHTh
Gydkuuio Toka U =19 (x, y, f) TaK, yroOnI

1 oy 1oy
U—TW, ’U—-——}—b—}-. (19.3)
YpaBHeHue Aas HAXOWAeHUs & MO H3BECTHOH BeNMYUHE 3ABUX-
DEHHOCTH MOJYYaeTCss B Pe3y/bTaTe HCKMOUEHUs 4 U U U3 ypas-
Henu#t (17.9) u (19.3) u umeer Bug

02y 0%y 1 db
2)) = I S
E?) = o 3y? vy — yo. (19.4)
B ycmarnosusuwemcs mewenuu H v o CcBA3aHbl COOTHOILIEHUSIMU
dH
H = H (), u);:——y—@—,

u mo3TOMy JI060e peutenue ypasHenus 2y = y2f (b)) MOKHO pac-
CMaTpUBaThb KaK MpUMeP YCTAaHOBHBIUETOCS OCECHMMETPHUYHOrO
TeueHus.
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Wntepecnuit npuMep npaer cdepuueckutt Buxps Xuiaaa
b=1/, Ay*(a®>—r?), rae r’==x2-fy% Jlug 9TOr0 TeyeHUs
0o=>5Ay 1 H=—5A¢ - const (cm. [8], ctp. 309).

20. YpaBHEHHSA JABH)KEHHS B €CTECTBEHHHIX KOOpAMHA-
tTax. PaccmorTpum miockoe ycranoBusuieecd IBuxeHue. ITycts s
¥ n 0003HAYAOT AMMHY AYTH JIMHUH TOKAa M UX OPTOrOHA/bHBIX
Tpaektopu#t. ITloctaBuMm cBOedl 3ajgaueit Ha#iTu BUA ypaBHeHH#H
IBHXEHUS, 3aMUCAHHLIX B MPOU3BOLHBIX MO MEPEMEHHBIM § U A,
Yn006HO HayaTb Halil paccMOTpeHus ¢ GOpMy.abl a9 IuBep-
reHUMH BEKTOpad CKOPOCTH; HAa 3TOM MpHMepe CTaHeT SICHBIM
TaK:ke OOWMH METOH, UCMOJb3YeMbI B 9TOM mnyHkTe. B zexap-
TOBOH cucTeMe KoopauHaT (x’, y’) C HAyaJIOM B HENOJBUK-
HOM OTHOCUTE/bHO KUIKOCTH TOUKe P M OCAMH, HarpaBJeHHbIMHU
MO MpOXOoAAlUM yepe3 /° NMHUM TOKA M OPTOTOHAJbHOH Tpaek-
TOPUM,

. ou’ o0v’ 0 0 .
dwv:aix,—l—a—;r=5;,[qcos(ﬁ—8p)]—]-a—y,[q sin (@ — 9,)];

3nech uepe3 U 0003HAUeH YroJ HAKJIOHA BEKTOPA CKOPOCTH
K OCH X HMCXOIHOH cucTeMbl KoopauHaT. Ilpoussens ykasanuoe
IuddepeHUNPOBaHUE, Mbl MOJAYYUM, YTO B TOYKe P
dq 0%
divv= — —. 20.1
Os + q on ( )

Vckomas ¢opmyna, Takum o6pasoM; mnoayyexa. Bseis B pac-
CMOTpeHHe KpMBM3HY % M K JMHMH TOKAa W UX OPTOrOHA/JbHBIX
TPAeKTOPHUH COOTBETCTBEHHO

0} 0%
v=s K=75,

Mbl MOXEM, BOCMOJL30BaBmMCh paseHcTBoM (20.1), sanucathb
ypaBHeHUe HEPa3pEIBHOCTU B BUIE

0
55 (0@) + Kpg =0. (20.2)
ToyHo Tak ke, NMpuMeHUB (opMyIy

4 gl (20.3)
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MBl TOJYYMM B TNPOEKUMX Ha JHMHHIO TOKAa M HA €e OPTOro-
HaJbHYI0 TPAeKTOPHIO ypaBHEHUS

9q op op

—_— == = 2= — 2,

P4 55 o M on (20.4)

YpaBuenus (20.2) u (20.4) obpasyor cucmemy ypasHerui
YCMAHOBUBWLE20CA NAOCKOZO MEHEHUS B €CIECHIBEHHbLX KOOP-
Ounamax. PaccyxaeHus, aHaJOTHYHblE HCIHOJb3OBAHHHIM TpHU
BHIBOJe ¢opMmyab (20.1), mosBousioT
HaTH A8 ONpeleseHUs 3aBUXpeH-
HOCTH opMyTy

7]
= ‘a—z + ug. (20.5)

Jlerko BEIMHCATb COOTBETCTBYIOLIHE
ypaBHeHHs LIS OCeCUMMETPHUYHOTrO
TeyeHMs. B 4acTHOCTH, MBI BMecCTO
ypaBHenns (20.2) noayuum

Ka
ﬂuﬂuﬂ e

b
0
o5 (yeq) + Kypg =10, (20.6) Puc. 3. EcrecTsenHse

KOOpJMHAThl B TpexMmep-
a ypasHenus (20.4) u (20.5) ocraiorcs HOM TEUYEHHH.
HeU3MeHHBIMH.
ITonyyenHrle BHIIe ypaBHeHus 6e3 Tpyaa o6o6ialoTcs Ha
TpeXMepHbIft CJyyadf, ecanm BOCMOJb30BATbCs (OpMynamu PpeHe

B, B, (20.7)

rie uepes s, n U b 00603HauUeHBl COOTBETCTBEHHO KacaTebHas,
rMaBHas HOpMaab M OMHOPMajb K JUHHM TOKA. Mbl KMMeeM

divv==div(gs) = %Z— —+ gdivs.

CrnenosatenbHo, eciu 0603Hauuth M ==divs, TO ypasHenne
HePa3pBLIBHOCTH MOXMHO 3aMUCaTh B BHIe

2 (6) + DMpg = 0. (20.8)

AHaJOrMYHO MOACTABMB B  ypaBHEHHs JIBIKEHHS BBIpake-
HUe V==¢S 1 BOCNO/b30BABIIACL popmynolt (20.3), Mbl moaydum

0 Js
pq % s + pg? o5 = —grad p. (20.9)
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Bropoe caaraeMoe JeBOH uacTH MOXHO NpeoOpasoBaTh Mo OOHOH

u3 ¢opmyn Ppexe, nocae uyero, 3amucaB ypasHeHue (20.9)

B NpOEKUMAX Ha HanpaBieHus S, N U b, Mbl nOJy4uM
0 0
p 0—_ 9P

0 0
PG = — g gt = —

2 4 L. (20.10)

Ypasuenus (20.8) u (20.10) aBAAIOTCH UCKOMBIMU yPaABHEHUAMU
VCMAHO8UBULEZOCS OBUINCERUS B eCIMECTNBEHHBLX KOO POUHAMAX.

" Boipaxenue g BEKTOpa 3aBMXPEHHOCTH IIPOILLE BCEro MOAYYHTh
CIeAYIOIUM cnoco6oM. 3aMeTHM, 4TO

Sp np bp
0 0 0
o =r0tv= E '07{ Ey N (2011)
V.S, ven, v-bp

rie P — HemoJBHIKHAs OTHOCHTEJNbHO NMOTOKA TOYKA, a (S, n, b) — nekap-
TOBBl KOODJAMHATBI € HayaioM orcyeta B Touke P (cM. puc. 3). Iox-
craBuB B coortHourexdue (20.11) BblpaxeHue V = ¢S M BbHIIOJHUB yKa-
3aHHble JH(depeHIPOBaHKS, MBI NOJYYHM B Touke P

Js Js 0q dq

B cayuae Ge3BMXpeBOro TeyeHHs HAM B GoJee ofuweM cayuae,
KOrja moje CKopocTe#f HOPMaJlbLHO K OJHONMAPAMETPHYECKOMY CEMEHCTBY
noBepxHocte# S, mMHoxurenap N B ypaBHeHuu (20.8) MOxHO uHTepmpe-
THPOBaTb KaK CYMMY TPJaBHBIX KDHBH3H (CPEIHIOI0 KDHBH3HY) 3KBH-
NOTEHIHAJbHBIX NOBEPXHOCTEH MM B oOmeM ciayuyae NOBepxHoCTe# S.

OcranbHag uacTh 9TOH TrjiaBbl pasburta Ha JBa mHaparpada,
B KOTOPBIX M3/1araloTCs Pe3y.bTaThl MCCef0BaHHH Ge3BUXPEBOrO
U BUXPEBOIo IBH)KEHUH cooTrBeTcTBeHHO. CHayana Mbl paccmo-
TpuM OoJiee npocTo#t u GoJee u3yyeHHBH cayuyait Ge3BUXpPEBOrO
IBUKEHUS.

§ 2. Be3puxpeBoe IBHKEHHE

21, YcJaoBusi MOTEHUHANBHOCTH ABHMEHHUSA. OCHOBHIBasiCh
Ha ypaBHeHusx DBepuymmm (18.3) u (18.4), nerko nokasath, uTo
ypaBHeHUs IBMXKEHHUS KUAKOCTH 3HAYUTEJBHO YNPOLIAIOTCS, eCJU
NpeanoNOKUTE, YTO ABMKeHUe GeapuxpeBoe. OO6LIYHO 1151 060CHO-
BAHUA 3TOTO MNpEINOJOXKeHHs TO0Jb3YI0TCS TeopeMod Kouin —
Jlarpanxa (m. 17), koropas yTBepxKIaeT, 4TO 0apomponHoe
dsuoicenue udeaabHoOl JcuoKocmu s8AAemMcs 0e38UXpesbli,
ecau Kaucoan 4acmuya IHCUOKOCMYE nepBOHALAABHO HAXO0-
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0uaacs 8 COCMOAHUL NOKOSA. DTO YTBeprAEHHe HE O3Hauaer,
4TO KaacOoe GapOTPONHOe NBHXKEHHWe MUIKOCTH sBaseTcss Ge3-
BUXPEBBIM, TaK KaK, OCTaBJafsa B cTopoue ¢usiocodckufl Bompoc
0 TOM, OyIeT JM Kax/Jas 4acTULA NOKOMTbCH B HEKOTOPHIA
MOMEHT BDEMEHH, 3aBHXPEHHOCTb MOXET BO3HMKHYTb B KOH-
KpPeTHOH 3ajaue, Hanpumep NOA BO3 eHCTBHEM BHELIHEro Mexa-
HI3Ma B3KOCTH MJM YJapHbIX BOAH. Tem ne MeHee cdopmyau-
pOBaHHAs BbILIE TeOpeMd CBMAETC/AbCTBYET O TOM, 4YTO HCCJe-
noBaHHe 0e3BUXPEBOTO IBHMEHMS SIB/ISETCS BeCbMa EAMKHBIM
pasnesoM TeOpHH HIeaNbHOH KHAKOCTH.

B sroit c¢BA3M nNpenCTaBJfeTCS HHTEPECHBIM POLCTBEHHBIN
pe3y/abTaT, KOTOpBI BO MHOTMX CJyyasX TapaHTHPYeT NOTeH-
uMaabHOCTh TeyeHus. OOLIYHO 3TOT pe3yabTaT (OpMyaupyercs
cienyolwiuM 06pa3oM:  TeyeHHe, BO3HHKINEE U3 COCTOSIHHS
MOKOSl M/JM PABHOMEPHOTO IBHXKeHHUS, sBJfeTCA Oe3BUXPEBBIM.
ChopMynvpoBaHHOe YTBepXKIeHHe Ha NMepBbfi B3rJISL He BHI3bI-
BaeT COMHEHU[i, OJIHAKO B TOM CJ/yuae, KOTIa ABHKEHHE XKHAKOCTH
paBHOMEpPHO Ha OeCKOHEYHOCTH, OHO HYXJIaeTCsl B TLIATe/bHOU
nposepke. [lycTe 1pu X—>coO BEAMYMHBI V, p, P U ® CTpe-
MATCA K HEeKOTOpHIM npelenaM, npuueM limw=0. B cayuae
MJIOCKOTO U OCeCHMMETPHUHOTO TeueHUs Mbl U3 TeopeMbl 3 m. 17
ne#cTBUTeabHO noayvaeM, uyto ® =0. HWnaue ob6ctour pneno
B CJyuyae TpPeXMepHOro TeueHus !); 3LeCb ITOT pe3yAbTAT MOXKHO
NOJYYHTb TOJBKO B CJyude YCTaHOBMBIUerocs nBMxeHus. Jlokasa-
TeJbCTBO NPOBOAMTCA cielyioluM obpasom. CoraacHo TeopeMe
Bepuyamu (n. 18), Ha JMHMAX TOKAa BBINOJHSETCS pPAaBEHCTBO

H_.— ?+fdp+52=const

npuUueM B CHJY YCJIOBUH Ha GeCKOHEYHOCTH 2) MOCTOAHHAS MMeeT
OIHO M TO Xe 3HaueHue IJs BCeX JMHHUA Toka. Bocnosabsosas-
wuch Tenepb ypaBHeHueM (18.1), mMbl mosyuaeM, uto ®w X v=0,
T. €. YTO HalileTc TaKas CKanspHas QyHKuMs R ==k (X), uTO

0= kv. @21.1)

1) XoTs HEM3BECTHO HH OJHOrO NPOTHBOPEYAILEro fIPHMEpa, He-
TPYHAHO OblIO 6bl NOKa3aTbh, YTO MOTEHLHAJbHOCTH HE SABJAETCH CJef-
CTBHEM OJHOTO TOJbKO ypaBHeHusi (17.3) uiu SKBHBaJEHTHOH eMy dop-
myaot (17.7); cm. cratbio JlekopHio [Lecornu, C. R, Acad. Sci.,
Paris, 168, 923 (1919)]. Ccnlaky Ha 3Ty pa60Ty u cxemy 10Ka3aTeb-
cTBa A Oo6Hapyxua B kHure Tpycreana [27],

?) Ipeanonaraercs, YTO MNOTEHIHAN BHC].I.IHHX CHI {2 CTpeMHTCS
K Onpeje/eHHOMY Opejeny NpH X —> o,



62 I'a. 3. Hecocumaemse u Gaporponusie udeasvuvle xudKoCTU

V3 ¢opmyas (21.1) B cBOlo ouepelb C/eLyeT, 4TO
0 =div (kv) =div (k? pv) =pv - grad —pk—

[MocnenHee cooTHOLIEHU: TpeNCTaBJseT COOOH He 4TO MHOe, KaK
ycJOBHe TOCTOSHCTBA Rfp Ha JuHuUM Toka. Takum obpasoM, Ha
JIMHUSIX TOKA

(0]
= const. (21.2)

Ecmu limv 0, TO 444 BceX JMHUM TOKA NOCTOSHHAs paBHA
HyMO ¥, cJaenoBartenbHo, ®w==0. B nporusHoM cuayuae, ecau
limv=0 (xuikoctb B O6eCKOHEUYHOCTH HAXOAUTCH B COCTOSHUM
NOKOfl), Mbl OyZeM BBIHYKIEHBI YIOBJIETBOPUTbCS 060Jee CKpPOM-
HBIM pe3yJbraToM (21.2). ,

ITonBOASi UTOT pacCymJeHusM, NPOBELEHHBIM B MpPebIAYLIUX
NYHKTaX, MBI MOXeM COpMYJIUPOBATH CJelyiollee YTBepKIeHUE:
6apomponnoe meyerue U0eQAAbHOU HCUOKOCMU 8 KOHCepPBA-
MUBHOM NOALe BHEULHUX CUA SABASEMCS 0e38UXPeBblM, ecau
Kaowclas 4dacmuya nepeoHayaNbHO HAX00UAACH 8 00.aacmu
NOKOS uaru pasrHomeprozo O08udscernus. Kpome mozo, naockoe
meuenue, ocecumMMempuyHOe mederue, @ MAKIHCE YCMAHO-
susuleecs mpexmeproe meverue npu limv =0 ssasgemcs
6e3suxpesvli, ecau mederue Ha GeCKOHEUHOCMU SIBASEMCS
PABHOMEPHbLM.

22, CpoiicTBa Ge3BuxpeBoro aBmxeHus. [loBexeHue mno-
TeHnuaJa Ha OecKOHe4HOCTH. DesBuxpeBoe IBHIKEHHE Xapak-
TepHu3yeTcd CYyLeCTBOBAHMEM IMOTEHLMAJa CKOPOCTH © = ¢ (X, f),
TaKkoro, 4ro v==grad¢. Ecau paccmaTpuBaeMas KHUIKOCTb He-
cxumaema, To divv =0 u, c/JenoBaTeJbHO, MOTeHUHAT ¢ YIO-
BIETBOPSAeT ypaBHeHulo Jlamsiaca

0% 0?2 0%
V2@=W+d—;’;—+§5=0. (22.1)

3anaua 0 Ge3BUXPEBOM IBHXKEHHH HECHKHMaeMOH KIIKOCTH CBO-
OUTCA TakuM oOpasoM NpOCTO K pellleHUHIO ypaBHenus (22.1)
NpH COOTBETCTBYIOIMX T'DAHUYHBIX YCJIOBMAX. MBI paccMoTpum
HEKOTOpPble OCHOBHbBlE acCNmeKThl 3TOH 3a1aud B 3TOM U CIELYIO-
eM NYHKTaX; BOMPOCH, Kacalolhecs JBUMEHUS CKIMaeMO’
xKuakoct, OyayT usyyarbcs B I 5,
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PaccMoTpitM cHauana TOT BaKHLIA C/Iyya#, KOTIa KHUIKOCTb
3aHnMacT BCe MPOCTPANCTBO BHE OAHOTO /N HECKOJbKHMX IBH-
JKYLWMXCS TBEPABLIX TeJ KOHeYHHX pasMepoB. [Ipenmosioxnm,
yTO Ha OeCKOHEYHOCTH JKMIAKOCTb JBHIKETCS PABHOMEPHO CO

ckopoctbio U, 1. e. yro lim v=U. To20a nomenyuasr u
r—->w

CKOpOCHb RDU T —>CO UMenm CAe0youue acuMnmomuie-

crue npedcmasaeHus:

¢e=U-x+C+H0(r 3, }
v=U-+0(r73).

3decsr X =(x, ¥, 2) u r’=x?-+ y24 22

CyuwecTBYIOT pas/idyHble JOKA3aTe/IbCTBA STOTO BAXKHOTO pe-
3yJbTaTa; CAMBIM TPOCTBIM, BEPOSITHO, SBJSETCS MNpPUBelEHHOE
Hixke. HauHeM ¢ 3aMeuaHus, YTO LOCTATOYHO PACCMOTPETH CIy-
yat U=0; o6wui cayyalf CBOAUTCSH K STOMY HaJONKEHUEM MOJS
ckopocte#t pasHoMepunoro aBixeHus. Ecan U=0, To Jaerxo
nokasats (cm. [10], § 3.75), urto

¢ —C=1-§[e o () — 7 S]da. @23
3

(22.2)

rie C -— cooTBeTcTByOWUM 00pa3oM BLIOpaHHAS MOCTOsIHHAA,
Y. — 3aMxHyTas TMOBEPXHOCTb, colepxkauias oOTekaeMble Teua,
X — TOuka BHE X, a r’ — paccTOsHHE MeXIy X M TOUKOH MHTe-
rpupoBaHus. (3aMeTHM, YTO NPH HEOLHOCBA3HOK oOO6JacTu Teue-
HUA MOTEHLMAJ CKOPOCTH MOMeT ObITb MHOTO3HAYHOH (yHKLuUEH,
OIHAKO M B ITOM CJydyae MPU LOCTATOYHO OOJBIIOM 7 M00Yyi0
BETBb MOXHO pacCMaTpHBaTh KaK OIHO3HAYHYI0 (YHKLHUIO.)
Wurerpan B npaBoft wactu paBeHcTBa (22.3) MMeeT, OuYeBHIHO,
C/lellyIOLIEE ACHMITOTHYECKOE MpEeACTaBACHHUE:

0, (22.4)

rse A — moTOK HUIKOCTH yYepe3 X, T. e.

[Ipn moOCTaHOBKE 3alaul HEABHO [IPEANOJAranoch, YTO WUCTOY-
HUKH OTCYTCTBYIOT, cJaeloBaTe bHO, A ==0 u npexcrasienue (22.2)
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10Ka3aHO. AHaJoTHyHLIM 00pasoM, AuddhepeHUUpys CooTHOLIE-
Hue (22.3) mo X, Mbl no.yuyaeM, 4to npu A=0

v=0(r3%. (22.5)

dTuM 3aBepLIaeTcs [OKAa3aTe/bLCTBO CNpaBelJMBOCTH IpencTa-
BieHu#t (22.2).

B ciyuyae HeoOXOIMMOCTH MOXHO MOJAYYHTb TMOJNHOE PAa3io-
eHHe IOTeHUHana M CKODOCTH B OKPECTHOCTH OeCKOHEYHO
yhoajeHHOH TOYKH B BHIE paa N0 chepuyeckuM GYHKUHAM
(cMm. [45], crp. 143).

lpyroe poxasareabctso (opMyJas (22.2) OCHOBAaHO Ha NpejcTa-
BJEHHH MoJs ckopocte#d unrerpajsom I1 accona

2___ p2
v (x) = f v,—x‘l—lm,aR da, (22.6)
r=R

rae R nocratouHo BeJHKO H | X | > R. 3akoHHOCTb npeactaBienus (22.6)
JEerKO MpOBEpsieTCsl Ha OCHOBE H3BECTHLIX CBOICTB MHTerpata [lyac-
coHa (cM. [45), ctp. 243). Bocmoab3osaBiuncy ycaoBieM div v = 0, Mbl
noaydaeM u3 ¢opmyas (22.6) cooTHoLieHHEe

v=0(r"2. ' (22.7)

Tak Nak u3 aToro cootHoueHus caepyer, uto ¢ — C = O (r~!'), norex-
nuan ¢ Takke MOMHO MpeicrtaBuTb HHTerpasom [lyaccona. 3akuawouu-
TedbHAs YacTb J0KAa3aTelbCTBAa OYEBHJHA.

ACUMNTOTHKY MJOCKOTO TEUYEHHS MOMCHO MOJYYUTb Kak U3
TEOPHH aHAJMUTHYECKMX (YHKLMHA, TaK W HE3ABUCUMO OT Hee,
UCMOJIb3Ys TpelcTaB/ieHHe CKOpPOCTH B Buie uuterpana Ilyac-
COHa. JTa acCHMMNTOTHKA HMeeT BUI

cp=U-x+C~+§£‘—6+O(r—l), }
r { (22.8)
v=Utgom =y D00 |

B oTauuue OT npenblAylIero ciyuas IOTeHUMan @ Naxe MpH
GOJIbIIUX 7 MOXeET MNpeacTaBaaTb coOoff, BooOLle rOBOPS, MHO-
rO3HA4YHY1I0 (DyHKLHIO.

M3 sropo#t ¢opmyan (22.8) caenyer, uto I'= (§ v -dx ans

M000f 3aMKHYTOH KpPUBOW, colepxauleit oOTekaeMble Tesa (NpH
o6xone KpuBOH npoTMB uyacoBoH crpeaxu). Beanuuna I' nazpl-
BaeTCa yupkKyaiayuell; B n. 25 onpenejeHue LUMPKyAsudu OyneT
00001eHO Ha C/ay4yalt BHXPEBbIX TeueHuH.
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23. CpoiicTBa 6Ge3BMXpeBOro ABHXEeHHS (TTPOJOJIKEHHE).
B stoMm NyHKTE Mbl PAaCCMOTpUM HauboJee BaXKHbE pesyJbTarThl,
OTHOCALIMECS K M3yyaeMOMy BOMNpoCy.

1. Maxcumysm cropocmu Oocmuzaemcs Ha 2paHuye
o6racmu mederdus. TlpocToe 10Ka3aTeNbCTBO 3TOro ¢akra,
npenjioxenHoe Kupxrodom, MoxHO Ha#tTu B kHure Jlam6a [8],
§ 37; Huxe (cM. n. 28) MBI MOJMYYUM ITOT pe3y.]bTaT KaK chael-
cteue GoJiee OOLIErO yTBEPKIAECHHS.

2. Kunemuueckasn sHepzus. Ilnaa TeyeHUss B OTpaHUUEHHOR
ONHOCBs3HOR OOsacTH ) JIerko MNOKa3aTb, MOJb3YSCh (GOpMyJof
I'puHa, uro

2T = [ p(eradgPdo=pf ¢ 5L da, 23.1)
v #

rie uepes 8 o6o3HaueHa rpanuna v. Popmyna (23.1) paa ku-
HETHYeCKON SHepruM CrnpaBelJuBa U 1jas8 006JaCTH b, BHeliHeH
MO OTHOIWIEHHIO K 8, eC/lM TOJbKO XKHMIKOCTb HA OECKOHEYHOCTH
nokourcs. B camoM gene, ecam o0603HauuTh uYeped L cdepy
JOCTaTOYHO O6OJIBIIOTO pajuyca, COLepallylo BHYTpU ceba &,
TO KHMHETHYecKas B3Heprus T* KUAKOCTH, 3aKJIOYEHHOH B HaH-
Hblff MOMeHT Mexa1y 8 u X, Bblpadutrcd ¢opmy.o#t

. 9 9
°F =p§<p —5‘%da+p§cp 2% da.
9 I

[ToxuuTerpanbHas (GYHKUMA BTOPOTO C/IAraeMOro MMeeT MOpAMIOK
He Huke r~3 (MpH OTCYTCTBMM HCTOYHHUKOB NMOPSLOK paBeH r~5);
Npd 3TOM MpennoJaraercs, 4UTO MOTEHUMaa ¢ BHIOpAH Tak,
uyro B dopMyie (22.2) C=0. CnenosatenbHo, HHTerpaa no %
CTPEMHTCA K HYJIO Npu yaaneHuu L .B GeCKOHEYHOCTb, M B Mpe-
Ieje M nosaydyaeM ¢opumyay (23.1).

3. Eduncmsennocms. BepHeMca k 3alaye, paccMaTpuBaeMoi
B MNpeiblaylleM OyHKTe. MBl yTBepxaeM, YTO TeueHHe MUI-
KOCTH B ONHOCBI3HOH 00JacTH MOJHOCTbIO Ompelesfercs 3aja-
HUeM IBUKeHHs oOTekaeMblx Tena M BequuuHsl U. B camoMm zeie,
MyCcTb @; U ¢y — MOTEHUHANH ABYX TeuyeHUR, YAOBIIETBOPAIOIUX
YKa3aHHbIM Bblllle TPEOOBAHUAM; TOTIAA ¢ == ®; — ¢, ABJAETCH MO-
TEHLUAJOM TeYCHUs, C HYJeBOR CKOPOCTbIO Ha GECKOHEYHOCTH H
O0¢/on =0 Ha moBepXHOCTH LBHXYyWHXcs Tea. [Ipeanonaras, uro
o6/acTh TeyeHMs ONHOCBA3HA, MBI noJjyuaeM u3 ¢opMmy.n (23.1),

B 2.v 1180
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yro ¥ = 0. Tax kax 3T0 osHauaeT, 4to grad 9 =0 u ¢ = const,
TO JBA pacCMaTpUBaeMble TeueHHs COBNALAIOT.

Ecan o61acTe TeyeHHs HEONHOCBS3HA, TO YKA3aHHBIE BhILIE
yCJIOBHSl, KaK IOKa3biBAIOT MPOCTHIE NMPUMEpPH, He 0GeCNeunBaioT
eIMHCTBEHHOCTH TeyeHus. VccnenoBaHHe BO3HHMKAIOLIKX IPH STOM
BONPOCOB MOXHO Haith B § 47—55 monorpaduu JlamGa [8].

3aMeTHM B 3aKJIOYEHHe, YTO TEOPeMa eIUHCTBEHHOCTH, yCTa-
HOBJIEHHas BHIlE, IIOKa3biBaeT, YTO HAa rpaHuue 06JacTu Teye-
HHS Heab3s 3alaBaTh, BOOOlle TOBOPSA, KpoMe O¢/on, ele
KaKkHe-HUOYIb NONOJHUTE/bHEE YCAOBHSA. B 4acTHOCTH, ycso8ue
npuAUnQHUS HA TIOBEPXHOCTH TBEPAOTO Tela NMpH Ge3BUXPEBOM
IBUXKEHHH KHUIKOCTH, KaK INpPaBHJIO, He BBINOJHSETCs 1),

4. Iapadorc [Marambepa. PaccmMoTpuM cuay, Kortopas
IeHCTBYeT Ha IBHMXKYLIEeCs B KHIKOCTH TBEepLOE TeJO; Mpenrno-
JIaraeTcsi, 4TO CKOPOCTb TBEPAOrO Teaa MOCTOSIHHA M KHIKOCTD
Ha OeCKOHEYHOCTH TOKOHUTCH. SICHO, 4TO 3Ty 3alayy MOKHO
chopmy/MpOBaTh M KaK 3amayy O CHJe, AeHCTBYIOIlEH Ha He-
MOINBHXHOE TeJO B paBHOMEepHOM mNoToKe. Ecau 0603HAYUTH
yepeda U cxopoctb Haberawouiero NOTOKa, TO B COOTBETCTBUH
¢ ¢dopmyJoit (22.2)

v=U-+0(r"3;
sfecb, KaK M BCIOAY JOasnblle, cUMBOJ O OTHOCHTCS K ACHMIITO-
THKe TpH 7 —>oo. [IpelmnonoxuM, Ias npoctorh, uto L =0;
rorga u3 Teopemsl Bepuymau (18.4) crenyer, uro

p=po+~;—p(U2—q2)=po+0 r=3.

[pumenss Ttemeps ¢opmyay (10.2) nas ceper ¥ n0ocTaToyHo
6osbIOr0 paiauyca R U MoJab3ysach COOTHoLleHHeM t=— pn,
MBI TOJIyuYaeM

_—..——f(pn-l—pvv ‘n)da =
I

— f (P~ pUU - n)da + O (R7Y).

) Bosee mnonpoGHOe HCCAEeNOBaHHE STOFO BOMPOCA MPUBEIEHO
B kHure Tpycaeana [27], § 37. Cuenyer oTMeTuTb, YTO 3TO 3aMeyaHue
COXpaHsieT CBOI0 CHJIY M s 6e3BUXPEBbIX TEUEHHH C:KHMaeMOH HIealb-
HOH KHAKOCTH B T€X Cayuasix, KOI'ZAa ylaeTcs HOKa3aTh aHAJOTHYHYIO
TEOpeMy €IMHCTBEHHOCTH.
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Tak Kak B cuay TeopeMbl ['aycca — OcCTpOrpaiackoro HHTErpals,
BXOLAWMA B 3TO COOTHOLUIEHHE, DAaBEeH HYMO, OYEBUIHO, YTO
F=0.

DTOT HA nepBbIH B3TJSL HEOXMIAHHBI pe3y/bTaT H3BECTEH
noZ HasBaHueMm mapanokca JlanamGepa l). HecoorseTcTBUe € ONBIT-
HHIMH JAHHBIMM BbI3BaHO, KOHEYHO, TeM, YTO paccMaTpHBaercs
CIMUIKOM YnpouleHHas Moieab ob6Tekanus Tena [8, § 370, 371].

B cayyae mnJ0OCKOrO TeYeHUS U3-332 HAJTMYMS LUPKYJISALUA
BO3HHKAIOT HEKOTOpble LOMOJHUTENbHble TPYIHOCTH. Ilpenmnoso-
JKUM, UTO cuUCTeMa KOOpAMHAT BbIOpaHA TaK, YTO HalpaBJ/eHue
CKOpPOCTH HaGeraiollero INOTOKA COBNAaaeT C IMOJOXKHTENbHLIM
nanpaeJjeHueM ocu x, T. e. uro U= (U, 0). Toraa, mo.aras
v=1(u, v) u noabayscb ¢opmyao# (22.8) u ypaBnenueM DBep-
HYJIM, JETKO MOKasaTbh, UTO

p=p,+oU@—U)+0(?.
M3 3TOro COOTHOLIeHUS BbITeKaeT cJjeaylowas Qopmyaa I
npoekunu CUJIBI Ha Hal'lpaBJIeHlfle CKOpOCTH MOTOKaA:

X=-—f(pcosﬁ—{—puv~n)ds:=
X

=pf[U(u——U)cosf)—(u—U)v-n—Uv-n]ds—{—O(R_l).
I

rae v-n=ucosf-+vsinf. Cymma nepBbX AByX 4Y/eHOB MOJI-~
UHTerpanbHOH (YHKLUUU uMeeT B cuay dopmy.sl (22.8) nopanok
O (R™2). VIHTerpan OT TPETbEro ujeHa B eCTeCTBEHHOM Mpenro-
JIO’KEHUM OTCYTCTBUSI MCTOYHMKOB paBeH Hymo. Takum o6pasoM,
Ja)ke TpPM HAJIXYMH LUPKYJASUMH CONPOTUBJEHHE PABHO HY.JIO.
AHA/JOTMYHble BBLIUMCJEHUS TNPUBOASAT, OJHAKO, K HeHy/aeBoH
Be/HYUHE MONBEMHON CUJIBI

Y = —pI'U. (23.2)

VHTepecHO, YTO MOILBEMHAs CHJIA 3ABUCUT TOJbKO OT BeJHUMHBI
uMpKyJAAUMM, a (opMa v pasMepbl Tena He MrpaloT HUKaKOH

) dAlembert J. L, Opuscules Mathematiques, 5 (1768).
B st0it pa6oTe OTCYTCTBHE CHJBl COMPOTHBJEHHS JOKa3aHO TOJBKO LIS
CHMMETDUUHBIX TeJ HAa OCHOBE OUEBHIHOH CHUMMETPHH pacnpejeleHus
JaBJeHus. AHAJIOTHUHBIE PACCymIeHUs BCTPEYaNMCh M B 6ojee PaHHUX
paborax HanamGepa, a tTakxke B pabore ditnepa no 6ananctuxe (1745r.);
cM. mpemucaosue penaktopa K 12 Tomy ColpaHus couuHeHui Jinepa
(Opera Omnia (2), 12).

- ode
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poau. [lonyuennas wesaBucumo Apyr or Apyra KykoBckum!)
n Kyrra?) dopmyna (23.2) jexur B OCHOBE TEOPUHM MOIBEMHOMH
CUJIBl KpBlJa.

Mpl pekoMeHLyeM YHTaTeNi0 O3HAKOMHTBbCS C UHTEPECHHIMH
¢opmynamun Kupxroda ang CHUIBl M MOMeHTAa, NeHCTBYIOUIMX Ha
TeJN0, IBUXKYUIEeCH B XUIKOCTH 1pOU3BOABHbLM 06 PA30M (CM.,
nanpumep [8], ra. 6). [3-sa HemocTaTka MecTa 3TH BONPOCH
31ech He paccMaTpHBAaIOTC.

24, Teopema KeabBuHa o0 MHHHMYMe 9Hepruu. Paccmo-
TPUM ABUXKEHUA KUIKOCTH B OI‘paHPl‘leHHOH 0/IHOCBSI3HOH 0061acTn v,
YAOBJIETBOPAIOUIME HA TpaHule & YCJIOBHUIO

pv-n==#h, (24.1)

rie 7 — HekoTOpas 3anaHHas Ha § ¢dyHkuua. Jpyrumu ciosamu,
NpOeKUHs KOJMYECTBA [BMXKEHUS HA HOPMA/Ib UMeeT B TOYKaX §
JJIS BCeX TeyeHUH paccMaTpUBAeMOr0 KJACCa ONHO H TO ke
sHauenue. Cilenyloluit NpPU3HAK SIBJSETCA XAPAKTEPHBIM 1Js Oes-
BUXPEBOTO [IBHXXEHUS B KJjacce BCeX IBHXEeHUH HeCkHMMaeMoH
KUAKOCTH, YLOBJIETBOPSAIOIIUX YCJI0BUIO (24.1).

MNpusnuun Kenesuna. Cpedu 8cex meuenuii Hecoru-
Mmaemoll scudxocmu 8 o6aacmu v, Y008.4emMBOPAIOUUX YCAO-
suio (24.1), Oe3suxpesoe meuwenue umeem MUHUMALLHYIO
KuHemu4eckyo anepauio.

Ksaccuyeckoe 10KasaTebCTBO 9TOrO peayJbTaTa, NpUHalJe-
waumee Keabsuny, MoxHo Hahitu B kuure Jlamba ([8], § 45).
CnpaBenyuBO U 06paTHOe YTBEPKAEHUE; ITO YTBEPKIACHHUE SABJIACTCS
1o CyuwecTBy nepedOpMyJMPOBKOH HM3BeCTHOro npuHuuna Ju-
puxJe IJs rapMOHHYeCKMX (QYHKUMH.

Mpunuun Oupuxuaed). B xaacce 8cex Gesguxpessix
mevenuli v==gradg 8 o6sacmu VY Haubosvuwee 3HaUeHue
dyHKyuOHARY

1
3_—_—§pfq2dfv+§cphda (24.2)
v g

190(13) Kykosckuit H. E., Broar Huem. Aspo. Kywuno (CII6)

)

( 2) Kutta W. M, Sitzgsber. bayr. Acad. Wiss. (Miinch.), 40 (1910).
¥) Ananornunas teopema Gbiaanoayuena llpateaan [Pratelli A.R,,

Rend. Ist. Lombardo (3), 17, 484 (1953)]. B paGore IlpaTeann kaacc

paccMaTpUBAaeMbiX TeUeHUH HECKOJbKO LIMPE: B HEro BXOZAT BCE Teye-

HUAl, UMEIOLIHE 33/aHHOE PACIPEACIEHHE 3aBUXPEHHOCTH,
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daem meuenue, y008AemMBOPsIOUELE YCAOBUSM
divv=0, pv-n=~h Ha & (24.3)

Muoxuteab p, durypupyiomwmnii B dpopmyaax (24.2) u (24.3),
npelcTaBaseT coO0# HEKOTOPYIO 3apaHee 3al1aHHYIO MOCTOSHHYIO,
KOTOPYIO eCTEeCTBEHHO MPHUHATb 32 IJOTHOCTb TEYeHHs, NAIOLIEro
MakCcuMyM ¢yHkunonaay (24.2). IIBuxeHMSs paccMaTpUBAEMOro
KJ1acca He o00f3aHbl YIOBJETBOPATb ycaoBuio divv =0, u ux
MJIOTHOCTH, CJENOBaTeJNbHO, HeJb3d OTOXJeCTBIATh ¢ p. Il
I0KasaTeabCTBAa npuHuMna Jlupuxae o003HAYUM uyepe3 ¢ MOTeH-
uuan  OGe3BUXDEBOTO  IBIXEHUS,  YIOBJETBOPAIOLIErO  YCJO-
usM (24.3). $lcHo, uTO ¢ fBAsSETCS TapMOHMYECKOH GYHKIUeH
i ONpele/seTcs eNMHCTBEHHbIM 00pa3oM ¢ TOYHOCTbIO L0 an-
IUTUBHOH mocTosHHOH. [IpocThle mnpeoOpa3oBaHus NPUBOLST
K CJeLyOEeMy paBeHCTBY:

3@ =3+ 30 [ lgrad (e —dv,

rie uepe3 ¢* 00O3HAYeH MOTeHUMAJ JOOOrO APYroro TeueHus.
Takum o6pasoM, (¢) > J(9*), npuueM paBeHCTBO BO3MOXKHO
TOrJa M TOJAbKO TOTIa, Koraa ¢*==¢—-const, uro u Tpebo-
BAaJOCh [0Ka3aTh.

OueBuaHO, 4TO pelleHUs IBYX BapuUalMOHHBLIX 3anau, cdop-
MYJMPOBAHHBIX BHILIE, COBMNANalOT. DoJjee TOro, MuHuMassHOE
3Ha4eHue SHepeuu 8 npunyune Keavsuna 8 mouHOCHU
pasno marcumymy § 8 npungune Hupuxae. d10 cienyer
U3 TOTO, YTO A/ TedeHUd C ISKCTpeMaJbHOH 3Heprue

-é-pqudv:i
Y
§<phda=pfcp —g%da=22.
§ §

§ 3. Buxpesoe aBmxenue

25. Teopema KeanBuua o nupkyasuuu. Teopemsr [enpm-
roabua. [loHsaTHe wMpKyJaduun OO BBeleHO  KeabBUHOM
B 1869 r. nas OGosee HAarJsfHOTO NpelNCTaBJeHUsT TeOMeTpH-
YECKHX CBOMCTB IBUXKEHUS MKUAKOCTH M [/ YNpPOLIeHUsS HOKa-
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3aTe/IbCTB 3aMevaTes]bHBIX TeopeM [enbMroabla, yCTaHOBJAEHHBIX
He3a10AT0 10 3TOrol).

[To onpenenetuto, yupryaayus I' npencrapaser coboft uHTe-
rpaj OT BEKTOpa CKOPOCTH MO 3aMKHYTOMY KOHTYpY, T. €.

P=§v-dx=§vidxi.

[MpenmnosoxuM tenepb, yto KOHTYp & = (G (£) apmxercs BMecTe
C KMAKOCTBIO, M HalieM CKOPOCTb H3MEHEHWs UHPKYJIALHU 1O
5TOMY KOHTYpY. 3alaiuMM C 9TOH Le/bl0 IBWKeHHE KpPUBOMH
€ ypasuenuem

x=0(, f), 0Ls1,

rie S QuKCHpyeT ONpeleJeHHYIO uacTuuy kuakoctd Ha €, a ¢
osHavaeT BpeMs. JIerkKo BHIETh, 4TO

1
a d ax
Eé)v~dxxf7ﬁ(v~gg)d5=§a~dx. (251)
(63

0 ®

D10 COOTHOLIEHHE HBJSETCA UYHCTO KHHEMAaTHYEeCKUM W BhI=-
NoJHAETCd Aad Ja1000ro JBUKEHMUS. 3aMeTuM, YTo AJ4 6apo-
TPONHOI'O0 JBUXXEHHA TI0Je yCKOpeHLiﬁ a fBJACTCA IOTEHUHUAJb=

HbEIM B cuay dopmyan (16.5). B arom cayuae fa~a’x=0 ",

(63
cJlenoBareabHO,

d
-~d—§ V. dx=0. (25.2)
(&1

Mpr nmpuxoinM, TakuMm 00pasoM, K CJAeAYIOLIEMY pe3yabTary,
U3BECTHOMY MOJ Ha3BaHueM TeopeMbl Ke.ibBuHA: 8 cay4ae Ga-
pomponnozo mewenus 1u0eaAbHOL JCUOKOCIMU 8 KOHCepBa-
MUBHOM 10.2€¢ BHEULHUX CUA YUPKYAAYUSL MO 21000 MY HCUOKO MY
Koumypy e 3asucum om gpemeru. CrpaBesnuBo n o6paTHoe
VTBEPIKIEHHE: eCan paBeHCTRO (25.2) uMeer Mecto s M060ro
3aMknyroro kontypa ¢, TO mose YCKOpeHHH NOTeHUHAaAbLHO.
JpyriMu  CI0BaAMH,  IBHKEHHE  HECHCUMAEMOU  JCUOKOCHLL
ABIAETCA JMHAMHYECKM BO3MOXHBIM B TOM M TO/BKO B TOM CJy-

" Thomson W. (Kelvin), Trans. Roy. Soc. Edinb., 25, 217
(1869), Papers, 4, ctp. 13—066; Helmholtz H, J. reine angew.
Math., 55, 25 (1858).
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yae, KOTIa paBeHCTBO (25.2) BhHMoJHseTcss AAs JM1060ro 3aM-
KHYTOTO KOHTYpa, ABIXKYIUETOC C KUIAKOCTBIO (A8 CXKHMaeMOR
KUAKOCTH 3TO yTBepxkieHue B oOlieM C/yuae HeBEpHO).

C nomoubio TeopeMbl KesbBHHA HETPyINHO Temepb MOJYUYHTD
TpH TeopeMbl ['elbMrosbua, KOTOphlE TaK fPKO XapaKTepU3YIOT
reoMeTpHuecKile CBOMCTBA JBHKEHHH, COXPAHAIOUIMX LHMPKY/Isi-
uuio. [lepBas M3 9THX TeOpeM  SBJAETCH YUCTO KHHEMATH-
yecKOM, IBe OCTajbHble JErKO BBIBOLATCH M3 TeopeMbl KeabBuHa
¥ TMO3TOMY CIpaBelJHUBBH /s JI0OOr0 IBUKEHHS, COXPAHSAIOLIEr0
UHPKYJISILHIO, He3a8UCUMO OT NPHPOIB CPELH.

Buxpesas mpy6ra onpeneisercd oObIYHO KaK MOBEPXHOCTb,
0o6pa3oBaHHasi BUXPEBLIMH JHHHAMH, MepeceKaloUuMy 3alaHHYIo
3aMKHYTYI0 KpHBYI. DTO OMNpele/eHHe, K COXaJeHHIO, OXBa-
THIBAET M TaKHe KOH(MUrypauuu, KOTOpble Bpsil JU MOMXHO Ha3-
BaTb ,TpyOkamMn“. B nanbHeHileM Mbl OFpaHHUMMCS pacCyxie-
HIAMH, CIPaBelMBbIMU 15 TeX BHUXPeBBIX TPYOOK, Yy KOTOPHX
,TIONEpeyHble CeyeHHs MpelCTaBASIOT COOON 3aMKHYThie KpHBBIE
Ge3 TOYEK CaMorepeceueHHus; OLHY U3 STUX KPUBHIX Mbl BbiOe-
peM B KauecTBe ompeje/siolieft.

[Mycts G, u G, — 1Ba NpOUBBOJBHBIX BaAMKHYTBIX KOHTYpa
Ha TOBEPXHOCTH TPYOKH C OIMHAKOBHIM HampaB/jeHHeM o006xo01a
(yTOUHMM, UTO Kax1as KpHuBasg AOMKHA OBITh SKBHBAJEHTHA
onpeje sioliell B CMBIC/Ae HeNpephBHOrO Npeo6pasoBaHus, OCTa-
BJAIOLIEr0 KPHUBYIO Ha MOBepXHOCTU TpyOku). [lepsas meopena
Teavmzoavya ymsepoicoaem, wmo yuprysayus no €, cosna-
daem ¢ yupiyasayued no G, JokasaTeabCTBO 3TOH TeOpeMbl
yuTaTeNb MOXET HaHTH MOuTH B MI0OOM Kypce THAPOLMHAMHKH;
Mbl pexoMeHiyeM obpartutbest k kuure JlamGa [8], § 145.

[Tpexnie uem nepefttu Kk Apyrum TeopemaM [eabmro.bua,
HYKHO ClleJlaTh HeCKOJbKO 3aMeyaHufl. Bo-nepBHIX, Ha OCHOBe
cOpMy IMPOBAHHOH BbllIe TEOPeMbl Mbl MOXEM BBECTH IIOHATHE
UHMeHCUBHOCMY BUXPEeBOH TPYOKM KaK LUPKYJSUUMH MO Jexa-
1ieMy Ha MOBepXHOCTH TPYyOKM M OXBaThBaloleMy TPyOKy KOH-
1ypy €. Takum o6pasom,

HVHTEHCUBHOCTb == f V.dx = f w-nda;
3 8

snech uepes 8 o603HaueHa HeKOTOpas (OPUEHTHPOBAHHAA) MO-
BepXHOCTb, HaTsHytas Ha kpuBylo ; nocnensee paBeHCTBO
aBaseTcs caeactsueM TeopeMbl Crokca. Bo-BTOpHIX, KaK BULHO
M3 npusefeHHoro Jlam6oMm JOKasaTenbCTBA, MNepBasg TeopeMa
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FeabMrosbla ocraeTcss CnpaBelJUBOH Jake B TOM cilyuyae, KOria
noje 3aBUXPEHHOCTH KYCOYHO HeNpepblBHO, €CAM CaMo MoJe
CKOpOCTel OocTaeTcs HemnpepblBHBHIM. B-TpeTbux, Mbl XOTHM 00pa-
THUTb BHUMaHHe 4YMTaTeJss HA TOT (PAKT, YTO 4ACTO U3 NEPBOH
Teopembl [eqbMrosbua Jenal0T BHIBOA, YTO B8UXpeBble AUHUL
NpencTaB/Al0T coboft MO0 3aMKHYThle KpHBble, JUOO 3aKaHUU-
BAIOTC Ha rpaHuue o0/JacTH TedyeHUss KUAKOCTUH. Keaaor
[45, ctp. 41] ykasan Ha CMOOYHOCTL STOrO 3aKJIOYEHHS; OH
3aMeTHJ, OJHAKO, YTO aHAJOrHYHOE YTBEpKIeHHE OTHOCHTENbHO
suxpegolx mpy6or CnpaBelNuBoO.

Bropas teopema TlesnbMrosbua yTBepkIaeT, UTO BUXPeBas
AUHUS 80 B8Ce B8peMS OBUICEHUS COCMOUM U3 O00HUX
u mex e wacmuy sHudrKocmu (3TO SKBUBANEHTHO YTBEpKIe-
HUIO, YTO BUXpeBble TPYOKH MepeMelIaloTCss BMECTe C KUAKOCTbIO).
dra TeopeMa yxe BcTpeuasach Ham padee (m. 17); ee MOXHO
BBIBECTH TaKxke U3 TeopeMbl KenbBuHa o umpkyusuun (cM. [8],
§ 146). Tperbs Teopema [enbMro/blLa — UHMEHCUBHOCMY BU-
Xpesoii mpy6ku ocmaemcs NOCMOSAHHONL 80 8ce 8pems 08u-
Jrcer s AHCUOKOCH I — SIBJISETCS OUYEBULHBIM CJAEICTBUEM TEOPeMbI
KenbBuna. 3aMeTuM B 3aKJIOYeHHE, YTO 3TH [Be TeOpeMbl TaKxke
OCTalOTCSl CHNpaBelJMBLIMU, €CJH MPeANoJaraTh TOJIbKO KYCOUHYIO
HEeMmpepbIBHOCTL MO 3aBUXPEHHOCTH.

TeopeMbl 0 3aBUXPEHHOCTH O/ Te4yeHMH, B KOTOPHIX LUP=-
KyJAUUsl MeHsieTcs CcO BpeMmeHeM, OyayT ycraHoBJenb B n. 40
u B n 69.

26, O6umue BOMpoChl TEOPMM BHXpPeBHIX TeuyeHuil. OOuias
TeOpHs BUXPEBHIX TeueHHH AOCTATOYHO TMOJHO H3JIOKEHA B MO-
Horpadusax JlamGa [8] u Buasa [18]. Mbl xoTuM 3zecb ycTa-
HOBUTL 00Jiee ecTeCTBEHHBIM H SCHBIM CHOCOOOM JIMIIb HEKOTO-
pbie OCHOBHbIE pe3yJ1bTa’l‘bl, M3J/102KEHUC KOTOPBIX B UMTUPOBAHHBIX
KHUrax, KaKk HaM KaxeTcs, He COBCeM OTBeuaeT CYLIeCTBY AeJa.
B uacTHOCTH, MBI pPacCMOTpPHM 3ajauy Ompele/ieHHst MOJSA BeK-
TOpa CKOPOCTH 10 €ro 3aBUXPEHHOCTH W AUBEPreHUHMH M HEKO-
TOpble CBA3aHHblE C JTOH 3amaye peadyabTaTh, Kacalouiuecs
pacrnpeie/neHus 3aBHXpPEHHOCTH.

CornacHo onpeje/eHnio IuBepreHurd O M 3aBUXPEHHOCTH ©,

0 =divv, w=rotv.

Jlerxo moKaszaTb. 4TO 048 OQHH020 (KYCOUHO HenpepvLsrozo)
pacnpedenenus Ougepenyuu u 348UXPCHHOCMU 8 KOHeY-
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Holi o0aacmu cywecmsyem He 00see 00H020 NOAA CKO-
pocmel ¢ 3a0AHHOL HOPMAAbHOL cocmagasouell cKopocmu
Ha epanuge (cM. [8], § 147). EIMHCTBEHHOCTb HMEET MeCTO
1 aas GeCKOHeuHOH 00sacTH, eCau 3alaH Inpeles BeKTOpa CKO-
pOCTH mpH X —> co. Hecko/ibKO TpylHee NOKas3aTb Cyu,ecmso-
BaHue MOJs CKOPOCTell C 8alaHHBIM pachpenejeHUeM IUBepreH-
UMM M 3aBUXPEHHOCTH. MBI pacCMOTDUM HMXe TpM Cayuas.

1. Koneunasn o6aacms; w-n=0 na zpanuye. [Ipenno-
MOXUM, YTO B KOHeuHO# oGaactn v QyHkumd O ¥ © omuH pas
nuddepeHUNpyeMbl; TOTIAa HCKOMOE IOJe CKODOCTe# HeTpyIHO
NOCTPOUTL NpH NOMOLIM TNOTEHLHAJIOB

1 ¢ 1 ©
cp:z—;f7d"0, ﬂI'Ef'Fd'U, (261)
v v
rae r’ o0o3HauaeT paccTOAHHE MexXIy TOYKOH HHTerpupoBa-
g X’ ¥ TOYKOH# X, B KOTOPOH Ompene/slOTCS BEIHUYUHBl @ U T.
Paccmorpum noJie
w=—grad ¢+ rotw (26.2)
U 3aMETHM, 4TO
divw = — V% =0,
rotw =rotrot® =grad dive — V2n = w.

MBI BOCIOJBL30BAMNCh 31eCh cooTHowenueM dive =0, caenyo-
MM M3 ycaosuss © -n=0 Ha rpanute obmactu. ITO COOTHO-
JUEHHE BBIBOAMTCA TaK:

. 1 1
d1vw=4—nfw-grad;7dv=

Y
1 o 1l fon .
——-———z;fdlv (77)d‘0——z;§'—r7—-da—0,
v 8

M3MEHEHHe 3HaKa BO BTOPOM paBeHCTBe OOYCAOBJEHO 3aMeHOMH
nuddepeHupoBaHus no X nuddeperuuposaHueM no X’. Tak kak
noje W MMeeT 3alaHHble 3aBUXPEHHOCTb M IUMBEPreHLIO, HCKO-
MOe TNoJe CKOpOCTefl v 3amuchiBaeTCs B BUIE

v=w —grad # = grad (& — ¢) 4 rot =, (26.3)

rie rapMoHuueckas ¢yukuus £ BeiOpaHa Tak, uToObl HOPMa/bHas
COCTaBJIAIONIAs CKOPOCTH V - N TNpUHMMana Ha § 3alaHHbIC 3HA-
yeHusa. (DTU 3HAUeHUS MNOJKHB ObITb, KOHEYHO, COT/NACOBAHLI
C HHTerpajoM OT AMBEpreHUMH N0 0061acTH V.)
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[Tone cxopocrteft v* =rot= HenpepHIBHO BO BCEM MPOCTPAHCTBE,
HMEET 3aBUXPEHHOCTb ® BHYTPH D H ABJseTCS GE3BUXPEBBIM BHE 3TOH
o6aacTH, mpuueM Ha OeckoHeynoctH v¥ =0. YcioBue w-n=0 Ha 3
O3HAYZET MNPOCTO, YTO BHXPEBblE JHMHHM SBJSIOTCS 3aMKHYTBIMH KDH-
BBIMH, JexamuMu B obaactu . Takum oGpasom, moie v* mpejcra-
BJISET COGOI mosie ckopocTefi H30JMMPOBAHHOH BUXPEBOH CHCTEMbI He-
cx¥MaeMol HKUIKOCTH.

[pu 3anaHHOM moJe ckopocTell v* BO3HHKAET eCTeCTBEHHBIH BOI-
poC O CYyLIECTBOBAHHH M €IMHCTBEHHOCTH COOTBETCTBYIOLIETO JBHKE-
HAS KMIAKOCTH, YAOBJAETBOPAIOIIEro ypaBHeHusM Jiinepa. Tpynnas
3ajaua O CYUIECTBOBaHMH HccJejoBanach Jluxtenmreiinom (cm. [9],
ra. 12; [25] ra. 11, 12), Téabnepom '), Boas6unepom 2), Lleddeponm 3)
u MapyHonm #).

EnuHCTBEHHOCTh TeueHMf C 3aJaHHBIM HayaJbHBIM MOJEM CKOPO-
cTeil MOXHO yCTAaHOBHTb Ha OCHOBAaHHH METOJOB, KOTOphie GyAyT OlH-
caHbl B M. 72. PasinuHple 4acTHblE CJyyaH, B KOTOPHIX COOTBETCTBYIO-
IEE NBHMXKEHHE HAXOIUTCH B KOHEUHOM BHJE, PacCMaTpHUBAIOTCA B MO-
Horpaduax Jlam6a, Buana, Jluxrenmreitna u Muan-Tomcona.

2. beckodewnasn o6aacms. Ecnu mpeanosoxutb, uto ©
¥ ® DpaBHH HYy/JI0 BHe HEKOTOpPOH orpaHuueHHO#t o6JacTy,
a v ofbpawaerca Ha OECKOHEYHOCTH B HYJb, TO COOTBETCTBYIO-
Liee 10Jie CKOpocTedl npencraBiseTcsi B BHie

V=—gradg—+rotw,

rie ¢ ¥ ®— noreHuuans (26.1), onpelneseHHble BO BCeM Npo-
crpaHcTBe. MO0 10Ka3aTh CNpaBelUBOCTb STOrO MpeACTaBJE-
HUS B TPEANOJIOXeHHH, u4to O u ® npu r—> oo gBIAIOTCH
BealtuuHamu mopsaaka r~3, HaxoHel, ecin @ u © npu r-—>oo
yOuiBalor kak r~2, To uHrerpaibnl (26.1) nas ¢ u = pacxo-
IST¢sl, HO OCTaeTcsl CHpaBelJIMBLIM TpEeACTABACHHE MOJA CKO-
pocTell uepea NMpPOU3BOLHBIE ITHX MOTEHLHAJIOB:

1 1 1 1
v-_—4—nf®grad (7)dv—47fw><grad(7)dfu.
3. Koneunasn o6aacme; o6wuii caywai. Tlpu nombiTKe
npejCTaBUTb B 3TOM CJ/yyae noJje ckopocte# B Bule (26.2) Mbl
CTAaAKUBAEMCS C TOH TpPYHNHOCTbIO, 4TO BeJnuiHa div & Temeps

He o0s3aTeqbHO paBHa Hymo. Ho eciu Ha mosepxuoctu § ua-
BECTHBl 3HAYCHHs CKOPOCTH V, TO MOXHO IOKa3aTb, UTO

v = — grad ¢* +rot =%,

YHolder E, Math. Z., 37, 727 (1933).

) Wolbiner W. Math. Z., 37, 698 (1933).

8) Schaeffer A. C. Trans. Amer. Math. Soc., 42, 497 (1937).
) Maruhn K, Math. Z., 45, 155 (1939).
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riue
" 1 c] 1 n.
=1 [ 7 dv— 4 ¢ da, (26.4)
v 8
« 1 ) 1 nXxv
= —Zn—fr—,d'v-m? 22V da (26.5)
v $

(cM. [48], ctp. 190). 3aMeruM, YTO MHTerpajsl MO NMOBEPXHOCTU
onpelensiior B objactd b rapmoHuueckue ¢yHkuuu. Ecaum Ha
rpaHuie 8 3alaHbl TOJbKO 3HAYeHMs V - 1N, TO HHTerpa.j mno Imno-
BEPXHOCTH B ¢popmyJie (26.5) BLIYMC/IUTb Heab3sl H ClelyeT MpH-
MEHUTb IpYro MeTOL.

Pacwnpum o6sacTh onpejleneHuss ® [0 BCero NpOCTPaHCTRA.
PaccmoTpum ¢ 3ToH uesbplo B 00/1aCTH, BHeIUHeH MO OTHOLIEHHIO
K V), TapMOHMYECKYIO (BKJIOUas X = 00) (YHKUHMIO ¢, YLOBJIETBO-
pAIIyl0 HAa & YCJIOBHIO 0¢/[0n=®w-n, 1 MOJOXKUM =
=grad ¢’ B Toukax BHe &. J{uBEepreHUUs ONpeleJeHHOTO TAKHM
06pa3oM TNOJs ® paBHa HYJI0, U ® HMeeT HAa OECKOHEYHOCTH
nopsitok r~3. Pacwupus Temepb 06JacTb HMHTEr pHPOBAaHHA
B ¢opmynax (26.1) no Bcero mMpocTpaHCTBA, MBI IOJYYUM

v = — grad ¢ - rot =.

B cBA3M ¢ mMoOJyyeHHBIMM BbllIe NpPeLCTABJAECHUAMH IO CKO-
poCTell OTMETHM HEeKOTODble HHTEepeCHble HHTerpajbHble COOT-
Howenud. Jlam6 npuBoauT ABe (OPMYJB AJA ONpeleseHds Ku-
HETHYeCKOH SHepruM CUCTEeMbl BUXPEH B HECHKUMAEMOH MUIKOCTH.
[IpennosokuM cHayaja, YTO IKHIAKOCTb IOKOHTCS Ha OecKOHeu-
HOCTH M 4YTO 3aBUXPEHHOCTb  paBHA HYJIO0 BHE HEKOTOPOH
orpaHudeHHo#t obaactu. Torna

i;——:%ff m'rml dvdv’,

npuyeM WHTETPHPOBAHHE KaXALIA pa3d NpoBOAMTCA MO BCel
obnactu, sanarod cucremofi Buxpeit. (Tpycnean [27], § 35),
06061mun 3Ty GOopMyay Ha ciayya#h KoHeuHOR 004acTH M OTJIHY-
HOM OT Hyas auBepreHudd. OH MOJYYHJI C/eLyIOIHH pPe3y/bTaT:

,%_!quU:_.gl;f!Mdvdv’——

——-%f(@f—l—w-g)dv——;—§(<p*v+ﬂ*xv)-nda,
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rie uepe3 f M g 00O3HAaueHbl MOTEHUMANB NPOCTOTO C€JIOS, (u-
rypupyiowne B Qopmynax (26.4) u (26.5). Bropas dopmyia
Jlam6a Oynetr paccMoTpeHa B m. 71.

B 3akiioueHne Mbl XOTHM NPHUBECTH IBe QOPMYJBI, CNpaBei-
JUBHIE [/ TPOU3BOJBHOTO HeMpepLIBHOTO NBWKeHus. [lepsas
u3 aTux Qopmya npuHamiaexur Jlamby ([8], crp. 273 1)

OV+o X vdv=4¢ vy -n—=i ¢nlde, (26.6)
f o o—be

8

a sropas — Tpycaeany %)

ditf 0 dv — §[v(w ‘m)—@Xmlda.  (26.7)
by S

[O6e aTn dopMy.abl JIETKO NMPOBePUTb, BOCMOJL30BABIIHUCH HOP-
myqaoit (2.1) u Toxmmecrsamu (17.1) u (17.2).] B rex cuayuasx,
KOTZa MHTErpajbel MO MOBEPXHOCTH pPaBHH HyMI0 JUGO B CHIY
ycaouss v=20 Ha 8, /b0 B CHJIYy COOTBETCTBYIOLIEH aCUMATO-
THKM Ha OeckxOHeuHocTH, Qopmyasl (26.6) n (26.7) nepexonsr
B CJelyIOlHe NPOCTble COOTHOLUEHHS:

f(va)dv:O, ?‘g-fwdvzo.
v B

[lepBoe M3 3TUX COOTHOWIEHMH MOKa3bIBAeT, YTO CpelHee 3Haue-
HHe © X V DaBHO HYJIO, @ BTOPOE — YTO CyMMapHasi 3aBHXpeH-
HOCTb CHCTEMBI BHXpel MOCTOSIHHA BO BpeMeHH.

27. Mepa 3aBuxpeHHocTH. Tpycneuan 8) samerun, uto Bean-
YMHA MTHOBEHHOH YTJIOBOH CKOPOCTM ® [1aJeKo He BCerja npa-
BUJILHO OMpefessseT POJb, KOTOPYIO UTpaeT BpallleHHe B JBHIKEHNH
xnakocTd. HenocTaTKoM 3TOH XapaKTepPUCTHKH SIBJISETCS TaKke
3aBHCUMOCTb BEJMYMHBL ® OT BHIOPAHHOH CHCTEMbl eNMHHMIL W3-
mepenus. Tpycnenn npusesn yOeinTe/bHble AOBOAB B IOJAb3Y

) dopmyna Gbina moayueHa Jlambom 1a9 HecHHMAeMOH XHIKOCTH
M B Heil, eCTeCTBEHHO, OTCYTCTBOBAJ 4JEH Ov.

2) Truesdell C. Phys. Rev. (2) 73, 510 (1948). B npyroii
pabote [Canad. J. Math., 3, 69 (1951)] Tpycnean noayyun uenyio
ceprio GOpMYyJ 1Js 3aBHUXPEHHOCTH, o6obmanuux dopmyay (26.7).

8 Truesdell C., J. Rational Mech. Anal., 2, 173 (1953).
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TOTO, YTO 32 Mepy 3aBUXPEHHOCTH CJ/elyeT B3siTb Ge3paaMepHbIit
MHBApHAHT
Q:Q ®
D:D — yop:D °
Jlns Ge3BUXPEBOTO IBHXKEHUS, He COBIANAIOLIETO C IBHXKEHHEM
HUIKOCTU Kak TBepaoro tena, w==0, D = 0 u, crenoare/bHO,
W=0. B ciayuae, xoraa >XHUIKOCTb- BPAllaeTCs KaK TBeprOe
reno, D=0, 0 =0 u W=o00. Taxum o6pa3om, ompeleneHue
(27.1) craBUT B COOTBETCTBHE JI0O0OMY IBH)XKEHHIO KUIKOCTH
(32 MCK/IIOYEHHEM TMOCTYMATeNbHOTO [BHMKEHHS KUIKOCTH Kak
TBEPIOrO TeJa) YUCJEHHYI0 Mepy 3aBUXPEHHOCTH CO ILKajaoH
or 0 10 0o, mpuyeM MaxKCHMaJbHYI0 3aBUXPEHHOCTb MMeeT Bpa-
IeHWe XKUIKOCTH KaK TBepILOro Tea.

[TponnmocTpypyeM NOHSITHE Mepbl 3aBUXPEHHOCTH BbIYKC/IE-
HUeM BeanunHbl W LIS HEKOTOPHIX OOLIEMS3BECTHHIX IBHIKEHHH.

B = 7.1

1. O6o6wennoe meuenue [Iyaseisn. Tlone cxopocreft
9TOrO TeYeHUss B HeKOTOPOH MPAMOYroAbHOH CHCTeMe KOOpAMHAT
UMeeT BUIL

u=v=0, w=w(x, y). (27.2)

dopmMyabl (27.2) BkJIIOYAIOT B cebf KaK TeyeHHe YUCTOrO CIABUTa
w@=~kYy, TaK U NaMUHaDHOE TeyeHHe BA3KOH KUIKOCTH B TpYOKe
C MOCTOSHHLIM TOMepeyHbIM CcedyeHHeM. Jlerko mnpoBepuTh, 4TO
14 Takux TeveHn# W= 1.

2. lsudicenue ¢ NOCMOAHHOL 3a8uUXpeHHocmbo. PaccMo-
TPUM IIIOCKOE TeyeHHe HEeCKUMaeMOH IKUAKOCTH C TOCTOSIHHOMN
3aBUXPEHHOCTbI0 ®. QPYHKUHMS TOKAa 9TOTO TeyeHHs YIOBJIETBO-
pfeT ypaBHEHUIO

V24)=—-w

¥ ycJI0BHIO $ == const Ha HEMOABMKHBIX TpaHuLaX. Ec/u ®HIKOCTH
HaXoOoUTCAd B cocyﬂe C HeNnOoABUXHLIMKU CTEHKAMH, TO JETKO
BUIETb, 4YTO

b= o}*(x, y).
CﬂeﬂOBaTeﬂbHO, % HE 34aBUCHT OT SHBMXpeHHOCTVI OBUXEHUA "
onpefenseTcs TOMbKO (Gopmo#t cocyna [las  34aMNTHYECKOrO
cocyﬂa C MNMOJYOCAMHU a U b Mbl noayuaeM, B 4YACTHOCTH,

a? 4 b?

a2_b2 .’

W =
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3. Boanw I'epcmrepa. PaccMOTpUM Temepb HHTEpECHBIH
npuMep BOJHOBHIX JABHXeHUH, mosayueHHb#t TepcTHepoM, H mo-
MBITAEMCS OLEHUTb B 3TOM CJyuyae OTHOCUTEJbHYIO pOJb Bpa-
11ATeIbHOTO JBHXEHHS, MOMb3YACh MOHATHEM MEPHl 338 BUX PEHHOCTH.
3aMeTUM, UTO paccMaTpUBaeMOe IBHXEHHE MMeeT NpaKTHueckuit
MHTEpeC TOJIbKO B TOM Clyuyae, KOTja BeJuunHa I8 He CaMIIKOM
Besuka 1).

B npumepe TepcTHepa nBMMeHHE 3aldaeTcd B MEepPEeMEHHBIX
Jlarpanxa (3.1) crelyolWUMU YpaBHEHUSIMU:

x=a—|—lekbsink(a+ct), y=b——iekbcosk(a—}—ct);
k k
(27.3)

3lecb 2 U ¢ — HEKOTOpble NOJOXUTEJbHEE MOCTOsSHHbIE, XOTS
BeJMUYMHBl @ U b NeHCTBUTEJIbHO (PUKCUPYIOT Haya/JbHOE MOJOKEHHE
YaCTULB, OHM He SABJSIOTCS NepeMeHHLIMH JlarpaHxa B TOYHOM
3HAUEHUH 3TOTO CJOBa, TaK Kak fipu f==0 yacTuua He Haxo-
AUTCA B TOYKe C KOOpAHHATAMU & U b. MBI paccMOTpUM [IBU-
MEeHHe TeX YacTul, Aaf KOTophX &b, << 0. Jlerko Bumers,
yTO AKOOMaH npeoOpa3oBaHusi X =¢’ (a, b, £) He MeHsieT 3HaKa
npu b <0, R
L C)) kb
J = ’m = 1 _— 32 > 0,
H, CJelloBaTe/bHO, NBHXKEHHE, ONpclelseMoe ypaBHeHusimu (27.3),
apaseTcs pomyctuMbiM. CBoGoaHasi noBepXHOCTb b=, (1 BO-
obue mobas MOBepXHOCTb b == const) nmpeacrasiser co6o# Tpo-
XOULY C IJMHOH BOJHBI 2m/k, HIBHXKYWIYIOCS CO CKOPOCTHIO C
B OTpULATE]bHOM HAMpPAaBJIEHUH OCH X.
Tak kax
J— d(x,y) 0(a, b) =1
d(a, b) 0(X,Y) ’
dopmyas (27.3) onpelensioT ABHMKEHHE HECKUMAEMOH XKHUIKOCTH.
HurerpupoBanne ypaBHeHu#t nBmxeHusi (6.10) B nepemeHHbIX
JlarpaHxa npu NpelnoJokeHud L == gy NPUBOLUT K yPaBHEHHIO
Bepuyaan crenywouero Buna:

-f:— =—gb -+ % c2g2kb —}—% (g— kéQ) ek cos k (@ + ct) -+ const
(27.4)

') IlpuBenesHblff 3jech MarepHal B3AT H3 LUTHPOBAHHOH BbilIE
padorn Tpycaeana.
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M3 ypaBHeHus (27.4) BUAHO, YTO A/ BEINOJHEHUS YCJOBHUS
p=const Ha CBOGOLHOH MOBEPXHOCTH HYXHO mNoTpeboBaTD,

4yTOO Bl
2= g/k. (27.5)

dro ycaoBue MNpUBOAMT K Oojee NPOCTOMY BHLY YpaBHEHHS
BepHyanu, a UMEHHO K YpaBHEHUIO

{—_—_ —gb+ % c2e2%° | const.
3ameTuM B 3aK/IOueHHe, YTO MNPOM3BENEHHOE UHTErpUpOBaHUE
ypaBHeHu#t aBuxeHus (6.10) cayxuT OLHOBpEMEHHO LOKa3aTe/b-
CTBOM BO3MOXHOCTH BOJIHOBHIX JIBHXEHHH IepcTHepa 8 no.e
cun maocecmu.

Jasi BbluMC/IeHHs BequudHbl B HYKHO ONpPELeNUTb KOMIIO-
Hentol grad v. Mbl uMeeM

dx
— kb coe
u=-=ce cos 9,

rie 8=~k (a - ct); clieLoBaTe/lbHO,

ou __ 0(u, y) 9(a, b) __ : — =
W_Wa—(m_——/lsma (A= kcekbJ'—1),

AHanoruuyHeiM 00pa3oM HAXOAMM INPOM3BOLHBIE

ou kb ov ey OV 4
W_—A(cosﬁ—{—e ) y P A(cosd—ekbd), W—Asma.
[ToacTaBuB 5TH BhIpaeHUs B COOTHOWeHWe (27.1), MBI moayuuMm
3aMeyaTeJbHYI0 NMO CBOeit MpPOCTOTe (OpMYNy NS Mephl 3aBHX-
pennoctd W Ha ,rayGude” b:

9B — kb — 9n Amnautyna )
JlnvHa BOJMHB

Jlerko BUZETb OTCIOAA, YTO BeauuuHa T HOCTUraeT MakcAMyMa
Ha CBOGOIHOH NOBEPXHOCTH M SKCMOHEHUUAbHO yObIBaeT NpH
yBeauueHuu rayOuxbl. Ecam Mbl XoTuM, utoGbl BeiuuuHa 2B He
npesocxonuna, Hanpumep 10%, TO HyXHO morpe6oBaTb, 4TOOHI
Ha CBOGOJHOH MOBEPXHOCTH BHIIOJHANOCH YC/IOBHE

Amnauryna < 1,59 IJAUHBI BOJIHBI.

Takum o6Gpasom, BOJHB ['epcTHepa mpenctaB/isioT co00# cuabHO
8aBUXPEHHOE [BMKEHHE, 83 HCK/IIOUEHHEM Cayuas BOJH MaJofi
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aMIUIMTYABl; HAa CaMOM Jele aMIIUTYIa IOJKHA OBITh HACTOMbKO
MaJo#, YTO CTaHOBUTCA NPUMEHHUMON /HHeapU3UPOBAHHAS TeOpPHs
NOBEPXHOCTHHIX BOJH.

28. Iloae yckopeHnnit u ypaBuenue BepuyJiun. Pe3ynbrarh,
u3jaraeMble B JAHHOM IIYHKTE, OCHOBAHbl Ha Pa3/M4YHBIX KHHEMa-
THUYECKUX NpencTtaBaenusx Aas div a. BuiBod stux o6wux ¢op-
My W UX NpuUMeHeHHe npuHainexar Tpycnenny!), xors pas-
JUYHblE YaCTHbIE cJayyau ObIJIM W3BECTHH U paHblie.

[Tpumenus oneparop AuBepreHuuu k ¢opmyae (3.5), ompe-
Ieasioledl yckopenue, u noaoxuB O = div v, Mbl 10JIy4uM

. 00 . ao .
diva = — -+ div (v - grad v)=7t--{—'vi v =

0 )
dt+D D— 5 0%

(28.1)
Hiau
. ae
diva=-"-+(1—%B)D:D. (28.2)

Tperbe npencraBienne List div a, UCNOJAb3yeMOe HHUXKeE, SBJSETCS
creactsueM Toxnaectsa (17.1):

diva =97 4 div (0 X v)+ V24 g2 (28.3)

Hspecto, uTo /M000e BEKTOPHOE MOJME MOXHO pPa3JOKHUThb
Ha CyMMy NOTEHLHaJAbHOTO M COJIEHOMZAJbHOTO noJed (cm. [48],
ctp. 186); B 4aCTHOCTH, NOJIe YCKOPEHUH NONYCKaeT NpencTaBieHue
B BHUle

= — grad ¢* - rot =", (28.4)
OueBHIHO, 4TO B c/lyyde GapOTPONHOTO TeyeHHus
(4 -
(p__f rre, =0 (28.5)

C npyroft CTOPOHBI, IJIS HeC)KUMaeMOH BSI3KOH KUAKOCTH, YIAO-
BIeTBOpAoled ypaBHenuaM Hasbe — Crokca (68.2),

@*:%—*—9, = — . (28.6)

lMoncraBus npencraBaenue (28.4) B ypaBuenus (28.2) u (28.3),
Mbl TOJAYUYUM, YTO 148 JM06OrO HENnpephLIBHOTO ABHMEHHS MOTeH-

1) Truesdell C, J. Rationat Mech. Anal., 2, 173 (1953).
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nMan yckopeHu#i ¢* yIOBIeTBOpSeT CJAEIYIOUIMM YpaBHEHHAM
Ilyaccona:

Vg =— & L@ —1)D:D (28.7)

L AL T

Tak Kak BTOpPOe ypaBHeHHe BbIpaxaeT BeJHYUHy ¢*— 1/, g2
yepe3 Apyrue mNapaMeTphl TeyeHHUs, ero MOXHO paccMaTpPUBaThb
Kak ypaBHeHue Bepnysumn. Ypasuenus (28.7) u (28.8) BnepBhie
nosydyenbl TpycleanoM, XOTf B YaCTHBHIX CJydYasX OHHU OHlIH
npuselensl panee JI. K. BoGwuieBnim!) u Poynanzowm 2).

Ilpy npumeHeHMH TOJYUYEHHHIX Pe3yJbTaTOB K IHHAMHUKE
MUAKOCTH Mbl OrpaHuuuMcsa cayuaem p=const. PaccMorpum
cHayasia Ge3BHXpeBOe [BUXeHUe. B TOM ciayuae u3 ypaBHeHUH
(28.2) u (28.3) nosayuaeM, uToO

v2%q2=D:D>0;

C/ellOBaTeNbHO MAaKCHUMyM MOJAYJs CKODOCTH ~JIOCTUraeTcss Ha
rpanuue; 3ToT (akT yxe ynomuHajcs sbiue (n. 23). PaccMoTpum
Tenepb IBUKEHUE XKUIKOCTH, yIOBJETBOpSAIOILEe ypaBHeHHIo (28.5)
uin ypasHenuio (28.6). B moGoM M3 9TUX CayuyaeB (MOCKOJbKY
6 = 0) Mb MoxeM 3anucaTb ypasHenue (28.7) B BuIe TaK Ha-
3bIBAEMOTO Y pasHenus 0QBACHUSA:

Ve (§+9)=(QB2—1)D:D. (28.9)

Taxum 06pasoM, B ciyuae mewexuii Hecocumaemol scudocmu,
KaK wleaabHoli, max u B8a3KOH, 8 KOHCePBAMUBHOM nose
BHEWHUX CUA

1) 8 o6aacmu, 20e W> 1, makcumys sesusuns. p—p
docrmuzaemcs Ha 2paHuye;

2) 8 o6aacmu, 20e W< 1, munumyr sesuuuns: p— pR
docmuzaemcs Ha 2paHuye.

Y Bo6uaen M. K., Math. Ann., 6, 72 (1873).

2) Rowland H., Amer. J. Math., 3, 226 (1880). Aunanoruunsie
YPaBHEHHA pacCMaTpUBAAMCb Takue B paborax Jluxtewmrelina [9, cTp.
409], Tamena [Hamel G. Mh. Math. Phys., 43, 345 (1936)] u Jla-
raamn [Lagally, Z. angew. Math. Mech,, 17, 80 (1337)].
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Ecau V2Q =0, umo sunosnsemcs, nanpumep, 041 ciy-
4as NOAS CUL MANCECMU U OAS CAYHAS OMCYMCMBUS 8HEU-
HuX cus, mo 06a 3mu ymeepiucOeHuss CHpasedsuss. marjce
OMHOCUMEAbHO CAMOU BeAUHUHB. OQBAEHUS P.

B uacTHOCTH, yTBepXkieHue 2 CpaBeluBO I/ Ge3BUXPEBOrO
IBUIKEHHS.

29. [MlpeoGpasoBannss BeGepa u KuaeGma., B 3akmouenue
9TOH TJaBb Mbl ONMMLIEM [Ba M3BECTHbLIX NpeoOpa3oBaHus ypas-
HeHMH JBHKeHUsl B ciayuae GapOTpONHOrO TeueHUsl UIeanbLHOH
KUAKOCTH. OTH 1NpeoOpa3oBaHUs MPUMEHSIOTCH CPaBHUTENbHO
pelKo, HO TMpeNCTaB/sfeTcs WMHTEPeCHBIM 3anucaTb ux B Gosee
yno6HOM Bule, YeM TOT, B KOTOPOM OHM OOLIYHO ynoTpel.siorcs,
¥ cliejaTh MX, TakuM 00pasdoM, 0oJjiee NOCTYMHBIMU IS YUTATENS.

Mbl HauHeM ¢ BbiBona npeoGpasoBanus BeGepa u paccMoTpuM
C 9TOH 1Le/bI0 OYEBHUIHOE TOXIECTBO

d 1
Grad x - a == — (Grad x-v) — Grad  ¢%
[OTmMerum ananoruio ¢ dopmyinaoit Jlarpanxka (14.4).] IToab3ysce

5THM COOTHOLIEHWEM, Mbl mnoJayuaeM u3 ¢opMmyast (16.5) nas
YCKOpEHUs!, 4TO

%(Gradx-v):——Grad (fd—f—Jr—Q— %qQ).

HpOHHTerHpOBaB rnocJjenHee ypaBHEHHE OT 0 1o £ ¥ MOJOXKUB
t
— dp 1.

MBl TOJIYYUM YpaBHEHHE

Grad x - v—vy=—Grad ¥, (29.1)
rie v,— moJje ckopocreft npu £ = 0. Ypasuenue (29.1), xoropoe
Ha3blBaeTCs YpasHeHuem (Ui npeobpa3osaruem) Bebepal),

MOXHO paccMaTpHUBaTb KaK BUIOU3MEHEHHYI0 (OpPMy ypaBHeHuH
IBUXKEHHS B NepeMeHHbIX JlarpaHxa.

) Weber H., J. reine angew. Math., 68, 286 (1868).
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Hcnoabsys npeobpasoBanne Bebepa, cpaBHUTENbHO JerkKo
nonyuutb npeobpasopanne Knebma !). Bamerum cHawaasa, uyTo
noJie CKOPOCTe#f Bceraa MOKHO (IO KpafiHeft Mepe, JOKAJIbHO)
npeacraButbh (cM. [48], § 49) B BuIe

v=grad 9+ f grad g. (29.2)

Ho rorma w=grad f X grad g, caenoBaTeJbHO, NOBEPXHOCTH
f=const u g==const ABAAIOTCA BUXPEBLIMH [1OBEPXHOCTAMH.
Kak 6blJ0 yCTaHOBJIEHO, BUXPEBble NOBEPXHOCTH NMEPEMELIAIOTCH
BMECTE C XHIAKOCTbHIO, TMOITOMY €CTECTBEHHO NOMBITAThCS B Mpel-
craBiennn (29.2) nonobpath f u g Tak, 4TOOH

daf ag
717_‘0’ 717—0. (29.3)
JloxaxeM, 4TO 3TO IeHCTBUTENbHO BO3MONKHO.

[TpencraBuM C 5TOH leJbl0 HayaabHOE MOJe CKOpOCTeH v,
B BuIe (29.2), T. e. MOJOKHUM

v, == Grad ¢, f Grad g.

3necy ¢yukuuu ¢, f u g 3aBucat Toabko oT X. [loxcrasus
3TO BHpaxeHue O/ V, B ypaBHeHue (29.1) u ymHomuB oGe
yactTu ypaBHeHus Ha grad X, Mbl MOJyuYuM

v—grad ¢,= f grad g = —grad ¥,
UJIn
v =grad o4 f grad g,

rie o=9,—W¥, a dyukumu f u g yIOBIETBODPSIOT ypaBHe-
Huam (29.3).

Knebw rmnokasan, 4To B cJaydae, KOTrAa NOJe CKOpocTelt v
npencrasieno B Buie (29.2) u Bwinosuens ycaosus (29.3), ypa-
BHeHUe IBUxkeHusi (16.5) momyckaer unrerpuposanue. IleHcTBu-
TeJbHO, Hcxonas M3 ToxaectBa (15.8), nerko mokasathb, uTO

d 1 d d
a=grad(d—f———§q2)+a%gradg—|—f grad d—f:

dy 1 1, 0, .0
— grad (5 — 5 ¢?) =grad (5 g*+ wI%):

" Clebsch A, J. reine angew. Math., 54, 293 (1857); 56, 1
(1859). UteHue 3THX pabOT AOBOJBHO 3aTPYAHUTENbHO; MBI CJENOBATH
371€Cb B OCHOBHOM H3JIOXEHHMI0 3THX BONPOCOB B kHure Jlamba [8],
§ 167.

R¥
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CpaBHuB NoJy4eHHBle BhIpaxeHus ¢ gopmyJoit (16.5), Mul mosy-
yaeM, 4TO

1 dp ____0O¢ og.
7q2+f~p_-+9—_7t_—-ft_%—’ (29.4)

HecyllleCTBeHHass (GYHKUMS BpeMeHHM BKJIOYeHa 31eCb B ¢. YpaB-
Henne Knebma (29.4) MOXHO paccMaTpuBaTh KAK ONHO U3 ypaB-
HeHu# BepHyand, OOHAKO B OTJMYME OT PAaCCMOTPEHHBIX BHIILE
¢dopm 3TOrO ypaBHeHHs COOTHOleHHe (29.4) He 3aBUCHT HM OT
NpeLNoNOKeH!s O MOTeHLHAJILHOCTH TevyeHHsd, HU OT MpennoJo-
JKEHUsT O ero CTALLHOHAPHOCTH. 3aMeTUM, HAKOHEeL[, YTO ypaBHEeHH:
(29.3) 1 (29.4) o6pa3yoT cuCTeMy TpeX ypaBHeHM#f OTHOCHU-
TeNbHO HeU3BeCTHHX @, f, £ M p; V ONpelensercs W3 ypapHe-
Hust (29.2), a naBieHue sBJSETCS U3BeCTHOR (yHKLMeR p B cHIY
6apOoTPOMHOCTH TedueHUs. B KayecTBe 4eTBEPTOTO ypaBHeHHUs cJe-
IyeT B3ATb ypaBHEHWe HepaspLIBHOCTH 1).

Kaxyiwasics mnpocrora npeobpa3oBaHus KieOma sBaseTcs
yaCTMYHO OOGMaHYMBOM, TaK KaK Jaxe B YCTAHOBUBIUEMCS IBHU-
xeuun ¢yHxumn ¢, f u g Oynyt, BooOllie roBopsi, 3aBHCETb OT
BpeMeHHU.

Ecau ¢yuxuuu f ¥ g He ynOBJeTBOPAIOT ycaoBuaM (29.3),
TO BMecTO ypaBHeHus (29.4) Mbl nosyuuM ypaBHeHHEe BHAA

g ar _
=7 grad f ——7 grad g = grad 9,

rue
1 d 0 0
=g+ [Lre+F iy @5
Crenoatensho, § =9 (f, g, t) u

dg __ 09 af _ 0%,

EZ‘-—"&?: E{‘———d_g_’ (29'6)
STH ypaBHeHHs MO GOpMe HATIOMMHAIOT KAHOHHYECKME YPaBHEHHs
FamuabroHa. B cayuae mnpeo6paszoBanus KieGwa Mbl  uMeeM,
B uyactHocTH, H=0 u df[/dt =dg/dt =0. TlpeanonomuM
Tenepb, YTO IBUKEHHE YCTAHOBUBLUeeCs M 4TO GyHkuun f u £

") Kne6bw 3aMeTHs, 4TO 3Ta CHCTEMa YPaBHEHHi SKBHUBaJEHTHa He-
KOTOpOH BapHauMOHHOH 3anade. B Gogee o6meM BHAe 5Ta 3afaua 6plaa
chopMyaupoBaHa He3aBUCHUMO Apyr oT zapyra XepuseaoM H JluHeM
(cm. n. 15).
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YIOBJIETBOPSAIOT He ycaoBusM (29.3), a yc/oBHAM

o _ 9% __ .
oF T of
TOoraa @ He 3aBHCUT fIBHO OT f H, cJenoBaTeJJbHO,
db _0bdf | opdg
=9far Togat— " (29.7)

31ech YMECTHO 3aMeTHTh, YTO TAaK e 10Ka3blBaeTcs oOlleusse-
CTHBIH TpPUHUMN COXPAaHEHHS SHepPrUM B IMHaMuke [ aMuibTOHA.
YpasHeHue (29.7) sKBHBaJEHTHO, OYEBULHO, YPaBHeHHIO BepHyu
(cM. n. 17). B ocHOBe ynuBUTE/NbHOR aHAJOTMH MeXIY KaHOHH-
YeCKMMH ypaBHeHUsiMU ['aMUJIbTOHA M ypaBHeHusamMu Kiebwma sexar,
NO-BUAMMOMY, BapHalluOHHbIE MPUHLMIbL, YCTAHOBJEHHbE B M. 15.

29a. JlonoaHenue. OGoGmenHbie npeo6pasoBanus BeGepa
u Kne6ma. Mb paccMorpuM 3iech 060O0lieHHe. pe3yabTaTOB,
NnoAy4YeHHBIX B M. 29, Ha cayua#t IBHXEHHs! NPOU3BOJIBLHOTO rasa.
TepMoInHaMHyeckoe OOOCHOBaHME paccCyxAeHH#, KOTOpble Npo-
BOLATCY B 9STOM IyHKTe, OyleT NAaHO B CJelylolleR r.ase
(n. 30, 35).

[Tpu o6006wwenun npeobpasoBanus BebGepa Mbl cliefyeM TOH ke
cxeMe, 4yto U B n. 29, npuyem poabp ¢opmyas (16.5) Oyner
MrpaTh Tenepb COOTHOLIEHHE

a=Tgrad S—grad ( 49). % =0, (29.8)
rie vuepes / o6o3HaueHa yneabHas SHTaaemus, [=E- p/p

(3Ta ¢opmysaa saBasieTcs CAeACTBHEM ToxaecTBa p~lgrad p=
= T grad S — grad /). B peay/bTaTe HeC/lOXHEX npeoOpasoBaHuil
BMECTO ypaBHeHus (29.1) MBl NMOJMyyuM ypaBHeHHe

Grad x - v—vy=0 Grad S — Grad ¥, (29.9)
rue
d d¥
B -d—__1+9——q (29.10)

Vpasnenue (29.9), apasiomeecs 06001eHHbIM ypaBHeHrem Bebepa,
TaK)Ke MOKHO pAacCMaTpPUBaTh KAK BHIOU3MEHeHHE YpaBHeHHH
IBUXKEHHS B NepeMeHHbIX JlarpaHxa.

[MonyuenHble ypaBHenus (29.9) u (29.10) npexcrasasior 3Ha-
yuTeJbHBIE HMHTEpPEC ¢ TOYKH 3pDEHMss BapUALMOHHOMK 3anauu
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Xepusesa — Jluus, paccmoTpeHHo#t B n. 15. ToBops TouHee,
ypasHeHue (29.10) u ypaBHeHue

v=—grad ¥ 4B grad S+ grad X - v, (29.11)

noJyuaiolieecs NpH yMHOxeHud ypaBHenus (29.9) na grad X,
BMeCTe C OYeBUAHBIM ycaoBueM dvy/dt =0 coBnanaloT (C TOYHO-
cTblo 10 0003HaueHUH) € ypaBHeHUsMHM Oiijepa BapualUUOHHOM
3ajauu, onpeneJsieMoit yparneHusmu (15.5) u (15.6). dro noxaswi-
BAeT, UTO KaXJ1Oe TeyeHHue JaeT SKCTPeMyM BapHALMOHHOMN 3alauu
Xepuseaa — Jluna (cm. n. 15).

HerpyzHo nouayunTb o6oOiienue npeo6pasosanus KieOmia,
olHAaKO BbIBOL 0000uieHHBIX ypaBHeHu#t Kaebma u ux ¢dopmaib-
HOe O0OCHOBaHHE MBI NpeNOCTaBJseM YUTATEJIO.



raaBa 4

TEPMOAUWHAMUWUKA U YPABHEHME SHEPIrMH

§ 1. TepmoauHamMuKa npocToii cpeaml

Bcerna, xpome Haubosee NMPOCTHIX CJAy4yaeB, PacCMOTPEHHBIX
B Npejblayllleli TJaBe, YUCJIO HEU3BECTHHIX B YPAaBHEHHUAX, BEHIBE-
IEHHBIX B IVI. 2, IPEBOCXOJUT YUCJO YpaBHEHHH H, CJeN0BATe/bHO,:
ONHUX 3THX YpaBHEHMH HeJOCTATOYHO [J TMOJHOIO ONHCAHUS
npwxeHns kunkoctd. CosnaBluieecsi 3aTpyLHEeHHe paspelnaercs
BBEIEHUEM YPABHEeHUS NOAHOU 3Hep2u, OCHOBAHHOTO HA KJjac-
CHYECKHMX TNpHUHUMIAX TepMOJMHAMUKM, M MCIOJb30OBAHHEM 3aTeM
3aJaHHBIX 3apaHee ypaBHeHHMH COCTOSAHHMS Cpelbl.

B artofi raaBe Mbl BBIBelleM YpaBHeHHe MOJHOH 3SHepruu,
HauaB ¢ o063opa (m. 30—32) Tex pe3y/bTaTOB KJACCHYECKOR
TepMOJMHAMUKH, KOTOphle HaM NOHAaLOOATCS B JajbHefmieM. Mbl
pacCMOTpUM, B YACTHOCTH, OCHOBHBHIE 3aKOHBI, OMNHCHIBAIOLIME
U3MEHEHUS] TePMOIUHAMHYECKOH cUCTeMbl, (a3bl KOTOPOH UMeEIOT
MOCTOSIHHYI0 Maccy M (UKCHUPOBAHHOE YpaBHEHHE COCTOSHHUA.
IMpexne ueM nepefiT K HAeTansM, CjaelyeT 3aMeTHTb, YTO MHI He
CTaBUM miepel, co6oft 3amauy (3TO BHIX0AMJO O K TOMY ke 3a
paMKH JaHHOH CTaTbM) (U3MYeCKOrOo OOOCHOBAHMSA JOTHYECKOH
CTPYKTYpPHl TEPMOIMHAMHMKM. YKaxxeM JHIIb, YTO TAaKOrO POZAa
000CHOBaHMe Mbl HaxonuM B 3akoHaX Kuaaysuyca um KenbBuna,
pe3yJbTaTaX KHHETHYECKOH TEOpUHM M CTATHCTHYECKOH 'MeXaHUKH
M, Tnoxaniy# B HauboJbluefi Mepe, B YCNEIIHOM NpHUMeHEHHH
TEOPUH LJ OGBIACHEHHs] SKCHEPUMEHTAMbHBIX (aKTOB 1).

) TpysHO ykasaTh YMTaTeJIo BIOJHE CTPOrOe H3JOXKEHHE BONMPOCOB
060CHOBaHHsI TepMOxHHAMHKH. OJHHM H3 HauGoJee YNAUHBIX dJeMeH-
TapHBIX METONOB sBJAseTCs MeToX PuIIHINCA, M3JIOXEHHBIH, HampuMep,
B kHure [31], ra. 8; mpexcTaBidOT TaKxkKe HHTEpPEC H APYrHe pasiessl
aToit ‘kuuru (ra. 1—3, 6—7 u 19—24). Bosee noJaHoe Hcc/aenoBaHHE
npuHanaexut Kapareomopu [Math. Ann., 67, 355 (1909); Sitzgsber.
Akad. Wiss. Berlin, Math.-Phys. Kl., 39 (1935); Handbuch der Phy-
sik, 1. 9, ra. 4, 1926]. OaHako Kak SJeMEHTapHbIE METOAbl, TaK U
ussuHbii Meton Kapateomopu HenpHMeHUMBl B Clyyae HeOOpaTHMBIX
NPOLECCOB; MO STOMY BONPOCY MOXHO oOpaTHTbCA K paGore Jlu-
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30. Oanodasnas cucrema. [Ipocreftielt TepMoAMHAMUYECKON
chucTeMOR siBaseTcs OnHOpoxHas cpena. CBOMCTBA ONHOPOAHOH
Cpelbl JekaT B OCHOBE BCeHl rMAPONMHAMHKHM CXKUMAeMOH KUIKO-
CTH, MO3TOMY Hallle H3JI0XEHHe eCTeCTBEHHO HauaTb C MareMma-
THYECKOTO OMUCaHUs 9TOH onHOdasHOH cucteMbl. BaedeM ¢ sTo#
LeJbI0 NepeMerHbie cocmosnus, HauboJee BAXHBIMH U3 KOTO-
phix sBasiorcs 06bem V, surponus S, BHyTpenuss sueprus E,
napaenue p u abGcomoTHas temneparypa . 3anannble 3HayeHus
9TUX NEePEMEHHBIX BMOJIHE ONpeLeasioT TepMOANHAMUYECKOE COCTOs-
HUe OIHO(A3HOH CHCTEMBHI.

Cmpyxkmypa onHO(a3HOH cUCTeMbl ONpene/feTcs (YHKUHO-
HAJbHBIMA COOTHOIUGHUSIMH MeXJIY TepEMEHHBIMU COCTOSIHUS.
Cuenys ussuiHoMy Merony ['u66ca, BhibepeM B KauyecTBe OCHOB-
HOTO COOTHOLIEHHUS

E=E(, V)

(dyuxuus E (S, V) npennonaraercs 3a0annol 3aparee) u TpH-
MeM cielyloline onpedesenusi BequuuH p u T:

__OE . OE.

P=—"g9v "73s"

npeanoJaraercs, KoHeuHo, 4ro O0E[0S >0 u 0E[0V < 0. Pas-
JuyHble cooTHowenus Mexnay E, S, V, T u p, KOTOpble MOXHO
NOJYYUTh M3 BBHIMUCAHHBIX Bbile (OPMYJ, HA3HIBAIOTCA ypasgHe-
Ruamu cocmoanus. SIcHo, yTo 3aduxcupoBas JOObIe IBe nepe-
MeHHbIE COCTOsiHHMS, Mbl TEM CaMbIM OnpexeJ/seM, BooOlie rosopd,
Bce ocrajabhbie 1), TlomHoe nuddepeHUMpOBaHHE COOTHOLUEHHUS
E=E(S, V) npusonur x cierymiolueit BaxHo# dopmyie:

TdS =dE—+ pdV, (30.1)

CBfI3bIBAIOLLIEH nepeMeHHbie COCTOSAHUS.

da[Leaf B. J. Chem. Phys., 12, 89 (1944)], B ocoGennoctu K crp. 94.
3aMeTuM, UTO B ITOCJEJHEe BpeMs Bce O6oJjee MOMyJspHOH CTaHOBHTCH
Ta TOYKA 3pEHHs, YTO CJeLyeT OTKa3aTbCH OT MONMBITOK CTPOroro o6mpbAc-
HeHHs aKCHOM TEpPMOAMHAMHKH HEOGDAaTHMBIX IPOLECCOB; CM. KHHIHU
Jle pora (e 'por C. TepmojsunHamuka HEOOPaTHMBIX IPOLECCOB,
T'ocrexuanat, 1956) u [leubura (Len6ur I., Tepmosunamuka cra-
LMOHApHBIX HeoGpaTuMbix mpouecco, WMJI, 1954).

CTanJapTHOE H3JOXEHHE KUHETHYECKOH TEOpHH Ia30B MOXKHO HAHTH
B kuure Yenmena u Kaynuura [34].

1) B kauecTBe OCHOBHBIX NEepeMEHHBIX MBI OyjaeM OOBIYHO yrO-
tpebaars (S, V) um (p, V), nocaejnss napa nepeMeHHbXx MPUMEHHMa,
KOHEUHO, TOJbKO B TEX ClyuasX, KOrAa p U V OZHO3HAYHO ONPELSIANT
TEPMOAUHAMUUECKOE COCTOSHHE CHCTEMBL
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B Tom uacTHOM cayuae, koraa E = E (§), ocHOBHOe ypaBHe-
nue (30.1) samensiercs ypaBuenneM T dS=dE, npuueM laBieHue
yxke He saBiserca OoJee TePMOLUHAMUYECKOH MepeMeHHOH. ITo
BLI3bIBA€T HEOOXOLHMOCTb CIeLHaJbHBIX OFOBOPOK B MOC/ELYIO-
KX pPacCyXIeHusX, OIHAKO [NJf KPaTKOCTH Mbl BCe Heo6XoIu-
Mble M3MEHEHHUs NpeNOCTaB/IfeM UYUTATeNO U Hudice 8Ci00Y cHu-
maenm, umo (OE[0V)g < 0.

MBI paccMOTpHM CHayala B KayecTBe TNpuMepa TNpOCTOH
TePMOLMHAMUYECKON CHCTEMbl COBEpPIUIEHHBIH ra3, OIHAKO NpejBa-
pHTEJbHO HAMOMHUM YMTaTeMO HEKOTOphHe OOLIMe pes3yabTaTH,
cnpaBej/UBbIe 115 POU3BOJLHOM 0NHOGA3HON cucTeMbl. [oBOpAT,
yTo OonHOGasHasi CUCTeMa YuyaCTByeT B Ougbghepenyupyemon
npoyecce, ecid TepeMeHHble COCTOSIHUS cucteMbl V =V (¢),
T=T{¢) u 1. A saBasiorcd LuddepeHunpyeMbMd QyHKUUAMH
BpeMenH. I1pn o6paTuMom mpouecce, T. €. NpU Npouecce, B KOTO-
pom cucreMa B 11060/ MOMEHT BpeMeHH HAXONMTCA B PABHOBECHH
c oKpyxaiowel cpeno#t, npurox tenna Q(f) K cucrteme ompe-
JlegeTcd NMpH NOMOIM (GOPMYabl

dQ=dE+ pdV

(cM. m. 32). Boublio# uHTEpeC NPENCTaBSIOT MenioeMKOCmu
oaHo¢asHoH cucteMbl 1)

(W= (29w o=(9) .

Tax xak ¢, =T (9S/0T), u ¢,= T(()S/OT)p, TO 06€e 3TH Temao-

€MKOCTH 4BJAIOTCA NEPEMEHHBIMU COCTOAHUAMHU. Us 9KCNEPUMEH=
TOB YCTAaHOBJIEHO, 4YTO

¢, > ¢, > 0. (30.2)

9T0 ycnoBHe MbI NpHMeM B KauecTBe JOMNOJHUTEJIbHOTO NOCTY-
JlaTa, OMUCHIBAIOLIErO CTPYKTYPY OLHO(A3HOH CHCTEMBI.

B nanbueiimieM HaM noHano6sATCsA Takke H3BECTHbIE (OPMYJbI:

@%rzT@%v‘% (30.3)

op oV
%—%=TGﬂAﬁ%’ (30.4)

) Ecau oaHodasHasi CHCTEMa MMEET €JMHHYHYI0 MacCy, TO TemJo-
€MKOCTH Ha3biBaloTCH YACJbHBIMH TEIJNOEMKOCTAMHM.
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NOKA3aTeJbCTBO KOTOPBIX MOXHO HaHTH B JI060M Kypce TepMOILHHa-
MHKH. 3aMeTHM, KpOMe TOro, 4TO

opy _ 0 V)_0(p, V) 0(p, T) ___ (VY (op
(Zﬁ)v‘a(n VY= a(p, T) a(T, V) “(a—r)p (W)r (305)
¢ OplOV)g |
¢y (OP/OV)T ’

(30.6)

dopmyna (30.6) nokasbiBaetcsl anajoruyHo gopmyae (30.5). Jlerko mpo-
Beputb, 4t0 U3 dopmya (30.4) — (30.6) u ycaosus (30.2) caeayer, uto

(g%)s < (%)r < 0. (30.7)

B n. 37 6yzmer BBexeHO elle OAHO NOMOJHHTENbHOE MPENNONONEHHE
TEPMOIMHAMHYECKOTO XapaKTepa, OJHAaKO 10 TeX mop Oyaer IOCTAaTOYHO
chopMyAUPOBAHHOH BbIIIE CHCTEMB! MOCTYJAATOB.

Mpl He cTaBUM CBOeH 3ajauelf M3yueHHE MHOrOKOMIIOHEHTHHIX (a3
(TeopHI0 TAaKHX CHCTEM BpAA JM MOXHO pacCMarpuBaTb Kak 4acTb
KMaCCHUECKOW MEXaHHKH KHUIKOCTH), HO HaM NpeJCTaBJAseTCH MOJAEe3HbIM
yKasaTb Te HeoGXOAHMble H3MEHEHH B MPHBEIEHHBIX Bblule (GOpMYIH-
POBKaX, KOTOpbie MO3BOJAHAHM Obl BKJIOUHTb B PACCMOTPEHHE TAKOrO
pona cucTeMbl. B 4acTHOCTH, OCHOBHOE ypaBHEHHE COCTOSIHHA CJejlo-
Bajao Obl 3anucaTbh B GoJjee o6iieM BHIE

E=E(S, V, My, (30.8)

rie Beanuuda M; (=1, ..., B) onpeleaser KOJAHUECTBO {-TO BELIECTBA
B ganHOH ¢pase. Tak Kak yBeiHueHHE BceX BeNHUHH M; B ONHO M TO Xe
4yHCcaAO pa3 He MeHsieT coctaBa (asel, To (yHknus £ jg0/mkHa OBITH
OHOPONHOH (yHKUHEH NepBOi CTENEHH OTHOCHTEJbHO MepeMeHHbix M;.
OmnpezneauB TeMH Xe COOTHOIIEHHSIMH, UTO H paHbIle, TEMIEPaTypy H
naBJjenue, Mbl BMecTO (opmyast (30.1) moxyuum dopmyay

rae p; = — 0E/OM;. Onpenenenue dyukuuu Q (£) aaa nudpdepennupye-
MOro HpOLECCa OCTAETCS MPEeXHHM, COXPAHAIOT CBOIO CHJY TaKXe COOT-
nowenus (30.2) — (30.7), ecay moHuMaTth MOA YACTHBIMU MPOU3BOJHBLIMH

BEJMUYHHbI, BbIYHCJEHHBIE NpPH (DUKCHPOBAHHBIX 3HAYEHUAX MEpeMeH-
HBIX M.

31. CoBepuieHHbId ra3., bBoiio 3ameueHo, UTO YypaBHeHHe
COCTOSIHMSL MHOTHX peafibHHIX Tras3oB, BKJIOYas BO3AyX, OoJee
HIX MeHee TOYHO anmpokcuMmupyercs Gopmy.ioH

pV =&T, BL1)
rie & — nosoxurenpHas KoHcranta. Hecnoxuble paccyxneHus

KHHETHYECKO! TeOpUH MOKa3LIBAIOT, KPOME TOTO, YTO COOTHO-
wenne (31.1) ecTecTBEHHO C TEOPETHUECKOH TOYKM BPEHHS.
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TaxumM oOpa3oM, XOTS B NpHPOJe HET BellecTBAa, I KOTOPOro
cooTHomenne (31.1) BLIMOJHAETCS TOYHO, HUByuYeHHe CBOMCTB
TUIOTETHYECKOTO BELIECTBA, YAOBJIETBOPAIOLIEro ypaBHeHuio (31.1)
¥ Ha3LBAEMOTO COBEpIUEHHBHIM Tra3oM l), MO0JE3HO CO MHOTHX
TOYEK 3peHHs.

COOTHOIIEHUS! MexX1y IPYTUMHU NepeMeHHbLIMU COCTOSIHUS CO-
BEpLIEHHOTO rasa Jerko noaydaiorcs u3 gopmya (30.3) u (30. 4)
B uacTHOCTH, MBI HaXOIUM, YTO

(3—5)r= 0, ¢c,—c,=8&k.

Orcioga caenyer, uto E=E(T), a rak xak c,= (0E[0T),»
TO U ¢,=¢,(T). Jng ONHOATOMHEIX peaJhbHHX Ta30B HaHIeHO,
YTO BeJMYMHA €, OCTAETCA NMOYTH MOCTOSIHHON B IUHPOKOM Aua-
na3oHe M3MEHEHHs TeMMepaTypbl, XOTd 3TO YyTBepxleHHe He
pacnpocTpaHseTcs Ha O00JacTb OYeHb HU3KUX TeMIepatyp.
B cayyae MHOroaTOMHHIX Ta30B BEJAMYMHY €, MOXHO CUMTATb
NOCTOSHHOR Jmwb B OOsacTé TeMnepatyp, OJUM3KMX K KOMHAT-
HOH. OTO OOBSICHAETCS TeM, YTO MpHM HU3KUX TeMIepaTypax
BpaulaTeJbHOe IBHXEHHe MOJeKysa TpeOyeT MaJblXx 3aTpar
9Hepruyd, a NpPU BHICOKUX TeMNepaTypax HAyMHAIOT MrpaTth Cylle-
CTBEHHYI0 pOJb KoJebaTeqbHble IBHXKEHHS MOJeKyJa1. B cuay
TaKOro MOJIOXeHUsl Beluel maxe 1/ COBEpLIEHHOTO rasa OOBIYHO
COXPaHAIOT BhIpAXEHHE AJS BHYTPeHHeH sHepruu B (opMe

E:fc,,dT.

I OIHOATOMHOTO COBEpIIEHHOrO Ta3a KHHeTHYecKas Teopus
Laer 3HaueHHe ¢, =3/, 8, B TO BpeMa Kak 1Js ABYXaTOMHOTO
rasa B 0o6nacTM TeMnepaTyp, NPH KOTOPHIX CYIUECTBeHHb Bpa-
m@arteabHele (HO He KoJe6GaTeslbHble) NBHMXEHHS, MOJMYyYdeM, YTO

=5/, &. Tlpu sTUX BHAYEHHAX C, OTHOLUIEHHE | ==( /€y TPU-
Humae'r 3HaveHns Sfy u s COOTBeTCTBeHHO. Ilns Bosnyxa
NpY yYMepeHHHX TeMNePaTypax 9SKCIepHMEeHTaNbHO OMNpeie/eHO
7=1,40, 4TO COOTBETCTBYeT TEOPETUYECKOMY 3HAYEHHIO [Jf
IBYXaTOMHOrO rasa. OTO 3HAauyeHHe, BEpOSITHO, OCTAeTCs Mpa-
BUIbHLIM W NPU BBICOKUX TEMNEPATypax, ec/ MPU 3TOM 3HEprus
K0J1e0aTeJbHOIO  IBIXeHUS OyleT He3HauyuTeJbHOH. MOxHO
6bi10 OB 106aBMTb B 3aKJIOYEHME, UYTO MOBeleHHe BO3AyXa MpH

1) Yacto mpUMEHSETCS TakxXe TePMHH ,HAEaJbHbIA“ Tras, HO ero
OPEeXNOoYTHTEAbHEE HCNOAb30BaTh A O0O3HAUEHHA HEBA3KOrQ rasa.
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BBICOKMX [aBJEHUAX 3HAYUTENbHO OTKJOHAETCS OT OMUCAHHOH
BbIllle cXeMbl ).

Hurerpuposanue ypasuenus (30.1) npuBoduT K ci/eryioulei
¢opmy.e 1/ SHTPONHH COBEPILIEHHOTO rasa:

S=fcz,—dT—T + &R logV.

[Ipu MOCTOSHHOK TENMMOEMKOCTH C, 3TO COOTHOINEGHHE YIpPO-
maercs W npuHuMmaer Bul S ==c,log pV' 4 const; Ttoraa ero
MOXKHO GyIeT pasdpelldTb OTHOCHUTEJBHO p M MOJYYHTh

p=2el%V7T,  y=const > 1. (31.2)

B ypasHenuu (31.2) Mbl 0CBOGOAUIMCL OT MOCTOAHHOM WHTErpH-
poBauus, BHIOpaB 3a Hauajzo oOTcyeTa S TOUKy, B KOTOpOH
p=V=1L1

32. 3akoHbl TepMOAMHAMUKH., PaccCMOTpUM COBOKYMHOCTbH M
OIHO(A3HLHIX CHCTeM CO CBOHCTBaMH, onucaHubiMu B 1. 30, u
NpennosOkKUM, uTO B JI0O0OM Ipolecce NPH MeXaHHYECKOM U
TePMOAMHAMHYECKOM B3aUMOACHCTBUU 3TH (as3bl COXPAHAIOT CBOIO
MHAMBHAYaAbHOCTb. [lpumuineM kaxao#t ¢ase paccmaTpruBaeMoft
cucTeMbl HoMep @ (=1, ..., m) u BBeleM NepeMeHHbe V ,
T, S, E, u p, ONUCHIBAIOIIME TEPMOAMHAMHYECKOE COCTOAHHE
cucteMbl. Torna sHTponus, o0beM U BHYTPEHHss Heprus Bcelt
CUCTEMBl B 1IEJOM ONpEeNe/sioTCs CJAeAyIoUM 00pa3oM:

=S, 8=V, G=E,.

[MpeacraBum Tenepb ceGe Takol mpouecc, Npu KoTopoM ¢asbl
cHCTEMbl MEPeXOAAT U3 OXHOrO COCTOfHUA B Apyroe. O6o3naunm
yepes A BeanuuHy paGOTHI, BLIMOJHEHHOH B CHCTeMe NpU 3ITOM
npoluecce, u uepes Qg — KOMMYECTBO TEIIOTH, NOJAYYeHHOH a-
300 o M3 UCMOUHUKOB, BHEUHUX NO OMHOWEHLIO K CuCmeMe.
OnpenenuM ofuiee KOJHYECTBO TemaoThl Q°, NOMyueHHOe CH-

cremolt, dopumyofi Q= D\ Q. Toraa nepesii 3axon mepiuo-
a

OuHaMuKy yTBEPKIAAET, UTO
QfF=AC 4, (32.1)

") MccnenoBanne cBOHCTB peasnbHbIX Ta30B H, B YacTHOCTH, BO3-
IyXa 4yuTaTeJb MOXKET HaliTh B kHure Befitmena u np. [2], cTp. 504—512;
cM. takwe pabory [oabamreiina [Goldstein S., Aero Res.Com. R.
and M., Ne 2337 (1946)] u tom XII manHo#i DHuMKAONEHH.
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rie AG — npupaueHue BHyTpeHHe#i 3Hepruu cucreMel. Ecin
paccMatpuBaeTcs IuddepeHuupyembt npouecc, B KOTOPOM
cHCTEMd NPOXOIUT HEKOTOPOE MHOXECTBO TOYHO OINpeLesieHHBIX

cocrosiiuf, T. e. ecmn V, =V _(¢), Q=Q(). A=A®)
T. ., TO NepBHH B3aKOH TePMOLMHAMUKH IMPUHUMAET CJeLYI0-
miui BUI:

Q2 =dG 4 d. (32.2)

Ilag onHo#t ¢asel 06biuHO BMecTo d° mumyt npocro dQ. Us-
BecTHO (cM. [35], ra. 2), uTo 419 OAHO(A3HOH CUCTEMBI, HAXO-
JsIelicss B TeueHMe Ipollecca B DPaBHOBECHM C OKpyKaloluei
cpeno#t, pabora, BBHIIONHEHHAs CUCTEMOM, BbIpaxaercs Gopmy-
ot dd = pdV. Msl BhBOIUM, TakuM 00pasoM, Lis ompele-
JleHUs KOJMYECTBA TeIia, MOJYYeHHOTO OAHO(A3HOH cucTeMOR
B 00paTHMOM IpOLeCcCe, ypaBHeHUe

dQ=dE—+ pav.

dra ¢opmyaa yxe ynomuHasaachk panbuie (cm. n. 30).

Bropo#t 3akOH TepMOIMHAMMKM He MMeeT 3aKOHUeHHOH ¢dop-
MYJMPOBKH I NPOU3BOJbLHBIX NPOLECCOB; B CBA3U C ITHUM MbI
OrpaHu4uMcs cjaydaeM AuddepeHuupyeMbX NPOLECcOB, I KO-
TOpPHIX 3TOT 3aKOH (OpMyJUpyeTca caelyoluM 06pa3oM:

B ougpgpe pernyyupyemom npoyecce KoAuLeCcmso meniomot,
noayuennoe Kaxco0ol has3ol, u PyHKyUUL COCMOAHUSL SMUX
ga3 y008.emsoPRIOM HePABEHCMEY

O 4Q8

s> ) . (32.3)

a

B an6om npoyecce, 041 romopozo Qi=0, sumponus
0040CHA 803pacmMamb.

[Tpouecc HasbiBaeTCs CHOHTAHHBIM, ecau B ¢opmyie (32.3)
MMEET MECTO CTPOroe HepaBEHCTBO; €C/M 3HAYeHUs NepeMeHHBIX
COCTOSIHMS TAKOBBI, YTO CIIOHTAHHBIH NpPOLECC C ITUMU HAYAMb-
HbIMH [aHHBIMU HEBO3MOXEH, T'OBOPSAT, UTO CHCTEMa HAXOIUTCH
B paBHOBecHH. B KauecTBe nmpuMepa NpUMeHEHUs BTOPOTO 3aKOHA
TEPMOLMHAMUKH PacCMOTPUM IIPOLECC, MPU KOTOPOM BCe (haskl
MMEIOT ONMHAKOBYI0 Temmeparypy, T. e. T;=T,=
ee.=T, =T (). Toraa B cuny ypasHenus (32.3) Td@ —dD."'
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4, TIPOMHTErpUpPOBAB ITO COOTHOUIEHHE, Mbl MOJYYUM, UTO

2
e

=3 —& > [ o, (32.4)

1

HMeHHO 3TO HepaBeHCTBO OOLIYHO MPUBOIAMTCA B yueOHHKAX.

Tenepb nepefizeM K BONPOCY, KOTOpHIf He CBfi3aH C NaJb-
HeHIIMM H3J0XKEHWeM, HO TPEICTABJAAETC] HAM HHTEPECHBIM.
PaccMoTpuM BEIBOL ypaBHEHHH DaBHOBeCHs H30JMPOBAHHON (KaK
TepMOLMHAMUYECKH, TAaK M MEeXaHUUeCKH) CHCTEMBl (UKCHPOBaH-

Horo o6bema B. Tak Kak B paccMaTpuBaeMOM cayyae dQi=

=d¥==0, 10 B cuay mepsoro 3akoHa dE&=0. OueBnuHo
TaKke, YTO JNJi CHCTeMH (uKcupoBaHHoro ob6vema dB=0.
Tenepb CTAHOBUTCA SCHBIM, YTO CIOHTaHHBIE TPOLECCH HEBO3-
MOXHEl TOJbKO B TOM CJyuae, KOrZd IS BCEBO3MOMXHBIX IpH-
pauleHu#t  NepeMeHHBIX  COCTOfHUS, IOJYMHEHHBIX — YCJOBHAM
dB = dB =0, semuuna d© =0. TlpocTle paccyxaeHus NO-
Ka3hIBAIOT, OJHAKO, 4YTO BCerad MOXHO NO0J0KUTL dS + 0,
KpOMe TOr0 cJayuasi, Koria BejauduHbl T, W p, ONMHAKOBH M
Bcex (a3 cucrembl. TakuM 0o6pa3oM, MBl NPUXOAMM K BHIBOLY,
YTO TOJIOXKEHHe pAaBHOBECHSl XapaKTepU3yercsl NOCTOSHHBIMH BO
BCell CUCTeMe TeMNepaTypod U n1aBjeHueM. OTOT pe3y.bTaT,
XOTd €ro M CJeNoBajo, KOHEUHO, OXUAATh 3apaHee, Npeicra-
BJSIETCA TeM He MeHee BAaXHBIM, TaK KaK yKa3blBaeT Ha COBMe-
CTUMOCTb BTOpPOrO 3aKOHa C TPUBBLIYHBIMM TpPEeACTaBJCHHAMH,
MOJIyYeHHBIMM M3 ONbITA. 3aMeTHM, HAKOHell, 4TO eCJ/M paccMa-
TpUBaeMasi CHCTeMa HAXOIMTCSl B PAaBHOBECHM, TO MLl HMeeM

rie= B (), - (55), o

otkyna B cuiy HepaseHcTB (30.2) u (30.7) caenyer, uto moOble
JNOCTATOUHO MaJjible M3MEHEHHs COCTOSIHHUS BBHI3HLIBAIOT yMeHblleHue
oOmeft SHTPONUM, TaK 4YTO pABHOBECHE SIBJISAETCS YCTOHYMBEIM.
IT0T pesyJbTaT MOKA3bIBAET €CTeCTBEHHOCTb MPHHATOIO BhILIE
npennonoxenus (30.2).

VkaxeM elle OILMH Pe3yJbTaT, CBS3AHHBIHl C OOBIUHBIMH Tpel-
CTaBJeHUAMH TepMOAMHAMHMKU. J[l1s TpPOM3BOJBHOIO Tpolecca,
NepeBoNslUero CHCTEMY W3 COCTOsHHMA ¢ Temmeparypo#t T, B co-
cTosiHue ¢ Temiepatypo#t Ty, TeilOeMKOCTb ¢ ONpele/sercs
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caenyouuM o6pasom:

Qe

AT *

Ecan mpouecc siBasieTcs JMOKAJAbHO OOpaTHMbIM M B Ji000# Mo-
MEHT BpEMEHH TeMrepaTypa HOCTOfIHHA BO BCell CHCTEMe, TO, .
KaK JerKO BHIETb,

C —

dQ° 1 d3 N dQy
dar ST AT T ad AT

a
TakuM 00pasoM, mMmenn0emKocms MHO2000A3HOE cucmems He
Mooicem npesocxo0ums CYMMbL MmensoemKocmel 0moesbHoLX
a3 amoil cucmenrst.

C =

§ 2. YpaBuenue auepruu

33. CoxpaHenue sHeprum. Kak yxe oTMeuanoch B Hayane
9TOH TJaBH, K YpaBHEHUAM INBHXKEHUA KHUIKOCTH HYNKHO MNpHU-
COEIMHUTb ypaBHeHue MOJHOH sHepruu 1). Mul onpenessieM n0.4-
Hyio axepeuio obbeMa L KaK CyMMy KuUHeTHUeCKOH sHepruun T
u BHyTpeHHe#t sHepruum € sTOrO O06BEMA, e

Ez%qu%iv, (&:prdv,

a Bemuuuna E mpencrapiaser co60# BHYTPEHHIOI SHEpPTHIO, OTHe-
CeHHYI0 K elnHule o6beMa. TepMonuHaMUUYecKas HHTeprpera-
uuss E CyIeCTBEHHO pa3/uuyHa IJIs CXKUMAEMOM M 1/ HeCKHu-
MaeMOf KMIKOCTH: 3TH CJIy4al COOTBETCTBEHHO OyLyT pac-
CMaTpUBATLC OTHENbHO. B cayuae cocumaemoll acuoxocmu
MbL noaazaeMm, no onpedesenuio, wmo gesutuna E ecmos
MepMOOUHAMULECKAST NepPeMeHHAS COCMOSAHUS, CBA3AHHAS
¢ abcoaromnoli memnepamypoii T, yoeavnod snmponuei S
u OaBaeHuem p caedYOUWUM COOMHOULEHUEM:

TdS=dE+ pdr, <=1/p, (33.1)

) B mocJenyomeM H3JI0XEHHH MBI PacCMaTPHBaeM TOJbKO OXHO-
pOIHblE M XMMHYECKH HHEPTHbIE XUAKOCTH. Bompochl, cBa3aHHble ¢ Aud-
(ysuei, XMMHYECKHMH PEAKIHUAMH U HPOYUMH TOHKMMHU (HU3HKO-XUMH-
UYeCKMMH TpoleccaMH, BBIXOAAT 3a PaMKH JaHHOH cTaTbu. B cBsi3u
C 5TMM MBI PEKOMEHJyeM uHTaTeJio O6paTHTbCS K 3aMedarelbHOH
pabore Tpycneana [Truesdell C., Sulle basi della termomeccanica,
Rend. Accad. naz. Lincei (8), 22, 33—38, 158—1667(1957)}, B koTopo#t
BHepBble Pa3BHTA PallHOHaIbHAs M CHCTEMaTHYECKas TeOpHs, OCBEIAI0-
mas 9TH CJAOXKHBIE BOIPOCHI
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20e t© o0603Hauaem yoeavHvid o6sem (cM  mn. 30). Cuenyer
OTMETUTb, YTO CGHOPMYJIUPOBAHHBIK MOCTYJAT onpedeasem LaB-
JeHue KHUIKOCTH KaK TePMOAUHAMHYECKYIO NMEPEeMEHHYI0, TaK 4TO
B obuiem caydae p= f(p, S).

s Hecocumaemoll scudxocmu Mol npeanO/zoofcuM 4mo
smecmo coomHouwenus (33.1) sonoaunsemcs 6Goaee npocmoe
coomHouterue

TdS=dE, p=const. (33.2)

Us ypasuenus (33.2) soitekaer, uto E=E(S) u T=dE/dS;
CJel0BaTe/IbHO, [aBJeHHe HUKAK He CBA3aHO C TepMOAMHaMuye-
CKMMU CBOHCTBAMM HeCkKUMAeMOH IKUAKOCTH M JeHCTBUTENbHO
npencTaB/aseT COOOH He3aBUCHMYIO BENUYUHY.

CohopmynupoBaHHble Bbllle aKCHMOMbl HH B KOeH Mepe He
SBJSIOTCS TPUBUAJbHBIMH MM OYEBHAHBIMH, eCJIU TNPHUHATb BO
BHUMAaHKe, YTO WX MpelnosaraeTcss NpUMeHATb K JI0OOMY BO3-
MOXCHOMY [IBHXEHHIO XKUIKOCTH. B moiaTBepiIeHHE 3TUX aAKCHOM
Mbl TIpexcie BCero OTMETHM eCTeCTBEHHOCTb W OTHOCHUTEJbHYIO
NpoCTOTy cOoOTHOWIeHust (33.1). 3ameTum jajnee, 4yTo IJad AOCTa-
TOYHO MPOCTHIX MOJEKYJASIPHBIX MoOZeJeft KuUHeTHdecKas Teopus
NpUBOJUT TOYHO K TaKOMy e peay.bTarty. Hakouel, mOX-
TBEPXKIEHHEM IPaBUJIBHOCTH TNPUHATHIX THUIOTE3 CJAYXKUT TOT
¢$hakT, uyTO BCe M3BECTHble SKCIEepPHUMEHTa/bHble NaHHbIe HaXo0-
IS9TCS B XOpOlIeM COOTBETCTBUM C TeOpeTHyeCKMMH pesy/bTa-
TAMH, BBITEKAIOIIUMH U3 3THX runore3d. [lociaenHuit 1OBOL,
BUAMMO, He OCTaB/€T MecTa COMHeHHUIM. HanomHum B CBA3HU
¢ 9TuM 3aMeuanue JDxuabapra o TOM, UYTO ,ypaBHEHUA YACTO
OCTAIOTCS CrpaBelJUBBLIME TPH MPEINOJOMEHUsAX, MeHee OrpaHH-
YMTEJbHBIX, YeM MNpelloJOXKeH!s, INPHHATbHIE NPH MX NEepPBOHA-
YyaJbHOM BbIBOZe. Taxkoro pona ynaya sBjseTcd B NeHCTBUTENb-
HOCTH OIHOM M3 XapaKTepHBIX 4epT TeOpHU B XOpOLIEM 3Haye-
HUU 9TOro cjosa“l).

B cBf3u ¢ BHIIIEH3I0NKEHHBIM IPENCTAB/IAETCA €CTECTBEHHBIM
npuHAmMb 8 Kawecmse AKCUOMb. CAeOYOUUE 3AKOH COXPa-
Henus o0uwel dnepeuu:

%(z+@)=fpf-vdv+§t.vda—§q.nda. (33.3)
B [} [}

Y Gilbarg D, Paolucci D. J. Rational Mech. Anal., 2,
618 (1953).
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Cor/acHO .3TOMy YpaBHEHHUIO, CKOPOCTb M3MEHEHHUs MOJHOH SHep-
ruu o6beMa, IBHKYILErocs € XUAKOCTBIO, paBHA CYMMe MOLI-
HOCTH CUJI, TPHJIOKEHHBHX K 00beMy, U KOJIUYeCTBA TeMJOTHI,
noJyueHHO# 06beMOM (OTHECEHHOTO K elMHMIEe BpeMeHH). Bek-
TOp NMOTOKA TeMJa ( HMeeT pPa3MEpPHOCTb SHEPTUU Ha eIUHULY
MJIOLAAH, OTHECEHHYIO K elMHULe BpeMeHH, CJelOBaTe]bHO, pas-

MepHocTs q pasia MT 3. Ceasb 9TOro BeKTOpa C ApyrHMH
MEeXaHHYEeCKUMH U TEePMOAMHAMUYECKMMH IepeMeHHbIMH OyIeT
OMnpenensTbCsl BIOC/ENCTBUM JOMOMHUTENbHBIMH  TPEANOJIONE-
HUSIMH OTHOCUTEJNBbHO CBOHCTB paccmarpuBaeMoft cpenwl. [lpu
NOMOIY OOBIYHBIX paccykaeHuit, OCHOBaHHBIX HA dopmyie (9.1),
MBI TOJyYdM U3 ypaBHeHus (33.3) Tak HasbIBAEMOe YpaBHeHue
noanol snepzuul), a UMEHHO ypaBHeH#e

22 —1:D—divg. (33.4)
Kak samerun Tpyclenn?), 9T0O ypaBHeHWe MPUHALIEKUT
K. Heftmany.

YpaBuenue (33.3) COOTBETCTBYeT NepBOMY 3aKOHY TepMO-
nuHamuku. Ilo aHasoruu co BTOpPBIM 3aKOHOM Mbl OyneMm mpen-
noJarath, 4TO

< [oSdv> —§ T2 da. (33.5)
B S

3ameTM B 3aKJ/IOYeHHe, YTO CHOPMYJMPOBAHHEIE B ITOM
NyHKTe JIOMOJHUTENbHble INPENNONONEHUs 3aBepLIalOT CUCTEMY
NOCTY/aTOB, JEXAalUyl0 B OCHOBE MEXaHUKH CIVIOIUHBIX Cpel.
JlanbHefilee pasBuTHe TEOPUM CBS3aHO C YACTHBIMU TpeENNoJOKe-
HUSMU OTHOCHUTEJbHO BUIA TEH30pa HaNpsiKeHUit, BekTopa MOTOKA
TelJla M YpaBHEHUS COCTOSHUSA, CBSA3BIBAIOLIErO TepMOAMHAMUYE-
CKHe TepeMeHHBbIe.

34. Tepmoaunamuka gedpopmanuu. Mbl HayHeM C 3aMeuya-
HUs, Kacaloluerocs NMOHsTUs JnaBnaeHus. [lepBoHauyaabHOE ompene-
JeHue JnaBjeHus OBLIO BBeleHO B M. §, U, COrJIaCHO 3TOMY
onpelesNeHuI0, JNaBJeHUe sBJSeTCS NUHAMUYECKOH# mMepeMeHHOM,
OMNMUCHIBAOLIEH CBOMCTBA NBMXKEHMS HIeaJbHOM MXUIKOCTU. 3areM

) Unoraa B mpaBylo uacth ypaBHeHus (33.3) n06aBasiioT dieH R,
YUUTBIBAIOUIMA pPa3JHUYHble APyrue HCTOUHHKH anepmn B KHIKOCTH,
HalpuMep XMUMHUUECKHE peaxilud, pagHauuio u T. I

2y Truesdell C., J. Rational Mech. Anal., 1, 160 (1952).

7 3axk. 1160
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B Hayajse 9TOH# r/aaBbH OBIJIO BBENEHO TOHATHE IaBJEHHS Kak
TepMOLMHAMUYeCKO# TnepeMeHHOM. XapaxkTepHO# uepTOH nuHa-
MHKH CXXHMaeMOH KHIKOCTH, HJHM, KOpOue, Ta3oBOH INHMHAMUKH,
fBJIIETCS TNpPeANOJIOKEHHe, 4TO TepMOAMHAMHYECKOe JaBJieHHe
paBHO [MHAMHYecKOMy naBiaeHuto. Takum oO6pasoM, B ciydae
HaeajJbHOM MUIKOCTH HMeeT MecTO cJjeaymouas ¢dopmyaa Ajas
HanpsikeHu#t: T = —pl, cnpaseqyuBas Kak 1Js C:KHMAaeMBIX, TaK
M HeC)KUMaeMbIX KuiAKocTe#. B mepBom ciayyae p npeincTaBiser
coboft TepMOIMHAMHMYECKYIO TIEpeMEeHHyl0, a BO BTOpPOM pac-
CMaTpHUBaeTCH KaK He 3aBUCALlAd OT TepPMOAHWHAMHUYECKOTO CO-
CTOSIHUSl XHUIKOCTH IHHAMMYECKas TNepeMeHHas.

B o6uiem cayuae, korna npeHe6peraThb KacaTeJbHBIMH Hamps-
JKEHUAMU Hesb3s, Mbl npeactasuMm T B Buze

= —pl+4V; (34.1)
8Ty QOpMyJy CcjelyeT paccMaTpuUBaThb Kak OMpele/eHHe TeH-
sopa V. Ilns cxMMaeMOH KMAKOCTH p B cooTHoulenuu (34.1)
o0603HauaeT TepMOJMHAMUYeCKOe JaBJeHHe, IJA HeCcKuMaeMoH
WHAKOCTH p UrpaeT HeCyLIeCTBEHHYIO pOJb, M BHIOOD 3HaueHHs
9TOM Heu3BeCTHOH B 3aBUCUMOCTU OT 3HaueHus T OynseT cienaH
Jajee TaKk, 4ro0bl ypaBHEHHS NBHXEHUS HMMesJu BO3MOXHO Oojee
npocro#t Bux (cM. m. 59a). Bo usBexaHnHe HEHYXKHBHIX OrOBOPOK,
Mbl B JajibHefiuemM ©OyleM paccMaTpUBaThb HMIEAJbHYIO XHIKOCTb
KaK 4acTHBIM cayuait, coorseTcTBylomut V=0 B dpopmyie (34.1).

[Moacrasus npexctasjeHue (34.1) TeHsopa HampsikeHUH
B ypasHeHue (33.4), nosyduM, 4TO

o2 4 pdivv=0—divg, (34.2)

roe ® =V :D. Bocnoss3oBaBuiuch Tenepb ypaBHEHHEM Hepas-
PHIBHOCTU U cOoOTHOLIeHHeM (33.1) B Cayyae CKUMaeMOH XUIKOCTH
Wi (33.2) B cayyae HeC:KMMaeMOH MHAKOCTH, Mbl MNPUXOLMM
K CJeLYIOLIeMy YpPaBHEHHUIO:

pTdT‘i—: —divq. (34.3)

BHIPAXKAIOIEMY CKODOCTb M3MEHEHM SHTPONUM HHIAUBMIYalbHOH
yacTuubl kunkoctd yepes @ u divq. 3aMeruM, uto B CHIY
paserctBa dQ=TdS, rae dQ o00603HayaeT OTHECEHHOE K elu-
HULE MAacCH >KUIKOCTH KOJMYECTBO TeMJOTH, MOTJOLIEHHOe
*HUIKOCTbIO, U3 ypaBHeHus (34.3) cielyeT Takxe, 4TO CKOPOCTb
MOT/IOIEHHS TEIJIOThl, OTHECEHHAd K eJMHMYHOMY 00DbeMy, paBHa
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® —divq. Tak kak BTOPOH ujeH mpelcTaBiaseT cOGOH Tem/oTy,
MOJNYYEHHYI0 OT COCeIHHX 3JEMEHTOB XHIKOCTH, Mbl NPHUXOIUM,
TakuM 0o6pasoM, K BbIBOLY, 4To BequunHa @ onpenenser oTHe-
CeHHOe K eIHHHLEe BpeMeHH M 006beMa KOJIUYECTBO TeEMJIOTHI,
BO3HHKIIee B pe3yJbTaTe Ae(OpMAUUH 3JEMEHTOB KHAKOCTH.
BrineneHue STOH TemJOTH BJedeT 3a COOOH, KOHEYHO, pacxono-
BaHHe MeXaHHueCKOH sHepru, B cuay uero @ HOCHT HasBanue
pyHKyun Oouccunayuy.

PasznemuB o6e uactu ypasnenus (34.3) na T u mpouHTterpu-
pOBaB MOJYYEHHOE COOTHOLIEHHe MO O0O0beMy, ABHKYLLEMYyCS
C XHUIKOCTbIO, Mbl HaWieM, uToO

%fdev:f[%——&;fdl]dv—és q-Tn da.
B B ()

ATO ypaBHeHHe TMOKa3biBaeT, 4YTO NpelnoJoxeHnue (33.5) Haza-
raer Ha @, q u T cienyiolee orpaHuyeHue:

®—q-grad T/T > 0.

B 4acTHOCTH, 3TO HEPaBeHCTBO BLIMOJHSAETCH, €CJIH
®>0, q-gradT 0. (34.4)

" Vcaosust (34.4) dABASIOTCA MaTeMaTHYECKMM SKBHUBAJIEHTOM
IByX HM3BECTHBIX SKCNEPHUMEHTANbHO YCTAHOBJNEHHBIX (HAKTOB:
BO-TEPBbIX, TEMJOTAa BCeria nepelaeTcs OT Tead C GOJblleH
TeMnepaTypol K TeaaM ¢ MeHbLIe# TeMmepaTypoH, BO-BTOpHIX,
B Tpollecce NeopMaluy MeXaHMYeCcKas SHEPrusi MOXeT mepedTu
B TEIN/JOBYI0, HO He Hao0opoT. Jlerko BHIeTb, UYTO HepaBeH-
cTBO (33.5) B CBOIO Ouepelb MOXHO B8bl8eCmil U3 HEPABEHCTB
(34.4), Tak uTo npeanoJoxeHue (33.5) ABJIAETCS NMPSMBbIM CJef-
CTBHEM TNPOCTHIX (hM3HYECKHX HA6JI0AeHHUH.

B rtepMoiuHaMuKe HEOOPAaTUMBIX NPOLECCOB OIHHM H3 OCHOB-
HBIX NPeNNOJOXKeHU] sBJfeTCS U3BECTHBIH ,3aKOH JMHEeHHOCTH 1),
[py6o rosops, 3TOT 3aKOH YTBEpKAdeT, YTO TEPMOAMHAMHYE-
CKas CHCTeMa CTPEMUTC K CBOEMY TMOJIOXKEHHIO DPaBHOBECHS CO
CKOpPOCTbI0, JUHEHHO B3aBHCslle#l OT BEJMYHHBI OTKJOHEHUS CH-
CTeMBbl OT MOJIOMEHUS paBHOBecHs. HecMOTps Ha COMHHMTE/NbLHOCTb
3TOrO MNpeINoJOXEHHUs, NMPEACTaBASETCS MHTEPECHHIM ChOpMYJIH-

) Cm. cratbu Onsarepa [Onsager L, Phys. Rev., 37,405 (1931);
38, 2265 (1931)]; HeCKOIbKO C HHBIX MO3MLMH STH BONPOCH PaccMaTpu-
Ban Keprucc [33).

Tk
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poBaTb 1Ba CJENCTBHS ,3aKOHa JuHeHHOCTH“. B Haimem ciyuae
BE/JMYMHA OTKJOHEHHS OT [OJOXEeHHs DPABHOBECHs H3Mepsiercs
peauundamu D u grad T, crenoBatenbno, V u q LOMKHBL OBITb
auHedHbiMu  GyHkuusmu D u grad 7. Vs pasauuHoro (c TOYKH
3peHusi TEH3OPHOI'O aHa/1M3a) XapaKTepa STHUX BEJMUMH BLITEKAeT,
uTO

V = Jlunefinas ¢yukuus ot D,
q = Jlunetinas ¢yukuus ot grad 7.

[TepBBIit M3 3THX De3y/abTaTOB NPUBOIMT K 3aKOHY BAskocTH Ko-
mu — [lyaccoHa, a BTOpoi — K u3BeCTHOMY 3axony HbloTona u
dypbe. ONHAKO 3TH PACCYMHIEHHS CAELyeT CUATATh B 3HAYMTENb-
HOM CTemeHd BSBPUCTHUYECKHMH, M MX HCMOJb3OBaHHE B BLIBOJE
ypaBHeHUH MeXaHHKH JKUIKOCTH SBJSETC HEKOPPEKTHBIM.



riIABA 5

WIAEANLHLIA A3

§ 1. OGuue mpuUHU MBI

35. BBegenne. B ri. 2 ObliM MOJyYeHB! ypaBHEHHs! ABUXKE-
HOS MIeaJbHOH XUIKOCTH, 4 UMEHHO ypaBHEHHUs

A pdivv=0 (35.1)
)78
P % = pf —grad p. (35.2)

K HuM HyxHO n0o6aBuThH ypaBHeHue 3Heprud (34.3), BbiBeleHHOE
B ri. 4. EcTeCTBEHHO MpPENNOJIONKUTb, YTO HApSLy C KacaTelb-
HBIMUM HaNpsKEHUSIMU, KOTOPHIMH Mbl npeHeGperaeM mpH pac-
CMOTPEHUM HUIEAJbHBIX MUIKOCTEH, paBeH HYJIO TaKke IOTOK
temaa (. (CornacHo KHUHETHYECKOH TeOpHH, BS3KOCTb M TEIIO-
NPOBOIHOCTb ONPENENSIOTCS CXONHBIMH MEXaHU3MaMU B3aUMO-
JEeHCTBUS MOJIEKYJ] WU SBJSIOTCS BEJMUMHAMU OAHOTO TOPSAKa
MajJoCTH, MNOSTOMY, npeneOperas OIHOH K3 HUX, MBI JOJKHBI
npenebpeub U Apyroft.) ITpu 9TOM NpeanoNOXKeHUH NpaBas yacThb
ypasuenus (34.3) oOpawaercs B HyJb U, CJeIOBaTEJbHO, OHO
CBOIMTCSI K TpocTefilieMy BULY

as

—dt————O. (35.3)
Cucrema ypaBHeHu# (35.1) — (35.3) cTaHOBUTCS MOJHOMH, ecJu
K Hell NMPUCOEIMHUTb TEPMOJIMHAMUYECKOE YpaBHEHHE COCTOSIHHS,
cssi3blBalOlllee BEJUUMHBL p, p U S, T. e. ypaBHeHue

p=75k 9. (35.4)

B YaCTHOM cJ/yuae COBEPLIEHHOTO Ta3a C MOCTOSHHBIMH yIEJb-
HEIMU TEMJIOEMKOCTSMU ypaBHeHHe (35.4) mpuHUMaeT cJelLyiouiui
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BHI:
p=evp, y=const> 1. (35.5)

OaHako B JasbHefimeM MBI, Kak NpaBuao, OyIeM NOJb30BATLCH
TOJIBKO OOLIMMM CBOMCTBAMHM yDaBHEHHH coOCTOAHHUS, cHOpPMyu-
posauubiMu B M. 30. M3 nepasenctBa (30.7), manpumep, BhITe-
Kaer ycnaosue (0p/op)g > 0, KOTOpPOE MO3BOJSAET 88ecH U TepPMO-
IUHAMUYECKYI0 NEepeMeHHYI0 C:

c=‘/(?a{:—)_s= g?. (35.6)

Kunkoctb, yaoB/ieTBopsiioliyio ypaBHeHusMm (35.1) — (35.4),
MB HUxe OyneM HaselBaTb udeassHolim 2a3om. Ilpu u3yyeHuu
rasoBoil IMHAMUKM NOYTH Bcerja npeHeGperaioT Bo3lefcTBUEM
MoJsl BHEIIHMX CHJ, M MH Takxe OyldeM NMpHUIEPKUBATHCH ITOTO
€CTeCTBEHHOr0 NMpPEeANOJIOXKEeHHS.

IToxany#, Hanbosee XapakTepPHbHIM CBOMCTBOM CHCTEMHl ypaB-
HeHu#t (35.1) — (35.4) sB/sieTCs KOHeyHas CKOPOCTb pacnpocTpa-
HEHUs BOJH JaBjeHusd. Jlia noscHenus 3Toro axkra BOCHOJIb-
3yeMcsi CJaefylOlMMH cooOpaxkeHHsMU. PaccMOTpUM TeueHue,
NOJIy4eHHOE BO3MYLIEHHEM COCTOsHuA mokos v=0, p= p,,
p=pp S=3S; H NpPENOJOKHM, 4YTO AMIIHTYAd ITOTO BO3-
Mylenus mMana. Ecau npu sTOM npeHeGpeub KBaipaTaMu MajbixX
BeJqMUKH, TO ypaBHenus (35.1) u (35.2) npumyT caenyomuit Bu:

0 . ov
_(T§.+p0dlvv=0, pO-Ft-_—_—gradp.

VickaioueHue V U3 3THX YPaBHEHHH IPUBOLMT K COOTHOLIEHHIO
V2p = 0%/ot%. C npyro#t cropoHsl, M3 ypaBHenu#t (35.3) u
(35.4) caenyer, uTo 0%p/0t? = c20%/0t2. Taxum 06pasoM, Maibie

BO3MYLIEHHMS A4BJEHHs NOJ/KHB YAOBJETBOPSATb ypaBHeHUIO )

0*p

VP = -

B cuiy XOpoWO H3BECTHHX CBOMCTB pellleHu#t 5TOrO ypaBHeHHs
MaJible BO3MYLIEHUs! 1aBJIeHHs PacCpOCTPAHAIOTCA CO CKOPOCTHIO C.
[IpuBeseHHBIE pACCyIEHUS, HECMOTPS HAa CBOK HECTPOrOCTS,
NOKA3bIBAIOT €CTECTBEHHOCTb BBEJAECHHOIO Bblllle ONpeaeaeHus

) d10 paBHeHHe 66110 U3BECTHO elle Jitae ?y [Mem. Acad. Sci.
Berlm (1759); Opera Omnia (3), 1, cTp. 428—50
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ckopocmu 38yxka c¢'). B Goiee TOYHOH MOCTaHOBKE BOMPOC
0 pacrnpocTpaHeHuH BOJH OyzeT paccMoTpeH B m. 51 u 54,
HyxHO 3aMeTuTb, YTO ¢ He SBJseTCH IOCTOSHHOM, a mpen-
craBiseT COGOH TepMONMHAMHYECKYIO MNepPeMeHHYI0, 3aBUCALLYIO
OT COCTOAHMA XKuAKocTH. Hanpumep, A1 coBeplieHHOro rasa?)

=y lPT.i — VA& (35.7)

rae $ — yHuBepcanbHas rasoBas IOCTOSHHAS, OTHECEHHAs K elu-
Huue Maccol (B cucteMe CGS Bemuunna &R pasna 2,87 X 108
nas Bosnyxa u 83,1 X 108 rpamMm-moab mas uucroro rasa). Tou-
HOCTb opMysbl (35.7) MOXKHO OLEHHTb, BHIYUCJIMB 3HAUEHHE C
Ans Bosnyxa npu 0° mo mkane Lleabcus (273,16° no a6couor-
Ho#t wkane). IToncrasuB B ¢opmyay (35.7) 1=1,40 u npuse-
JleHHoe Bbille 3Hauenue &K, Mb noaydum ¢ ==331,3 m/cex, uto
XOpOIIO COrJIacyeTcss C SKCHEepUMEHTaJIbHbIMU [aHHBIMH. ITO
COBNajieHHe fBJSETCS ONHHUM M3 BaXKHHIX NOBOLOB B MOJIb3Y NpPH-
MEHEHHs] TEODHM HIeajJbHOH KUIKOCTH [IJS M3YyYEHHS IBHXKEHHUS
rasos.

Konuenuus kxoHeuHO# CKOpPOCTH 3ByKa NPUBOLUT K XOPOLIO
M3BECTHOH KapTHHe J[03BYKOBOrO M CBEPX3BYKOBOTO TEYEHH .

1) MepBas Teopetnyeckas ¢opmyJa Jas CKOPOCTH 3ByKa Gblia Haii-
nena HoloTonoM (MaremarHueckne Hauana HaTypaabHOH duiocodun,
kuura I, ornen VIII, Tpenaoxenus 48, 49.) Ipyro#t nonxox kK Bompocy
6bla NpeaoKeH JHIepoM; UM GbIIO YCOBEPIIEHCTBOBAHO 10Ka3aTeAbCTBO
HbloTOHa ¥ BbIBEJEHO BOJHOBOe ypaBHeHue. Tak Kak NMOHATHe aguaba-
THYECKOrO H3MEHEHHS TOrJa He OblIO M3BECTHO, Jillep Tak Xe, Kak U
HbloToH, chopMyaHpoBa/ll OKOHYATEAbHBIH pe3yJabTaT B BuUie €2 = p/p.
CorJlacoBaHue S3TOH TEOPUH C 3KCIEPHUMEHTOM GblIO BHINOJHEHO Jla-
11aCOM, KOTOPbIHi OTMETHJ TOT (aKT, YTO TeMNepaTypa, TaK Xe, KaK U
NaBJeHHe, YBEJIHYHBAETCS IPH MTFHOBEHHOM cCxartuH. Pesyabrarthl Jla-
naaca BnepBbie Oblid omy6JanKoBaHbl, no-suaumomy, Buo [Biot J.,
Bull. Soc. Phil. Paris, 3, 116 (1802)]. B sroii 3amerke NOBHIIIEHHE
TeMIepaTypbl pacCMaTpHBaJOCh, OJHAKO, C TOYKH 3pDEHHs SKCIEpPUMEH-
TaabHbix (axkToB. Hekoropoe Bpems cmycts Jlamiac o6bACHHA ykasaH-
HOE NOBBHIIIEHHE TEMNEPATyphl, HCXOAS M3 anMabaTHYECKOro XapakTepa
npouecca pacnpocTpaHeHHs 3Byka M moayuua dopmyay c2 = yp/p, rae

— OTHOIIEHHE YyIeJbHbIX Tenaoemkocreli [Ann. Chim. Phys., 3, 238
(1816)]. O6masn dopmyaa c? = (0p/dp) ; ObIIa MOAYUEHA, KOHEUHO, TIOBKE.

2) dta dopMyaa cnpaBelJuBa MU B Clyyae NEePEMEHHBX YAeAbHBIX
TENJIOEMKOCTEH, Tak kak B cuiay coorHomueHus (30.6)

(0_p) =,(ir;) ~ap
o )s O)r e
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XoTs pasnuuusi MexIy STHMHU TeueHUsAMH OYLyT eCTeCTBEHHBIM
00pa3oM TMOJIyyeHH B TOC/AeLYyIOIleM HCC/AeN0BAHUH, TIpencTa-
BJIAETCS TOJIE3HBIM YXe 3JeChb BbIICHUTb HEKOTOpble 0cob6eH-
HOCTH YKA3aHHBIX TeueHWH INpH MOMOLIM HHTYMTHBHHIX cooGpa-
weHu#t. PaccMoTpuM ciyualt yCTaHOBUBLIErOCs LO3BYKOBOTO Te-
yeHHs, HalpUMep IOPH3OHTAJbHBIA NMOJET caMoJeTa ¢ MOCTOSIHHOM
JO3BYKOBO# ckopocTbio. [IpuM 3TOM BO3MYyllleHMe IaBJeHUs pac-
NpOCTpaHseTcs B HANPaBIeHNN IBHKEHHS CAMOJIETa CO CKOPOCTbHIO,
paBHO# Pa3HOCTH CKOPOCTU 3BYKa M CKOPOCTH MoJeTa, a B 06par-
HOM HAampaBJ/IeHUH — CO CKOPOCTbIO, PAaBHOK cCyMMe CKOpOCTH
3Byka M ckopoctu moJjera. CiefoBaTe/bHO, BO3MYLUEHHE LOCTH-
raer moOOH TOUKM TIpM YCJAOBHM, YTO TIOJET TPOLOJIKAETCS
6eckoHeuHo JoJaro. JIpyrad kapTuHa OyneT NpH MoJeTe CO CBepX-
3BYKOBOH# CKOpOCTbIO. 30Ha BO3MYILUEHHs OrpaHHYeHa Telnepb
KOHYCOM, NPOCTUPAIOLIUMCS OT MepelHed TOUKM caMoJeTa Hasan,
npuueM oOpasyiollue 3TOrO KOHYCa COCTABJAIOT C €ro 0cCbio
yroJ, paBHBIfl arcsin(c/g) (B 3Ty KapTHHY HYXKHO BHECTH He-
KOTOpble H3MEHEHHUS, eC/M pacCMaTpPHBAIOTCH BO3MYILEHHMS KOHey-
HOM aMIIUTYIbl, T. €. yIapHble BOJHBI)!).

36. Junamuyeckoe nogo6ue. B sToM mnyHKTe MBI OyleM
CuMTaTh, YTO 4YMTaTeJb B3HAKOM C OOGBLIYHOH WHKEHEDHOH TpaK-
TOBKOH MOHSITUS IMHAMHYECKOro nonobus, M MOCTAPAEMCA YETKO
M3JM0XKNTb MaTeMaTHYeCKHe NPUHUMILL, JieXallye B OCHOBE pac-
CMaTpHUBAaeMOro BONMpOCA. 3aMeTHM, UYTO MOHSTHE NUHAMUYECKOTO
nogo6us mnpunaanexur Crokcy. B ero paGore o nBuxeHuu
MasTHUKA B TOPMO3slled KUIKOH cpele?) He TOJLKO BIEPBbIE
6b1/10 CHOPMYINPOBAHO TOHATHE NMHAMMYECKOrO MOA06UA, HO H
B MepBhLIN pas ¢Gurypupopasta KOMOMHALMS NAPAMETPOB TeYeHHs,
Hocsillas cefuac HasBaHue uucaa PelHoubica.

JlBa TeueHus HIeaJbHOR MKUIKOCTH HA3BLIBAIOTCS OUHAMU-
yecKu nOOOOH6LMU, €CIH TepeMeHHble 3THX TeueHHH CBA3AHbI
COOTHOLIEHUSIMH

v=UV, p=Rp’, p=Pp’ (36.1)
u
x=Dx', t=T¢, (36.2)

') Mntepecupie coobpaxenus o6IIEro xapakTepa MO MOBOAY TeEO-
puM CxMMaeMOH ujealbHOH IKHMIKOCTH MOXHO HalTH B NepBOH riase
pabornt [39], cM. Takxe [21], [23], [24] u [26].

?) Stokes Q. Trans. Cambridge Phil. Soc., 9, 8 (1850); Pa-
pers 3, ctp. 1—141.
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rie U, R, P, D u T — nocrosuubie nono6us !), TTokaxeMm cei-
yac, YTO 3TU IOCTOSIHHBIE CBSI3aHBI HEKOTOPHIM COOTHOINEHUEM, '
MHaue TOBOPSA, YTO OMNpeleeHHble KOMOGMHALUMM TOCTOSHHBIX
nogo6ust LOMKHBL HMeTb ONHO M TO Ke 3HaueHUe s BCeX Mo-
NOOHEIX MexXiy coGo#t TeueHuit?). IIOoACTaBMB COOTHOUIEHHS
(36.1) u (36.2) B ypaBHeHHMe HepaspHBHOCTH, MBl HaliieM, uTO
R dp’ RU . , .,
= =7+ ——div/ (p’v) = 0.
Tak K4k TeueHue, MapaMeTPbl KOTOPOTO IOMeYeHbl IUTPUXAMH,
TaKKe YAOBJETBOPSET YPaBHEHWIO Hepa3pLIBHOCTU, OTCIOAA Clle-

LyeT, 4TO
D

T=Tf

(36.3)
(MCKJIIOUeHHeM fBJAseTcd Caydat  yCTaHOBMBINErOCS — TeueHus,
OIIHAKO B 3TOM cJjyuae BTOpas ¢opmyna (36.2) Tepser cMbicx).
OcraBuinecs ypaBHeHUS [BIKEHUS MpPU IMOMOLIA COOTHOILUEHHUS
(36.3) MOXHO MpeicTaBUTb B BUIE

A P ' s
Vg =gz &d'r =0
W3 mepBoro u3 STUX ypaBHeHUH ClelyeT COOTHOLIEHHE
RU?
=1 (36.4)

Ecnu samucath Temepb ypaBHeHWE COCTOSIHMSI ,IITPUXOBAHHOTO®
TeueHust B Buie p’ =g (p’, §’), 10

FR', S)y=Pg (', §). (36.5)

Baas MarepuanbHyl0 NMpOM3BOIAHYI0 OT 0GeuX uacTell paBeHCTBa
(36.5) u Bocnonb3oBaBwUCh TeM, uTo dS[dt =dS’[dt’ =0, mu
nocje COKpallleHdss Ha OOLIUMit MHOXMHTENb MOJYYUM

Re?= Pc”, (36.6)

1) ITpn O6BIYHOM HMHIKEHEPHOM U3JIOXEHHH MOHATHS O JMHAMHYECKOM
nono6un 006a TeueHus CBOZATCH K ONHOMY M TOMY XKe ,0e3pasmMepHOMY“
teuyenuto. CHopMyInpoBaHHOE 31ech ompeje/eHHe HaM KaxeTcs Goiee
SCHBIM M YEeTKHM.

2) 3T0T pesyabTAT O3HAYAET, YTO OXHOIO FeOMETPUUECKOrO MOA06HUS
nByx obnacreil TeueHMH HEZOCTaTOYHO HJsi JHHAMUYECKOTO I10BOGHS
9THX TeueHHH.
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B xauectse cuenctus paseHCTB (36.4) n (36.6) MoxHO cop-
MyJupOBaTh CJeNylOllee YTBepKIeHUe: ecaud 08a medeHus
ABARIOMCA OUHGMULECKU NOOOGHBLMU, MO MECMHOe HUCAO
Maxal) M=gqfc amux meuenuii npunumaem pasHsie 3HQ-
YeHUS 8 COOMBEMCMBYOULX MOYKAX 00iacmeil mewerui.

ITonyueHHOe Bbillle YCJIOBHE He SBJSETCH €IMHCTBEHHBIM
CJleICTBUEM IMHAMU4eCKOro noxobus. Jlerko yb6eauThcs, 4TO COOT-
Holuenne (36.5) Mexnay S u S’ He NO/MKHO 3dBHCETb OT BeaU-
yuHH p’ (B NMPOTHBHOM cJyyae 006a TeuyeHUS! NPeACTABASAH Obl
coboft nBuKeHMS HeCkHMMaeMOH xuiakoctu). Hanpumep, B cayuae
COBEpLIEHHOr0 rasa CcooTHouleHue (36.5) cBOAMTCS K COOTHO-
LIEHHUIO

S§—8 =c,logPR™"

KOTOpO€e CJYXHUT [ ONpeleJieHUs] SHTPONMMU ,IITPUXOBAHHOr0*
TeyeHHus.

B npunoxeHusx (Hanpumep, TNpH SKCNEepUMeHTaX B aspo-
IuHaMuueckoit TpyGe) nOOMBAIOTCH TOro, YTOOBI 06J1IaCTH TeueHUH
6Ll reoMeTpUYecKH MOLOOHBI U NpUBELEHHbIE CKOPOCTH -V/C U
v//¢’ 6bliu cornacoBaHbl 8 00xoi mouke P. Ilpu stux o6crosi-
TeJbCTBAX IMHAMUYECKH MNOJLOOHbIE TeueHUs! SBJSIOTCS TEOPETU-
YeCKH BO3MOXHEIMH, eCJd COOTHolueHue (36.5) BHIMOJHsETCS.
BosHukaer Bompoc, OyAyT JM Takue TeuyeHHUS] peaJM30BaHHI
B IeHCTBUTEJBHOCTH. SICHO, YTO MBI MOXeM OBITb B STOM YBEpeHLI
TOJBKO TOTJa, KOria TeyeHHe eNHMHCTBEHHHIM 00pa3oM omnpene-
JsleTcsl yCJIOBHEM, 3aJaHHbIM B Touke P. Kak Oyzer mnokasaHo
HHXKe, TeOpeMa eIMHCTBEHHOCTH CNpaBelJiMBa MO KpalHeli Mepe
B CJyyae JO03BYKOBOro OOTeKaHUsl MNpensiTCTBUS TpU 3afaHHOM
COCTOSIHHM TOTOKa Ha OeckOHeyHOCTH (cM. 1n. 46). OnHako
B JNeHCTBUTEJbHOCTH NpU SKCHEpUMEHTaX B adpOAMHAMUYECKOR
Tpybe cUTyauus CUJIbHO YCJIOXKHseTCs AefCTBUEM Pas3JMYHOrO
pola NMOCTOPOHHUX (aKTOPOB, TAaK YTO BOMPOC O AMHAMUYECKOM
nonobuu ciaenyer peliatb — N0 KpaHHe# Mepe UYACTHUHO —
HCXOIS M3 ONBITHHIX JAaHHBIX.

Brilre GbIJIO MOKa3aHO, YTO €CJaM YPaBHEHUE COCTOSHUS COBep-
IIeHHOT0' Ta3a BBINMOJHSAETCS, TO BO3MOXHBI Pa3/jM4HbIE JIUHAMH=
yeckM NOLOOHble TeueHusi. OKa3biBaeTcs, YTO CNpaBelJUBO H

1) Kpatkoe uanoxenue pa6orst Maxa u cBa3aHHOe c He# BRISICHE-
HMA MPHOPUTETA BBEJEHHS XapPAaKTEPHCTHKU TEUEHHS ¢/C MOXHO HaHTtH
B ctatbe baeka [Black J. J. Roy. Aero. Soc., 54, 371 (1950)].
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06paTHOE YTBEpKKIEHUE: eCAu BO3MONHCHb. OUHAMUYECKU NO-
006Hble meweHuss 08YX 2a308 NPU NPOU3BOAbHBLX NOCMOAH-
HoLXx nodobus P u R, mo ypasHenue cOCMOAHUS KAiHO020
u3 amux 20308 umeem 8uO

p=a(S)p" (36.7)

c 00HOd u mod owe nocmosHro# ml). D1oT pesyabTaT mno-
Ka3biBaeT, KaKue CHJbHble OrpPaHHuUeHHs] HYXKHO HAJOXHUTb Ha
ypaBHeHHe COCTOSHHSA IJd TOro, 4ToObl ras o6Jajfasi MOJEe3HbIMH
CBOMCTBaMH IMHAMHUYeCKOro mnoaobus. OuyeHb ynayHO, 4TO OOBIY-
Hble rasbl ¢ OoJblleft WM MeHblIe TOYHOCTHIO YLOBJETBOPSIOT
ypasHennio (36.7).

Jlna nokasatenbcTBa CHOPMYTMPOBAHHOIO YTBEpKIEHUS pac-
CMOTPHM TPaeKTOPHUIO HEKOTOPOH YaCTULB! XUIAKOCTH (MBI CUATaEM
AJs MPOCTOTH, YTO MOCTOsIHHAs monobusi D==1). Broas stoi
TpaekTOpHH BeMyuHb S U S’ mocTosHHb. Tak Kak Teuenue, napa-
MEeTpPH KOTOPOrO He TOMeueHbl INTPUXAMH, CUYHTAeTCs 3aLaHHBIM
3apaHee, TO BeauyuHa S ecTb (PUKCHUPOBAHHOE uHCIO; B (hop-
MyJaX, BBIMHCAHHBIX HUXKE, Mbl 3TO YHMCJO L] KPAaTKOCTH OIy-
ckaeM. Bemuunna S’ sBasercs ¢yHkuueli napamerpos P u R.
OGpaTHB 3TO COOTHOILEHHE, Mbl MOJYYUM

P=P(R, S. (36.8)
Bosppamasch Tenepb K ypasHeHHio (36.5), Mbl BuLUM, 4YTO

P(RSY _ P(@,3)’
tTak kak R wusMeHsiercs He3aBucumo oT S’. Bropoe pasen-
cto (36.9) MOxHO 3amucarb B Bule
P(RS) _ f(RY) _ f(R) .
P (1,8 7 O
nocaefHu#t mnepexol B 3TOH (QOpMyae 3aKOHEH B CUJY He3aBH-
cuMocTd JeBo#t uyactd ot p’. Takum o6Gpasow,

f (Rp) =const - f(R) f (¢p"), (36.10)

M, caenosaTenbHo, f(p)==const-p™2). Mb BuAuUM OTCIOA4, 4TO
fp, S)=0(S)p™ u, Takum 06pa3oM, 1OKA3aTeJIbCTBO 3aKOHYEHO.

) AHanoruuHbl# pesyabTaT AJs H3IHTPONHYECKMX TeUeHHH mpu-
Benen B pabore Bupkroda-[17], ctp. 109 (1 u3n.).

2) las toro uTOOb yOejMTbCsl B 3TOM, JIOCTaTOYHO mpoiu¢depeH-
nupoBath cootHowetde (36.10) mo R u noacraButh R =£
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B Gosee caAOXHBIX cayuyasXx, KOIla Heab3sl NpeHeOperaTh
BIUSIHUEM BS3KOCTH, TENJIONPOBONHOCTH, TIOJS BHEIIHMX CUJ,
TPaHUYHBIX YCJOBUA M T. 1., TNpUBeNEHHbIH BHILIEe aHAJIU3 He
HCYEPNbIBAET MepeyeHb HeOOXOJMMbIX CBOMACTB IMHAMHUYECKU TMO-
NOOHOrO TeueHus. BiusHMe HEKOTOPHX M3 3TUX dakTopoB 6yrer
paccMoTpeHo najee (cm. m. 66).

Teopus pasmeprocmeli u JurHamuuecrkoe nodo6ue. Hexo-
TOpble M3 TPHBEJEHHBIX BHILIE pPe3yJbTATOB MOXHO MOJYYUTH
NpOCTHIM aHaau3oM pasMmepHocTefi. Hanpumep, TtoT ¢axt; uro
B COOTBETCTBYIOLUMX TOYKAX MAMHAMHYECKM MOLOOGHLIX TeueHuH
BEJMYUHA ¢/C TPUHUMAET paBHble 3HAYEHMA, CTAHOBUTCSH OYEBHI-
HbIM, €CJd 3aMeTHTb, 4YTO BCe 4JEHbl, BXOISLIMe B ypaBHEHus
IBHMXEHUS, UMEIT OINMHAKOBYIO pasMepHOCTb. VIMeeT MecTo u 6o-
Jee OOWMR pe3yJbTaT: ecau NpeOnoA0) UMb, 4MO CYyuecm-
sylom 08a OuHamuuecKu nOOOCHBLX [MeveHUus u 4mo B8ce
napamempo. dmux meweHuli eOUHCMBEHHULM 00 pa3onm onpe-
O0enslIomcs COCMOAHUeM MedeHUus 8 Hekomopoli mouke P, mo
a06vie 6e3pasmepHbie KOMOUHAUUU NAPAMEMPOB MedeHul
8 coomsemcmsywOuux moukax cosnadaiom, MaK KQK OHU
ABAAIOMCA BYRKUUAMUL MOAbKO Om 3Hauerus wucaa Maxa
8 mouxe P. JlokazaTenbcTBO NMPOBOLUTCS OOLIYHBIMM MeTOIAaMH
Teopuu pasmepHocTedl. CyllecTBeHHHIM MpPENsTCTBUEM NpUMeHe-
HUIO pe3yJ/bTaTOB TEOpUM pasMepHOCTeH fBJSIETCS, ONHAKO, He-
00XO0IMMOCTb aNMPUOPHOrO MNpennoJoXKeH!s AMHAMUYECKOro nouo-
6usi paccMatpuBaeMbix TeueHu#t 1). C s1O#t TOUKU 3peHus pasBuTas
Bbillle TeOpHUs JAUHAMMYECKOro moLobusi Tnpenctasisercs Gosee
LIeHHOM, TaK Kak OHAa MO3BOJsieT TNOJYUUTb HeoO0xoduimbie u
docmamoursie YCAOBUS CYU,eCMBOBAHLSA OUHAMUYECKL #t0-
000ublx mevwenuil ?).

Heabss oTpuuarh ueHHOCTM MeTOlAa AHAa/AM3a pas3MepHOCTeH
B Te€X MHOIOYUCJEHHBIX CJyYasix, KOria 4uHaMuuyeckoe nonobue
TeyeHUH He BbI3BIBAET COMHEHUH. DTOT METOXL INO3BOJSIET TaKMke

') K coxanenuio, B mpu/oKeHHaX TEOPHH pasMepHocTell crpasex-
JUBOCTb OCHOBHONO INpEIMNOJOXEeHHS IOYTH HHKOrJa He MpoBepseTcs.
Kputnueckue 3ameyaHusi 0O 9TOMY MOBOJY M COOTBETCTBYIOLIHE MHOIO-
4{cAeHHbIe npuMepbl MOXHO Haitu B ra. IIl pabors [17]. B sroit pa-
6ore MNOAUEPKUBAETCH, B YaCTHOCTH, YTO CNPaBENJIHUBOCTL H3BECTHOH
ITu-Teopemsl, ABJAAIOUEHCS OCHOBHbLIM PE3yJbTaTOM TEOPHH Pa3MepHO-
cTei, COMHEHHH He BbI3BIBAeT; TPYMAHOCTb 31eCh CBS3aHa C NPELNOJO-
JEHHUSAMH, Ha KOTOPbIX OCHOBAH aHAJH3 Pa3MEpPHOCTEH.

?) MutepecHoe 3aMeuaHue MO 3TOMY MOBOAY MpPHBEINEHO B pabore
Toappunreitna [36], crp. 113.
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MOJNYYUTh HEKOTOpble Pe3yAbTaThl B CAYyuasX, K KOTOPBIM HEMb3s
NpPUMeHUTb Kakue-AM0O Apyrue MeTOAbl HCC/AeNOBAHHS; HO pac-
CYKIEHUsI TeOpUU pasMepHOCTe#t npu 3TOM OblI0 Obl XEAaTENLHO
MOATBEPAUTb, HACKOJAbKO 3TO BO3MOXHO, HCC/IEAOBAHMEM MOJHBIX
ypaBHEHUH ABHKEHHUS.

§ 2. dHeprus, SHTPONHSA H 3aBHXPEHHOCTH

B ocraBuiefici 4acTW STOH TJaBbl M0JI€ BHEIUHHX CHJI Mpeld-
noJaraercss paBHBIM Hymo. JlOo TeX MOp NMOKa Mbl WMeeM AeJO
¢ razoo6pasHofl cpeno#, 3TC NPENNOJIOKEHHE HE ABAAETCS Cylue-
CTBEHHBIM OrpaHMYeHHeM OOIIHOCTH.

37. YpaBuenne Bepuyanu. Teuenue rasa nasbiBaetcs 439H-
mponuyeckuMm, eCliM OSHTPOMHS MOCTOSHHA BO Bce#t 06aacTH
TeueHusi. YpasHenue (35.3) B 3TOM cayuae o6paluaeTcss B TOXKIE-
CTBO, a ypaBHeHHe cOCTOAHUA (35.4) mpuHUMaeT mpoctyio Gopmy

p=r(p). (37.1)

CrnenoBaTeqbHO, Mbl MMeeM IeJO CO cjyuyaeM 6apOTpPOMHOrO Te-
yeHust, YyaKe wusyuaBwumcsas Hamu B . IlI. B uwactHocTH, mepe-
¢pasupys pesy.abTaT, YCTAHOBJEHHLI# B 3TOH r/iaBe, Mbl BHUIUM,
4TO 048 U3IHMPONUUECKO20 YCMAHOBUBULEZ0CS 0e381UXPe8020
meueHuss uOeaAbHO20 2@3Q NPU OMCYMCMBUUL BHEULHUX CUA
CrpaBelJnBa caenyoolias Teopema Bepuyiiu:

% q?+ f dTp == const; (387.2)

B KaueCcTBe HU)KHEro Mpelesia WHTErPUPOBAHMS B 3TOH dopmyre
o6bluno BhIGMpaloT 3HaueHue p ==0. Kak OyneT BbIICHEHO HUXe,
uuterpan B ¢opmyse (37.2) nAaeT HAaM BEJHUMHY YAEJIbHOH 3H-
Taabnuu. YpaBHeHue (37.2) MOXHO 3amucaTh Takxke B Audde-
peHlHaabHOR dopMe:

pgdg +dp=0, (37.3)

UM, BOCIOJAb30BABILUCHL (popMyaoit (35.6) mis ckopocTH 3BYyKa,
B BHIe

pqdg -+ c?dp=0. (37.4)
B cayuae cOBepIIEHHOrO rasa C MOCTOSHHbLIMH  yIeJbHBIMU
TEMJIOEMKOCTAMH WHTErpaJ fdp/p BBIUMC/SETCA B SBHOM BHIE H
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ypasHenue (37.2) npuHuMaer Bul
z +~——cz~— = const (37.5)
2 1—1 ) :
Mpi He GyzeM KacaTbCsl XOPOLIO M3BECTHHIX anre6pauyeckHx cjel-
CTBHH 3TOTO COOTHOIIEHUS! U PACCMOTPUM HEMOCPeACTBEHHO OOliee
ypastenue (37.2). Ilpu sToM ynOOHO BBeCTH CJ/elyiollee TepMO-
IMHAMMYECKOEe Npelnooxenue 1):
0%p
(W)s > 0. (37.6)
FeomeTpuueckn HepaBeHctBa (37.6) u (30.7) osHauawoT, uTO
B maockoctd p, V amuabathl NpencTaBASIOT COOOH BHIMyKJIbie
KpUBbIe C OTDHLATEJbHBLIM YIJIOM HaKJIOHA KacaTeJbHOH. 3xech
MbH OyzeM HCIOJNb30BaTh He HepaBeHCTBO (37.6), a ero caen-

CTBHE:

+ 45 60> 0. (37.7)

B cuay onpenenenns Beauuunsl M, ypaBnenus (37.4) u dop-
myas (37.7)

a=

aM

T

OueBugno, uto dM/dg >0 mnpu M < 1; Takum o6pasoM, AJjs

(UKCHPOBAHHOTO ypPaBHEHHSl COCTOSIHHSl CYILECTBYeT TOJbKO OIHO

3HaueHHe CKOpPOCTH ¢ ==gq,, npu koropom M =1. Ilpu ¢ < g,

TeyeHUe HasbiBaerca 0038yxosoim (M < 1), npu g > q, — ceepx-

38yxossem (M > 1); BenuuuHa g, HOCHT HadBaHUe Kpumuxeckol
cKopocmu.

3aMeTuM, YTO XapakTep M3MEHEHHUs BeJUYUHBI MOTOKA MAcChl

Q=0pg CyWeCTBEHHO MeHseTCs NpH NepeXole yYepe3 KpHTUUe-

CKOe 3HaueHHe CKOpOCTH ¢. JleHCTBHTENbHO, B CHUJIYy YypasHeHHs
(37.4)

=14 @—nm (37.8)

47 60 =p(1 —M; (37.9)

) HepasenctBo (37.6), ectecTBeHHO, BO3HHKAeT H B JPYru4x pas-
Jenax rasoBodl IMHAMHKH, HampuMep, AJd afHabaTHYeCKOH BOJHBI CXa-
THA 9TO YycCJOBHe OGecleyHBaeT BO3pACTaHHE KPYTH3HBI HpOdHIS
ckopoct (cM. [21], § 41). D10 ycaoBHE BCTpeyaeTCs TaKkkKe B TEOPHH
Beitns ynapHoro mepexopna, u3JOXeHHOH B 1. 56, rge OyAyT paccMoT-
PeHbl pasauuHbie caeAcTBHA HepaBeHCTBa (37.6). OueBumHO, YTO Hepa-
BEHCTBO (37.6) BBIMOJHAETCH IJS HAEAIbHOrO rasa C IOCTOAHHBIMH
YACAbHBIMH TENIOEMKOCTAMH.,
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cnejoBaTe]bHO, npu g < g, BeJIMYMHA pg BO3pACTaeT IpH
yBeNUYEHHH CKOPOCTH, a npu ¢ > g, yObiBaeT. Mbl BHIHM
OTCiOla, YTO TNpH 33aJaHHOH BeNMUMHE NOTOKA MAacCH pg BO3-
MOXHBI J1BA DPas/JMYHBIX DEXMMa TeueHUs: NO3BYKOBOH U CBepX-
3BYKOBOH.

OnucaHHblf XapakTep U3MeHeHHs NMOTOKA MacCCHl IIOMOTaeT Mo-
HATb MHOTHE SIBJIEHMSl Ta30BOM NMHAMHUKH, CBi3aHHbIE C epeX0J0M
yepes MAaKCHMajbHOEe 3HayeHHe (), mNOTOKa Macch. B KauecTse
MJTIOCTPALMKM YCTAHOBJIEHHBIX 3aKOHOMEDHOCTe MOXET CJYXUThb
puc. 4, Ha KOTOPOM NOKAa3aHa
3aBUCUMOCTb pg OT M 1717 co-
BepLUEHHOT0 ra3a C MOCTOfH-
HEIMH  YIENbHBIMH TeIJOeM-
KOCTAMH.

3aBUCUMOCTb  NJIOTHOCTH
OT yucaa Maxa odyeHb NpocTo

noJy4yuth Hpu nomouwu ¢op- 0 7 2 .'g N
MYy.JIbI
P u c. 4. 3aBuCHMOCTb MOTOKA Mac-
dp =ﬂ d42 — cil Q=pg or uucia Maxa nans
am? g dM YCTaHOBUBLIErOCSi H33HTPONHYE-
P CKOrO TeYeHHs.

=T 3NF@—=D M’

KOTOpasi BHTEKaeT HeNOCPeICTBEHHO M3 ypasHenuit (37.4) u
(37.8). PasnenuB nepeMeHHble ¥ BBINOJHHB MHTErpPUPOBAHHE, MbI
NOJNyYHM paBEHCTBO

M?
p___ 1 ds _ lfye @—lyg
log £ — 20fl—|—(a—l)u_ 2 [M M+,
TaK 4TO MJis NPOU3BOJILHOrO rasa
p-——po(l — g M2 2Ly ) (37.10)

ST0 COOTHOLIEHHE TOKAa3bIBAeT, KaKk MeNJIeHHO U3MeHsercs
MJOTHOCTh B 3aBMCUMOCTH OT uMCaa Maxa npM MajbiX 3Haye-
Huax M.

B ta6a. 1 ykasaHbl 3HaueHus p, pg p/l/l M2 xaK QYHKLUH
or M B cayuyae coBepuieHHoro rasa. [loc/nenHss BeJMYHHA MNPH
MaibiX YHcaAaX Maxa mouTH He MeHserca.
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Tabauya 1

TlepemeHHbIe COCTOSHHSI AJiSi YCTAHOBHBIIEroCs H39HTPONHYECKOrO
TeYyeHHsi coBepuIeHHOro rasa (y = 1,40)

Ilo3BykoBOE TeyeHHe CBepx3ByKOBOE TeyeHHE

q p Q q p Q 2
M| 2L | £ Elm|] L 2| Q|

Jx [2) Qs Fo ‘ Ix Po Qs Po

0,1 | 0,109 | 0,995 | 0,172 | 1,000 | 1,1 | 1,082 | 0,582 | 0,992 | 0.999
0,2 | 0218 | 0,980 | 0,337 | 1,000 | 1,2 | 1,158 | 0,531 | 0,970 | 0,993
0,3 | 0,326 | 0,956 | 0,491 | 0,998 | 1,3 | 1,231 | 0,483 | 0,938 | 0,979
04 {0431 | 0924 | 0,629 | 0,992 | 1,4 | 1,300 | 0,437 | 0,897 | 0,958
0,5 | 0,535 | 0,885 | 0,746 | 0,978 | 1,5 | 1,365 | 0,395 | 0,850 | 0,930
0,6 | 0,635 | 0,840 | 0,842 | 0,952 | 1,7 | 1,483 | 0,320 | 0,748 | 0,856
0,7 10,732 | 0,792 | 0,914 | 0,903 | 2,0 | 1,633 | 0,230 | 0,593 | 0,721
0,8 0,825 | 0,740 | 0,963 | 0,810 | 3,5 | 2,064 | 0,045 | 0,147 | 0,213
09 | 0915 | 0,687 | 0,991 | 0,635 | 5,0 | 2,236 | 0,011 | 0,040 | 0,062
1,0 | 1,000 | 0,634 | 1,000 | O oo | 2449 1 0 0 0

O603nauenusn. Q=pq, k=p"lV1—M2, ﬁ;—naaneﬂue TOPMOXKEHHS 33 ylapHOH
BOJHOM.
Sanmenanue. Tlocaennuit crToabem CAYXHT TakXe A8 ONpeleJeHHs OTHOIIEHHH

&)/Po. 6*/0*, cM. dopmyay (55.7). CKauoK SHTPONUM NpPU MepPexole Yepe3d yAapHYIo
BOAHY ompeneaseTcd mo dopmyne AS= = log (po/po)

38. YpaBHenne Kpokxo — Bawonbn. B 3toM nyukre pac-
CMAaTpUBAETCAd YCTAaHOBHUBIIEECHd HEUIIHTPONMHUYECKOE MBUXKEHME.
Hpeﬂnonoxma, YTO TNOJie BHEIHUX cua f PaBHO HYJI0, U3 ypaB-
HeHu#t (35.2) u (17.1) moayuum, utO

mxv:—grad%q2—-—?lg'radp. (38.1)

Jlerko BuzeTb, UTO B CHJIYy ONpeleJeHUst YAEJbHOH SHTaJbNUH
I =E - p/p uMeeT MeCTO paBEHCTBO

grad / =T grad S+ %grad p-

WckaouuB M3 9THX IBYX ypaBHeHu#t grad p, Mbl NpuieM K Bax-
HOMY YPaBHEHHIO
w X v=Tgrad S — grad H, (38.2)

rae H=1,¢9>+41.
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B uacTHOM cayuae coBepuieHHOro rasa npu H == const ypas-
Henue (38.2) Obli0 noayyeHo B pabote Kpokko !). Jlas obuiero
cnyyasi 9TOT pe3yabTaT NMPHUHANJIEKUT Baxonbu 2).

W3 dopmyasr (38.2) ciaenyeT, 4TO 3aBUXPEHHOCTb B HEM33H-
TPONHMYECKOM TeYeHHH, BOOOlle TOBOpPS, OTJIMYHA OT HYJIS.
B uyacTHOCTH, M3 HeM39HTDONMYHOCTH TeUYeHHS 33 UCKPUBJIEHHBIM
yIapHBIM (POHTOM ClelyeT 3aBUXPEHHOCTb STOTO TEUEHHs.

YMHOXUB CKanspHO o6e 4acTH ypaBHeHus (38.2) Ha V u 3a-
METHB, YTO B YCTaHOBHUBIIeMCs TeuyeHud V - grad S =0, Mb 10-
JQyuuM cooTtHollenue v - grad H = 0; ciexoBaTe/ibHO

H= -;— g+ 1 =const Ha auHMM TOKa. (38.3)

Ianee, nockoabky (0//0p)g=1/p, MB nMeeM
p
1= [ dplp;
0

anecb npennotaaraercsi, u4rto /=0 npu p=0 (unrerpaux,
KOHeuHO, GepeTcsi Mpu nocTosiHHOM S). Y pasuenue (38.3) aBusiercs
00001enneM ypaBHeHus BepHy M, NpHBELeHHOTO B MpelbLAyIIEM
NyHKTe, M CBOAUTCA K mocjeiHeMy npu o = grad S =0. Ecau
BequuuHbl S W/ usBecTHb, TO ypaBHeHue (38.3) ycraHaB.u-
BaeT 3aBUCUMOCTb IVIOTHOCTH U IaBJIEHHS OT (.

3aMeTHM, uTO JJsi COBEepPIUEHHOrO [a3a SHTAJbIUS 3aBHUCUT
TOJbKO OT CKOPOCTH 3ByKa. JTO CJleiyeT M3 TOrO, uTO

I=E4+@T=IT) u 2=+RT=c2(T).

TakuM oOpasoM, AJis J1I060r0 TeueHusi, y koroporo H = const,
HE3aBUCHMO OT TOro, OyIeT JH 3TO TeyeHHe H3IHTPOIUUECKUM,
BHIMOJIHSIETCS COOTHOLIEHUE

5 @31 () = const.

Jlnst HecoBepllleHHBIX Ta30B SHTAMbNUS 3aBUCUT Kak OT (2,
TaKk u or S.

MoxHO OTMeTHTb B 3aKJIOYEHHe, YTO B CHJIY YpaBHe-
Hus (38.3) BemuuuHa M 1Js yCTaHOBUBINErOCS TeueHHs paBHA

Y Grocco L., Rend. Lincei (6), 23, 115 (1936); Z. angew. Math.
Mech., 17, 1 (1937).
2y Vazsonyi A, Quart. Appl. Math., 3, 29 (1945).

8 3ax. 1160
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3HAYeHHIO ,SHTANbIHU TOPMOXeHUA“ [y, T, e. SHTAJbLNUH, KOTO-
pyio umena Obl 4aCTHUA XHIKOCTH, ec1u O OHa B HEKOTODHIH
MOMEHT BpPeMEHH OCTaHOBHJACh.

39. M39HTpONHYECKOe TeueHHe, H309HEepreTHUYecKoe Teue-
HHe H Oe3BHXpeBO€ yCTaHOBHBIIEECA TeuyeHHe. MH XOTHM
BHSICHHTb, KaK CBA3aHbl MeXAy COOOR yCTaHOBHMBIIHMECS TeYeHHs
CJeLyIOLNX THIIOB:

U33HTpONHUUECKOe TeueHHe S ==const,

M303HepreTuueckoe TeueHHe H == const,

Ge3BUXpEBOE TeueHHe w==0.

HHuTepec K TeuyeHHSIM STUX THUNOB OGYCJOBJEH MX OTHOCHTEJb-
HOH TNPOCTOTOR M LIMPOKHM HpUMEHEHUEM.

PaccMOTpUM CHayasna TeueHHe, BO3HHMKIIEe M3 COCTOSHUA
paBHOMEPHOT0 ABHXEHHA C TOCTOAHHOH TeMNepaTtypoH, naBJje-
HHEM, TJIOTHOCTbIO M T. A. Ecau 3TO TeueHue sBAseTcCs Hempe-
PHIBHEIM, TO B CcHJAy YypaBHeHud (35.3) BeqMyMHA SHTPONHH
MOCTOSIHHA BO Bcell 06/AaCTH TeyeHHs, M 31eCb MOXHO BOCIHOJb-
30BaTbCA pAacCyXKIeHUSIMH, TNpoBeleHHbMM B m. 21. M3 anaso-
THYHBIX COOOpaxeHWH BBITEKaeT NMOCTOSHCTBO SHEPTHH U TOTeH-
LIMaJbHOCTb IBHXKeHHA. DHeprus OyleT NOCTOSHHOR Haxe B TOM
cayyae, KOra HMMEIOT MeCTO yIapHbie BOJHH, OLHAKO TeueHHe
ABJISIETCA TIPM 9TOM, BOOGIe roBops, HeudsHTponuueckuMm. Coop-
MyJAupyeM Temepb pe3yJbTaThl MCC/JAENOBAHHS MOCTaBJAEHHOTO
BONPOCa O COOTHOIIEHHH TedYeHHH pa3JMYHBLIX THIOB B BUIE
TEOpeM.

Teopema 1. ITzockoe (usu ocecummempudnoe) ycma-
HOBuUBWEECA U3HMPONUYECKOe mederue ¢ NOCMOARKOL 3Kep-
2ueii nsanemcs 6e3suxpesvim.

IlokasarteabcTBoO. B cuny ypaBHenus Kpokko—BaxoHbu
BO Bcelt o6nactu Teuenus ® X v==0. CiaenosateabHo, w ==0,
3a MCKJIOYeHHeM, GEITb MOXeT, TeX TOYeK, Tle CKOPOCTb paBHa
Hymo. Ecau 3TH TOYKH SABJSAIOTCS H30/MPOBAHHBLIMH, TO TO -He-
npepbiBHOCTH ® = 0 BClOLy; C ApYro#i CTOPOHH, €C/AH ITH TOYKH
3aMOJIHAIOT HEKOTOpYl0 006JacTb, TO OYEBHAHO, 4YTO B 9TOH
obaactn w =0.

Huxe caenyer TeopeMa, B HEKOTOPOM CMbic/e 0OpaTHas
npenniayueft. dra TeopeMa NpUMEHMMa M B TPEXMEDHOM CJyuae.

TeopeMa 2. Ycmarosusueecs 06e3suxpesoe meuerue
AU60 ABAAEMCA USIHMPONUKECKUM U uMeem NOCMOAHKYO
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aHepauw, Au6o npedcmasasem co60ol mewenue 2eAUKOUOANL-
K020 munal),

HdokasarteabcTBo. Eciu nanHoe OGe3BuxpeBoe TeueHHe
ABJISIETCS UBOHTPONHMYECKUM, TO OHO OyneT MMeTb TaKKe MOCTOSH-
HYI0 9Heprui0 B cHJay ypaBHeHus Kpokko — Baxonbn. Taxum
06pa3oM, MH JOJKHBI JOKa3aTb, YTO eCJU B HEKOTOPOH 06.JacTu
TeyeHHe He SBJIIeTCH W3SHTPONHYECKHM, TO OHO TeJHUKOUIANbHO
B 9TO o6nacTd. Paso6beM [10Ka3aTeJbCTBO HA JBE YacTH.
IMokaxeM cHawajna, uYTO Ha /Mo6GOH JHHHM TOKAa CKOPOCTb H
IJIOTHOCTh MOCTOSIHHBEL. Bocnosbaosasiuuce ypasuenueM (38.1)
M ypaBHeHHeM cOCTOSHHA (35.4), mosyuum

1 1 1
ggradq%;:—Fgrad p=———p—(fpgradp+fsgrad8).

IMepsas wuwacTb 3TOro. paBeHCTBA O3HAYAET, 4TO0 ¢ =gq(p) u
(sciony, rme grad p=0) p=p(p). Torza us BTOpOH uacTu
paBeHCTBAa cJjeldyeT, uYTO BO BceH paccmaTpuBaeMoit o6sacta

grad p X grad S =0.

Taxum 06pasoM, p == p (S) u B cHJIy nepBOro 3aMeuanus g == q (S),
p=p(S). Tak kak Ha JuHMAX Toka S = const, nepsas yacTb
JIOKa3aTeJbCTB) 3aBepllleHa.

Jlokaxem Tenepb, 4TO O0e38uxpesoe medeHue sBAACMCS
2eAUKOUOQNBHOLM, €CAU CKOPOCMb U NAOMHOCMb NOCMOSHHL
Ha 0606 sunuw moxka 8 o6aacmu mederus. Tak Kak
BIOJb JMHMM TOKA BeJMYMHA p TNOCTOSHHA, YypaBHeHHe (35.1)
cBoauTcs K ycqaosuio divv=0. [IpuaumMass BO BHIUMaHHe NOTeH-
UMaJbHOCTb TEYEHHs, Mbl BHIMM, YTO MNOTEHUHAJ ¢ ABJSETCH
rapMOHHUYecKO# ¢QyHKuMelt; KpOMe TOro, Ha JIHHHAX TOKa
| grad ¢ | = const. Temepb MB MOXEM COCJATbCS HA pe3y]bTAaT
Tamens %), cornacHO KOTOPOMY TeyeHHe C ONMCAHHBIMH Bhille
CBOMCTBAMU SBJIAETCS TeJUKOMIANbHBIM.

) Teuenue reaMKOMAAIBHOTO THNA MNpejACTaBASeT COGOH Cymep-
MO3HIMI0 IIOCKOrO BHXPA M NMApaJJe]bHOrO MepeHoca BAOJb OCH 3TOr0
BUXpPfl C NMOCTOAHHOH cKOpOCTbI0. CHOPMYJIMPOBAHHHIA DPE3yabTaT MpH-
Hapnexur [xkundapry [Gilbarg D., Amer. J. Math., 71, 687 (1949)].

2 Hamel G., Sitzgsber. preuss. Akad. Wiss., Phys.-math.
Kl., 5—20 (1937); cm. Taie pa6ory Ipuma [Prim R. C., J. Rational
Mech. Anal., 1, 425 (1952)], B xoTopoit pesyabrar 'ameas o6o6maercs
Ha 6ojee LIMPOKHH KJacC Te4eHHH.
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Tak kak 1pokasaTenbCTBO [amesss sBAfeTCS OYEHb CJAOMCHBIM,
Mbl JaguM 3Jech B KauecTBe J00aBJEHHS 3JIEMEHTapHOE .JOKa3aTellb-
cTBO 3TOro ()aKTa B CJaydae IJIOCKOro TeueHus. (SICHO, 4TO reaukou-
NaJbHOE TeYeHHe B 9TOM CJyuyae NMPEACTABJAAET COGOH TeueHHe C Toyeu-
HHIM BuxpeM.) M3 ypaBHenus (20.5), HOCALIEro YUCTO KHMHEMAaTHYECKHH
XapakTep H CIPaBeJJHBOrO MOSTOMY Al JIO6GOro ABYMEDHOrO TeYeHus,
BhHITEKaeT caenyloomas ¢opmyna AJs KPUBU3HBI JUHUH TOKa:

ldq_ldqdap_dq _
Ton gy on Py 4—-11(4'),‘

rae ¢ — GyHkuua Toka. Mbl BHIMM U3 3TOH GopMyibl, UTO BeaMUHHA %
NOCTOSIHHA BJOJb JIMHUM TOKA H, caeloBaTeJbHO, JMHUM TOKA SABJASIOTCH
OKpysHOCTAMH. DoJjee TOro, Tak Kak NpOU3BOAHAA

o dx 0 dx

on ~dy on ~ MGy

3aBHUCHT TOJBKO OT ¢, JHMHHM TOKa NPENCTaBJAKT COGOH KOHUEHTpH-
4yeCKUe OKPYHHOCTH.

Ca3p Mexnay TeopeMamu 1 u 2 craHoBuTCa OOjee sCHOH, ecau
HECKOJbKO OC/MabuThb [0Ka3biBaeMble B HUX YTBepXJIECHHA U copmy- -
JUPOBATb TEOPEMBbI ClenyiomuM obpasoM.

B ycmanosusuieMcst UW33HMPONUHECKOM Me4eHUl ¢ NOCMOSIHHOL
3Hepeueli 8eKMOp 3a8uXpeHHOCMU Y0084emB0psIem COOMHOULEHILIO
o X v=0. '

Ecau 8 o6racmu ycmanosusuiezocst mevenuss o X v=_0, mo meue-
Hue Au6O SIBASTEMCST U3SHMPONUYECKUM € NOCMOSIHHOL 3Hepeuel,
AubG0 umeem Ha AUHUSIX MOKQA NOCMOSIHHYI0 CKOpOCMb.

PaCCMOTpHM TEenepb yCTaHoBHUBILIEeCAd TEYeHHE rasa, YpaBHe-
HUE COCTOSIHUSI KOTODOTO HMMEET BUI

o= P (p) X(S). (39.1)

Mu nokaxeM, uro Jau6o S, au6o H Bcerma MOXHO CUUTATh
NOCTOSIHHBIMM BO BCelt obGaactu TeueHus. B camoM ngene, pac-
CMOTDUM CONPANMCERHOE medeHue.

V= % v, p'=mb, S =3"'[m'E(©S)] (39.2)

rie m — HeKOTOpas CKa/NsipHas (QYHKUUS, NPUHUMAIOWASL Ha
AUHUAX MOKAQ nOCmosHHble 3Ha4enus. HerpynHo yGemutbcs,
YTO TaK oOnpene/eHHOe COMPSXKEHHOE TeueHHe YIOBJIETBOPSET
ypaBHeHuaM aBimxenus (35.1) — (35.3). Jlerko BumeTh Takxe, 4TO

" . dp* 1
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U ypaBHeHHe BepHymm UMEEeT BUL
%qﬂ_}_l* = H*— m—H.

TakuM 00pa3oM, CONpsXKEHHOE TeuyeHHe HMeeT TaKylo ke Kap-
TUHY JHHH# TOKAa, TaKoe e pacrnpelelieHHe NaBJeHHS W Te XKe
yucaa Maxa, YTO M MCXOJHOe TeyeHHe. 3aMeuaeM najee, 4TO

eclM B KauyecTBe M B3ATb M == I/VE(S), TO SHTPONHs COmps-

KEHHOTO TeueHus GyneT MOCTOSHHOM; ecam e nonoxkuts m =V H,
TO JHEPrusl COMPSAXKEHHOro TeueHHs OyldeT MOCTOSHHOM (mocJen-
Hee YTBepxJeHHe OCTaeTcd B CHJe Jaxe TOraa, Koria B obaacTu
TeyeHUs: MMEIOT MECTO YIapHble BOJHBI). Takum oOpasom, ne-
CTBUTEJBHO BCeria MOXHO cHenaTb Jan6o BeaunuuHy S, au6o
BeauuuHy H nocTosHHOM BO Bcelt o6JacTH TedeHus l).

B o6weM cayuyae Heab3st JOOUTHCS, 4TOOBl JJIsi CONPSIKEHHOTO
TeueHusi ob6e BeauuuHbl S M H Oblau mocTosiHHBIMH. TouHee, conps-
JHceHHOe medenue ¢ nocmosHHemu S u H cywecmsyom 8 mox u
MOAbLKO 8 MOM CAY4ae, KO20a OQBACHUE MODPMONCCHUST Py NOCMOSIHHO
80 8Cell obiacmu me4eHus. :

(ITo ompenesenuio, NaBieHHE TOPMOXEHHS p, NpenCTaBasieT CoGoi
BEJMYUHY IaBJEHHs,, COOTBETCTBYlOImYI0 ¢ =0 B ypaBHeHuH DBepHyiun,
tak uto [ (py, S) = H. Jlerko BHAETb, UTO BEJIMUYHHA p, MOCTOSIHHA HA
JAHHUAX TOKa.) Hasi nokasaTeabcTBa CHOpMYJHPOBAHHOrO YTBEDPMAEHHUS

3aME€THM, 4YTO €CJH p, IIOCTOAHHO BO Bce# obaactu T€YCHHUS, TO H p,

TakX<e MOCTOSIHHO B CHJY paBeHCTBa 3THX JaBJeHHH. BwibpaB m Tak,
y106b BeauWyuHa S* O6blda INOCTOSIHHOH, MBI IOJYYHM TEUeHHe, s
KOTOporo BeanuuHa H* Taxxe nocrosHHa. Heo6xonumocTh mpoBepsiercs
aHAJOrUYHO.

B cuay ypaBHenus Kpokko — BaxoHbu 1a8 TeueHHH ¢ NOCTOSIH-
HbIMU S* W H* uMeer MeCcTO COOTHOUIEHHE

0* X vt =0 (39.3)

(ypaBHenne Kpoxxo — BaxcoHbH CIOpaBelJIHBO, KOHEYHO, H 1Jsl COMNps-
XeHHoro TeueHus). TeueHus, ylnoBaeTBopsiolHe ycaoBuio (39.3), HOCAT
HasBaHue 0000ujeHHbLX medeHull beasmpamu. DTOT Kaacc TedeHHH
noayyaetcs u3 TeueHuii BeabTpamu (w X v = 0) 3ameHoit (39.2).

B saxaioyeHHe MBI OTMETHM, YTO PacCMOTPEHHE COMNPSAKEHHBIX
TeueHUu# NpeiCcTaBJAseT HHTEPEC JIaBHbHIM 06pa3oM Jasi BHXPEBbIX IBH-
KEHHH ¥ IPUMEHSETCSs TOJbKO B CJaydYae YCTaHOBHBIUETOCSi TeUeHWs
rasa, ypaBHEHHE COCTOSIHHS KOTOpPOro 3amuchiBaercs B Buue (39.1).

Y Munk M, Prim R, Proc. Nat. Acad. Sci. USA, 33, 137
(1947).
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40. Dnddy3us 3aBHXpeHHOCTH. OCHOBHbIE KHHEMAaTHYeCKUe
ypaBHeHus, KOTODHIM YIOBJETBOPSeT paclpele/ieHHe 3aBUXpPeH-
HOCTH TPOM3BOJILHOTO [BUIKEHWS MKHIKOCTH, OBLIH BbIBeLeHbI
B m. 17 u 25. DTuMu ypaBHeHWSAMH HBJAIOTCS YpaBHeHHe
BenbTpamu

d (o © 1
Z (2)=2.grad = 40.
dt(p) . gra v+9rota (40.1)
n ypaBHenne KeibBuHa
d —fe
dté;v-dx—_é;a-dx. (40.2)
6 €

IMpumenus ypasHeHus (40.1) u (40.2) k cayvai0 HeM33HTPOIMM-
YeCKOro [IBWXEHHS WAeaJbHOTO Trasa, Mbl MOJYYHM HECKOJbKO
BaXHBIX Pe3yJ/bTaTOB.

HaMm yno6Ho 3anucaTb ypaBHeHHsl IBHXKEHHS B BHJE

a=——-xgrad p, (40.3)

rie t= 1/p — yneapHbift 06bem rasa. I[IpumenuB Kk 06eMM uyacTaM
ypaBHenuss (40.3) omepatop rot u BOCNO/Ib3OBABIIKCH TEPMO-
IUHAMHAYECKHM TOXJECTBOM

cdp=—TdS+dl, (40.4)
MBI OJYYHUM
rota=grad T X grad S.

HatinenHoe mpejcraBieHue A4 rota NMo3BoJseT 3aMUCaTh ypaBHe-
nue (40.1) B BMIe ypaBHeHHs] 3aBUXPEHHOCTH Bawaubu 1):

Ttii? (%) =% -grad v+ -pl—grad TX gradS.  (40.5)

[Ipn OTCyTCTBHM BTOPOTO uJeHa B MNPaBOfl YacTH STOro
ypaBHeHus u3 Hero cienoBanu Gbl Teopembl I'enbMrosbua. 3tor
ujeH TMOKa3blBaeT, OJHAKO, YTO HEOJIHOPOINHOe MOJe SHTPONUHU
BHI3bIBAET AU(QY3HI0 3aBUXPEHHOCTH W BCJAENCTBHE 3TONO Hapy-
waeTcs YeTKas KapTHHA MepeHOca 3aBUXPEHHOCTH, YCTaHAB/M-
BaeMasi TeopeMaMu [ eJbMrosbua.

Y Vazsonyi A, Quart. Appl. Math., 3, 29 (1945).
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Ilns ycmanosusuezocs mewenus ¢ NOCMOARKOL dHepeuel
B cuay ypasHeHus Kpokko — BamoHbH cHpaBel/MBO CleLyl0-
luee COOTHOIIEHHE:

grad T X grad S = 7! [grad T X (@ X V)] =

. 1 d (1

= T[V (0.) . grad T) — Ti-t— (7)].
[Toacrasus noayuenHoe puipaxcenue nas grad 7 X grad S B ypas-
Henue (40.5), MBI MOJYyuHM MOCJE HEKOTOPHIX yNpoLieHH# ypaB-

HeHue
d » ® v
H (-P—T—-) = T . grad (—T) . (40.6)

Ilna maockux TeyeHu#d u3 ypasneHus (40.6) caenyer, uto Ha
JUHUAX TOKa

-;’T = const. (40.7)
dror pesyabtarT Gbia Bnepshie noaydeH Kpokko !) ans wactHoro
cayyasi COBEepUIEHHOrO rasa. 3aMeTHM, YTO A/ YCTAHOBUBIIMXCS
TeueHHH C TMOCTOSHHOH SHepruedl u3 paBeHcTBa ® =0 B Heko-
Topo#t Touke P o6nactu TeueHus B cuiy ypasHenus (40.7)
BhHITEKaeT paBeHCTBO ®w =0 BLOJb BCEH JMHUM TOKAa, MNPOXOAd-
wett uepes P 2).

HenocpelcTBeHHEIE BBHIYMC/IEHUS, B OCHOBE KOTODHIX JIEHUT
ypaBHeHne DBesibTpamu, MOKa3bBalOT, YTO 1A MPOHM3BOJbLHOM
CKa/JapHOH, BEeKTOPHOM MM TeH3OpHOH ¢ynkuuu F cnpaBeLuBO
caenyiolee TOKAECTBO 3):

% (% . grad F)=% - grad %——{—_—;—rota- grad F. (40.8)
CoornoweHue (40.8) sBasSeTcs KHHEMaTHYECKUM SKBUBAJIEHTOM
MHTepeCHOH (OpMYJBl IS 3aBUXPEHHOCTH, HalileHHOH Opre-
aeM %), Ecau B kavectBe F B3ATb SHTPONMIO HIEaJbHOTO rasa,

) Crocco L., Z. angew. Math. Mech., 17, 1 (1937). Kpoxxo
3anuChiBaa STOT Pe3yJbTaT B BHAE o/p = const Ha JHHHAX TOKa.

2) [Tone3H0 CpABHHTb INOJY4YEHHBH pesyabrar ¢ Teopemoi Jla-
rpanxa — Komu (cm. 1. 17).

8 Truesdell C., Z. angew. Math. Phys, 2, 1 (1951);
cM. Takxe [27], § 79, 98, 99.

4y Ertel H., Naturwiss., 30, 543 (1942); Meteor. Z., 59, 277,
385 (1942); Phys. Z., 43, 526 (1942).
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T0 mnpaBasg vacTb ToxaecTBa (40.8) oOpaTuTcs B HyJb U MBI
NOJYYUM, YTO I/ (UKCHPOBAHHOH YaCTUUB KUIAKOCTU

%.grad8=const.
droT pesyabraT Obla ycTaHoBjeH TpycaenioM; B paborax,

HA KOTOpble Mbl TOJbKO YTO CCBHIIAMMCh, MOXHO HaHTH Ipyrue
HHTepecHble CJeacTBus dopMyas (40.8).

p
~
X
N L] ]
- G
¢ T

Puc. 5. I'eoMerpuyeckass MHTEpHpeTalys
TeopeMbl DbépkHeca O LMPKYJAILUH.

PaccMoTpuM Tenepb CJEACTBUS BHIBEJEHHOTO BHIILIE ypaBHe-
nug Keassuna (40.2). Bocnosnb3oBaBIIMCh ypaBHEHHEM JBUXKe-
Hust B ¢opme (40.3), MBI MOJyuuM, 4YTO

d .
E&v-dx:—é;tdp,
[ [

Noc/eJHU# MHTerpas, Kak Jerko BHIETb, 1aeT IJIOWAILb Orpa-
HUYeHHOH oOpasoM kpusoit @ oGmacTd B MWIOCKOCTH p, ©
(cM. puc. 5). Takum ob6pasom,

—‘%Eﬁv-dx:i'éf,
15

rie ¢ —miowanb ykasaHHOH o6aacTd miaockoctd p, t. Tak
Kak B cay4yae OapoTponHoro TteueHus o6pas kpusoi € npen-
cTaBJ/feT COOOH OJHO3HAYHYI0 (GYHKUMIO p = p (T), OTCIOAA CJje-
Iyer, B YacTHOCTH, TeopemMa KesibBMHa O UMpPKyasuuM, ycra-

HOBJIEHHas B M. 25. JIpyryio MHTepNpeTaluio BeJUYHHBI Eyfca’p

MOXHO TOJIYYuTh, €C/M HAaTAHYTb Ha KpuBylo €& opHeHTHpOBaH-
Hyl0 moBepxXHocTb & M HaHeCTM HAa 3TOH TNOBEPXHOCTH JUHHH
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p=0, £1, £2, ... n =0, =1, £2,... . O6pamascs
CHOBa K pHUC. 5, MBI BHIHM, UTO
d

§v .dx =% Yucao sueex (p, t) Ha .

e

DT0T U3ALIHbIA Pe3ybTAT HOCUT HasBaHHe TeopeMbl BnépxHeca !).
BMecTo aueex (p, T) MOXHO 611110 61l paccMaTpuBath sueliku (T, S),
TaKk Kak B cuiy ¢dopmyian (40.4)

Egtdp:—é;Tds.

3ameTuM B 3aKJIOUeHHe, YTO HETPYAHO NPOBEPHUTb CIpaBeld-
BOCTb TeOpeMbl Db&pkHeca W B TOM Caydae, KOraa B o0jacTu
TeueHUs NOMYCKAlOTCs cJjabble paspbiBbl (cM. m. S1).

dat

§ 3. CnemuaabHbie METOAB HUCCJAENOBAHHSA
JBYMEpHBIX Te4eHui

41, YpaBHeHHS JBHMKEHHSI B €CTECTBEHHHIX KOOpJAHHA-
taXx. B n. 20 Obliu BbiBeleHbl YpaBHEHHS [BHXEHHUS B ecTe-
CTBEHHBLIX KOOpAHMHATAX IJs YCTAaHOBUBLIErocs IJIOCKOTO TedeHus,
a MMeHHO YpaBHeHHs

oqg op op
PGy =5 PI*F=""3, (41.1)
U ypaBHeHHE HepasprBHOCTl/l
)
55 (Pq) 1+ Kpg =0. (41.2)

Tak Kak Ha JuHUAX TOKa dp==c2dp, TO ypaBHeHHe HepaspbiB-
HocTi (41.2) MOXHO 3amucaTh B HECKOJAbKO IPYrOM BHIe:
0q __Kq _
=M1’

I 9TOTO Halo BOCMOJb30BAaThCS MEepPBHIM U3 ypaBHeHu# (41.1).
B yactHOM cayyae Ge3BUXPEeBOTO IBHMKEHHS M3 ypaBHenuht (41.1)
MOXHO MpH NOMOLM HHTerpasa Bepuymmu (37.2) uCKMOYHTH
IaBjeHue, B pe3y/bTaTe Yero IOJYyYUM

99 _ _Kg = 99 _,

o — M—1' on

(41.3)

(41.4)

) Bj erknes V., Vidensk. Skr., Ne 5 (1898); Kgl. svenska
Vet. Handl @), 31, Ne 4 (1898).
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42, ®ynxnua Toka. JlJad HeCKUMAEMOH KUAKOCTU (PYHKUUSA
Toka Oblna BBeleHa B M. 19. BrickasaHuble TaM cooGpaxeHus
MOX(HO MCMOJIL30BAaTb H B C/ydyae CXHUMaeMOH XUIKOCTH, eCJH
NpeNnoNOXKHTE, YTO TEeYeHHe SIBJSETCH YCMaHO8uBULUMCS. Y PaB-
HeHHe HEepa3pBIBHOCTM YCTAHOBUBLIEFOCS IJIOCKONO  TedeHHs
HMeeT BUI

2 00+ 55 () =0.

Jlerko Buietb OTClOAA, YTO QYHKUMIO TOKa §=={ (X, ¥) MOXKHO
Onpele/UTh CJelylolMM 00pasoM:.

9%

0
pu=—5L, po=—22, (42.1)

[Tpu TakoM ompeneneHuu JMHUM == const SBJIAIOTCA, OYEBUILHO,
JIMHUSIMH TOKa.

Bocnosb3oBaBiuuch ypaBHenusMu (17.8) u (42.1), Mbl cpasy
NOJIy4aeM YypaBHeHHe

q)xx"*—q’yy—vq:' grad p =— po, (42.2)

rie v*— BeKTOp C KOMIOHEHTaMH (— U, &). DTOMY YpaBHEHHIO
OTHOCHTeNbHO ¢ MOXHO TnpHIaTh 0oJee COBEpLIEHHYIO (OpMy,
npeoGpasosas ujeH v* - grad p. [Ipeo6pasoBaHus HOCAT CTaHAAPT-
HbIH XapaxkTep, OJHAKO B HEKOTOPHLIX COBDEMEHHBIX paboTax OHH
M3/1aTAIOTCS, HEKOPPEKTHO, MO3TOMY Mbl MNPUBOAUM HX HHXKE.
HauHeM ¢ OuYeBHUIHBIX COOTHOLUEHHMMH:

0 X v=oVv*,

grad g2 = p~?[grad (p%q?) — 2pg? grad p], (42.3)
grad p = c%?grad p+ Bgrad S,

rie B==(0p[0S),. Iloacrasus Bhipawenus (42.3) B ypasHe-
nue (38.1) M paspelwinB €ro OTHOCHTENbHO grad p, MOJYYMM, UYTO

gradp = (pg® —pc?)" [p%0v" +pB grad S+ grad 1 (s%¢?)]
HakoHel, NMOACTaBMB NOC/elHee BhIpaXeHHe B ypaBHeHue (42.2)

¥ 3aMeTHB, YTO
grad (p°¢®) = grad (% + ¢3),
grad S =»pv*S’,
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rie S’=dS/d}, M TOCle HEKOTOPHIX YNpOLIEHHH MNpHieM
K YpaBHEHHIO

2 ) 200}y - (P—07) by = —p (P @BS'). (42.4)

DTO M ecTb MCKOMOE YpaBHeHHe I/ (QYHKUMH TOKa. (DTOT BHIBOL
yupolaeTcs B CJayyae H33HTPONMHMYECKOrO TEYEHHSs M CTAHOBHTCHA
COBCEM MNpPOCTbIM, KOrIa TeyeHHe SBJAeTCS ONHOBPEMEHHO H33H-
TpomuyeckuM M Oe3BuXpeBbiM.) YneH, croauuit B npaBo#t yactu
ypaBHeHusi (42.4), MoxHO cBfi3aTb C ypaBHeHHeM Kpokko—
BaXOHbH, KOTOpOe IJsi IJIOCKOrO TeueHHsl UMeeT BUIL

o=p(TS" — H’), (42.5)
rze S=S8®), a

H=H@=5¢+16. S).

Ecau S(§) u H(y) — i3BecTHble YHKLUUH, TO ypaBHenHue (42.4)
MOXHO pacCMaTpUBaTb KaK ypaBHEHHe BTOPOro MOpsLKa € YacT-
HBIMH TPOHM3BOIHBIMH OTHOCHTENBbHO .

Cmbicn ypaBHenus (42.4) craser O6ojiee NOHSTHBIM, eCau
paccMOTpeThb YaCTHBIA Cayuyall COBEpILEHHOrO rasa C MOCTOSHHLIMH
yIeJIbHBIMH TENJIOEMKOCTAMH. B sTOM cayuae

op b4
B—_—(—) =7
0S8/, Cy
(cM. 1. 35), W moOC/Je HeCHOXHBIX BBHIYMCJAEHHH MBI NOJYyYUM

(@ —93) 4+ 20,98, + (@ —¢3) %y =

1 1 dlog H dSle,
—a((s=r+2 ) ( — ) G| o)
rie d = pc — aKyCTHYeCKH{l MMNeNaHC. Y paBHEHHIO (42.6) MOXHO
npunatb 60jiee NPOCTYI0 GOPMY, KOTOPast OLHOBPEMEHHO SIBJSETCS
GoJsee ynoOHOM I/ YMCJIEHHOrO pacyeTa TeyeHui. PaccmoTpum
C 9TOH uenblo conpsscernoe medernue (cM. 1. 39), onpenenet-
Hoe ¢dopMyaaMH

V=pycov, P*=p/(psc)> P'=p.

dynkuuss Toka W 9TOro TeueHHs YINOBJIETBOPSET COOTHOLIEHHIO
d¥ = d{[pycy; CIENOBATENBHO,

|grad ¥| =

(42.7)

oCo
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Takum o6pasoM, 3Has ToabKo ¢yHkuuio Toka W, moocro npu
nomowu 06bl4HBLX 2a300unamudeckux mabauy (uru npo-
cmolx opMYs) nOAYHUMb 3HAYEHUS PA3AUYHLLX napame-
mpos ucxodnozo mewerus: M, p[p, pfpy u T. L. PyHKUUS
toka ¥ ynosieTBopsieT, O4eBUAHO, ypaBHeHuo (42.6) Aas comps-
HEHHOro TeueHusi. MBI uMeeM

d*=§, M =M
0

- (‘)OCO)2 H = const - pov

st 1
_..__8?—21 = log p}*7— const.

IMoncraBass 5TH BblpaxeHus B ypaBHenue (42.6), nosayuaem

(&) — 0 vt 200, +[(£) —¥2]¥,, =

2 4 dlogpo

=(1—Mm)L ( 0) 218h  (42.8)
YpaBHenue (42.8) saBasgercs TeM CaMbiM YNpOLIEHUEM YpaBHe-
Hua (42.6), O KOTOpPOM Mbl TOBODUJIM BHIILe. 3HauHUTe/bHOE
NpeUMyLIecTBO ypaBHeHus (42.8) o6yc/oB/IMBaeTCS TEM, UTO ero
K03((HUIUMEHTE JIErKO BHIPa3UTb HemocpelcTBeHHO yepe3 grad .
Jlo6aBuM, uro B ypaBHeHuu (42.8) oyukuum S’ u H’ Bxozsar
TONbKO B BeauuuHy log p,. B Tabu. 2 npuBeleHBl uHCIeHHbBIE
3HaueHuss Ko3p@uuueHTOB ypaBHeHuss (42.8); Gouee ynOOHBIM
OKAa3blBaeTCsl NpPEACTABUTb BCe BEJHYMHB B BHle OGYHKUMHA OT
yucaa Maxa, XOTd Ha CaMOM [eJie He3aBUCHMOR mNepeMeHHOH
apasercs Beanuuna |grad ¥|. Cienyer OTMETHTb, YTO MaKCHMyM
pequundbl  |grad ¥'| pasen 0,579 u uyTO Kaxaoe B3HaueHue
|grad ¥|, menbiuee 0,579, BcTpeuaercs B TaGaule ABAXAB. DTOT
(baKT CTAaHOBUTCS MOHSATHBLIM, €CJAM BCIOMHHTb, YTO BeJHYMHA
| grad ¥'| mpexncrasasteT co6oft moTok Macchl pg. CBA3aHHas ¢ 3TUM
HEONpEeLeNeHHOCT> B BhIGOpe 3HaueHu#t koadduunentos (42.8)
He MOXET BBI3BATb HENOpPA3yMEHHH, TAK KaK B 3aBHUCHMOCTH OT
XapakTepa HCCJeLyeMOf 3ajaud MBI NOJb3yeMCca JHGO 4YacTbio
TabJMLb, OTHOCAIlEHCS K IO3BYKOBOMY peXuMy, JuGO 4acTbio,
OTHOCHLIEHiCS K CBEPX3BYKOBOMY PeXHMY.
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Tabruga 2
Kosadgdpnunuento ypaBHenus (42.8)
JlosBykoBoe TeucHHE CBepx3ByKOBOE TeYeHHe
M |grad ¥ | (d/do)? A M | grad W | (d/dy) A
0,0 0 1 0,714 1,1 0,574 0,272 | —0,011

0,1 0,099 0,988 0,690 1,2 | 0562 | 0,219 | —0,015
0,2 0,195 0,953 0,623 1,3 { 0543 | 0,174 | —0,015
0,3 0,284 0,898 0,524 1,4 | 0519 { 0,137 | —0,013
0,4 0,364 0,828 0,411 1,5 | 0492 | 0,108 | —0,010
0,5 0,432 0,746 0,299 1,7 | 0432 | 0,065 | —0,006
0,6 0,487 0,659 0,199 | 2,0 | 0343 | 0,029 | —0,002
0,7 0,529 0,571 0,119 | 35 | 0,085 | 0,001 | —0,000
0,8 0,557 0,485 0,061 50 | 0,023 | 0,000 | —0,000
0,9 0,574 0,406 0,022 | 10,0 | 0,011 0,000 | —0,000
1,0 0,579 0,335 0 0 0 0 0

Sameuwanue. B atoi raﬁnnued OPHHATH caepyiomne "o6o3nauenua: | grad ¥| =
1 4
= pq/poCo, d=pc, A=(1—M?) 7 (d—) . Bbluucaenns Bhimoanenm aas.y=1,40.
0

Ing TeuyeHuH ¢ NOCTOAHHOM 3Hepruefl ypaBHeHHe, SKBUBA-
JeHTHoe ypaBHeHuIO (42.8), 6b110 mosyueno B pabore Kpoxkol).
[MpuBeneHHble 31eCh pe3yabTaThl NpPeACTaBJasSIOT co60it 060061eHe
H YNpOLIEHHE pacCyxieHult, coiepxaliuxcsa B 3ToH paGore.
B 3akiioueHue 3ameTHM, 4TO BBeleHue ¢yHkuuu Toka ¥ comps-
MEHHOTO TeyeHHs] MMEeEeT CMBHICJI TOJbKO B CJyyae COBEpIUEHHOro
raza. OTMeruMm Takxe, uTo ¢yukuus Toka ¥ mnperepneBaer
pasphiB Ha (PpOHTE yNapHOH BOJHBHI, TOTAA KaK HCXOXHAA (YHK-
uMA TOKa ¢ OCTAeTCsl HenpephLIBHOM.

H3asumponuuecrkoe Ge38uxpesoe mewenue. B 3TOM ciyuae
ypasHenne (42.4) npHHUMaeT NpPOCTYI0 M UBSIHYIO ¢opmy,
a MMEeHHO

(2 —u?) gy — 2uvd,, + (2— 1) §,, =0.  (42.9)
Vpapuenue (42.9) MOXHO HOJAYYMTb TNpPHU IKeJAHHH HENOCPEl-
CTBEHHO M3 ypaBHeHus (42.2). MHTepecHO, YTO MOTeHLMAT CKO-
pocTeft yINOBAETBOPSET YPaBHEHMMIO C TAKUMU XKe KO3GbdulmueH-
tTamu (cM. 1. 45).

) Crocco L., Z. angew. Meth. und Mech., 17, 1(1937).



126 Ta. 5. Hdeanonoiii 2a3

B caysae cosepuleHHOro rasa INpH pacyetax OGBLIYHO
HCTIOJIb3YETCs HECKOJbKO GoJiee yAo6HOe 1 9TUX LedeH ypas-
HeHHe, KOTOPOMY YIOBJETBOPsieT (YHKIUS TOKA COMPSKEHHOTO
TeUeHHUS.

Ocecummempuuroe meuenue. ViccielOBaHHE B STOM Ciyuae
TNOJIHOCTbIO aHaJOTHYHO MPOBEJEHHOMY BhlILle. PYHKUHMIO TOKA
MOXHO ONpEIeJHTb CJeAyoUM 06pasoM:

gL 10y

PE=Y oy ="y o
[TyreM BBIKJANOK, aHAJOTHYHBIX TEM, KOTOpHIE NpPHBEJIH K ypaB-
HeHH10 (42.4), HaflneM, 4TO (GYHKUHS ¢ YLOBIETBOPSIET YPABHEHHIO

2
(2 — u?) ¢xx—2uv¢xy+(c2fw2) byy — c2—yl=

=—py (c%0 + yq’BS’).

Ynen, croswuit B mpaBo#f 4acTH ypaBHeHHs, MOJYyYaeTCss NpUMe-
HenueM QopMys o = yp (TS’ — H’). Jl1s Ge3BUXPEBOro TeueHus
npaBas uyacTb oOpauiaetcs B HyJab. B aToMm ciyuae moTeHumais
CKOPOCTH YJOBJETBOPSET YPAaBHEHHIO, Maj0 OT/IHYAIOIIEMYCS OT
ypaBHeHHus! AJs (YHKLMH TOKa:

. ¢
(€2 — ) @ — 2uVp,y + (€ — V) gy €20 =0.

3ameruM B J06aB/eHHe, YTO napa GYHKUMH TOKAa I/ NpO-
CTPaHCTBEHHBIX TeueHu#t Oblna BBeseHa [usel).

43. Meron roporpada. HecMoTps Ha oTHOcHTe/nbHYIO Mpo-
croty ypasHenu#t (42.9) mmu (45.4), MX npuMeHeHHe NPHBOLHUT
K Cepbe3HbIM 3aTPYJHEHHUSIM, OOYCJOBJEHHbHIM HEJIMHEHHOCTBIO
sTux ypaBHenn#. Mosen6pox?) B 1890 r. samerna, urto nud-
¢depeHIMabHHE yDaBHEHUS JBHMEHUS CTAHOBATCHA JMHEHHLIMH,
ecqu MepedTH K MJIOCKOCTH roiorpada, rie poJb He3aBHCUMEIX
NepeMEHHBIX WMrpaloT KOMIOHEHTHl CKOPOCTH &, U (MIH g u I).
Sror MeTol Obla HCNOJb30BaH YaruIbITMHBIM B ero 3HaMeHHTOH
pa6oTe O rasoBHIX CTPYSXS3) W CTan 3aTeM KJACCHYECKHM METO-

) Tuse /., c6. Mexanuxa, Nel (17), 86 (1953).

?) Molenbroeck P, Arch. Math. Phys., 9, 157 (1890).

 Hanasiruu C. A, O rasoBbx CTpysax (aucceprauus), cobp.
(1:825) 1. II, Tocrexusgar, M. —JI., 1948 (umeetca oTaenbHOe H3jaHue,
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IOM HCC/IeJOBAaHUA N0 Ta30BOH IMHAMHKE, TMPUMEHSBLIMMCA MHO-
rUMH yueHbIMH !). MBI OrpaHMYMMCs’ 31eChb M3JI0KEeHHEM OCHOB
mMeTona roxorpada, He Kacasicb UIMPOKOTO KPYra MPHJIONKeHHH
Apeo6pa3oBanus roiaorpada.

Kak Mbl yxe BHIeaH, MOTEHUMAT CKOPOCTH U (PYHKUHA TOKa
ycTaHOBHBLIErocs 6e3BHXpEBOrO TeueHHs . YAOBJIETBOPAIOT COOT-
HOLUEHUAM

1 1
u=?x=?q)y' v=?y=—?q’x' (43.1)

Hac uHTepecylOT Te ypaBHeHHsl, KOTOPHIM YIOBJETBOPSIOT (YHK-
mwid @ M ¢, ecaM 3a He3aBUCHMBble NMepeMeHHble B3fTb MOLYJb
CKOPOCTH ¢ M YTroJl HakJOHAa Bekropa ckopoctu #. [Tpennaraemsift
HHXe BBHIBOJ 3TUX YypaBHeHHH siBJseTcs, BepOATHO, Haubo.ee
NpPOCTHIM. 3aMeTHM Mpexnae BCero, 4rto

do—+1 dT“’=(udx+vdy)+z('—vdx+udy)=
= (4 —iv)(dx +idy) =qe~®dz;

3lecb 2= x-}1ly. PaccmarpuBas Temepb ¢ u ¥ KaK He3aBUCH-
Mble TepeMeHHble, MOJYyYaeM -

Pq $q P9 ‘Pa
LTSRN L WA
7 7 T oq y=eT Ty

Hcnonbsys paBeHcTBO 249 == 294, TOCJE. HECJOXHHIX mnpeobpa-
30BaHUH HaXOIUM

Yyq Pq Py d ( 1 )
—_—t =4, —(—].
TG ¢ i dg \eq
[MpupaBHMBas B 9TOM YPaBHEHHU JeHCTBHTE/NbHblE M MHHMblE
4acTH MO OTHEJbHOCTH M TNpuMeHss ypasHenue Bepuymu (37.9),

MpUXOAUM K TaK Ha3blBAEMbIM ypaBHEHHUSIM zodozpagia:

1— Mz q
b B="T1 (43.2)

Q=

1) Monpo6uylo 6Gubauorpaduio Mo 3TOMY BOMNPOCY MOXKHO HaHTH
B caexywomux paborax: Bers L., Comm. Pure Appl. Math., 7, 79
(1954); Germain P., Comm. Pure Appl. Math., 1, 117 (1954);
Lighthill M. J, [33], ra. 7, Schiffer M., paHHas JHUHKJIO-
nepus, T. 1X; cm. takke Cherry T., Phil. Trans. Roy. Soc. Lond.,
A, 245, 583 (1953); Schifer M., J. Rational Mech. Anal., 2, 383
€1953) u paGoOTHl, UMTHPOBAHHbIE JAaJE€ B STOM H CJEAYIOLIEM MyHKTaX.
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Pewenue ypaBHeHu#t (43.2) cOOTBETCTBYeT TeueHHIO B Qu3uuecKoH
MJIOCKOCTH TOJMbKO B TOM CJydae, Korja siko6uaH nepexona OT
nepeMeHHbX ¢, ¥ K NMepeMeHHBIM X, y He paBeH Hymo. [TosTomy
npeicTaB/seT HHTepeCc HalTH BbIPa)eHHe 3TOro AKOOMAHA B Mepe-
MEHHBIX MJIOCKOCTH romorpada, T. €. BEJHYHHY :

0 (x, 0 (x, d (o, 1
0((q, §§ - 0Eq>, 5; dg, g; == g7 [PA (1 —MY ). (43.3)
SaMeTlfiM, 4YTO B CJaydae ﬂOSByKOBHx TeyeHU#t 3STOT AKO0OHaH
OTMIMYEH OT Hyas BCIOAY, KpOMe, OBITb MOXeT, HeKOTOpOro
MHOXeCTBAa HM30MHPOBAHHBIX ToueK. ToOuHee TOBOps, BBELEHHE
nepeMeHHbIX l‘OIl.Ol‘paq)a OCHOBAHO Ha rlpeﬂ.HOJIO)Kelem HEe3aBUCHU-
MOCTH ¢ m 9, a He x u y. PeuleHus, LJsg KOTOPHIX STH mepe-
MEHHBIE ABJAI0TCA 3aBUCHUMBIMH, T. €.

90, __
0(x, ) ’

He mozym OblTh MOJAyYeHB METOLOM ronorpada, Tak kak obpas
06/1acTH COOTBETCTBYIOLIErO TeYeHMs Ha MJIOCKOCTH #, ¥ mpef-
cTaB/iseT co0o# HekoTOpyld KpuBYW. Teopuio Takux TedeHutt
yuTaTeab (MOXeT HaiTu B [X TOMe 3TOH DHUUKIONMENMH B CTaTbe
Uluddepa, [anbHetiune 1n0ApOOHOCTH -OTHOCHUTENLHO OCOGBIX
ToueK npeoOpa3oBanus ronorpada MOXHO HaliTu B kHure Ky-
panra u dpunpuxca ([21], § 30, 105).

W3 ypasHeHu#t (43.2) nerko MOJNY4MTb ypaBHEHUS B MIOCKO=
ctd roporpada, cojepikaiine TOMbKO ¢ uau Toabko ¢. Tak,
HampuMep, MCK/IOYMB (YHKUMIO ¢ M BBeld HOBYIO NepEeMEHHYIO

o= [ og~1dg,
MBl TOMYYAM

0, K@)y =0, K(@=p2(1—M?). (43.4)

D10 ypaBHeHHE CIYKUT OTHPIBHOM TOUKON A/ LIMPOKOro. Kpyra
UCC/IENOBaHMA 1O TeOpUH [O3BYKOBHIX M OKOJIO3BYKOBBIX Teue-
nu#. [lpn wM3yueHMH MO3BYKOBBLIX TeueHUH MHOrIa NpHUMeHseTcs
Ipyras He3aBuCUMas MepeMeHHas:

-
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ypaBHeHHe s (PYHKUMM TOKa NMPHHUMAET NMpH STOM CJEAYIOLUH
1y.
Bunt):

o, b+ (l0g k), §, =0, k=p~1)T—M.

CrieiyeT YNOMSHYTb TaKXKe ypaBHeHHs roporpada, KOTOpHE
noJIyyaloTcs B pesyabrtate npeoGpaszosanus Jlexanapa:

O=ux—+ovy—¢, ¥=puy—pvx—i.
B cuiy OueBHIHBIX COOTHOIUEHHMH
x=(I)u=—‘FPW, y_—_'(I) =

v pu
uMeeM

v, =%(1 —M) @y Wy=—pqQ,. (43.5)

ATH ypaBHeHHs] SKBUBAJNEHTHBl MOJYYEHHHIM BHILUE YypaBHe-
Huam (43.2).
Kak samerun Kpokko ?), cucteMy ypasHeHutt rogorpada (43.2)
u (43.5) MOxHO 3anucaTb B MU3ALIHOM CHMMeTpuuHO# (opMe,
ec/M OJIHOBPEMEHHO C MepeMeHHOM ¢ BBeCTH LpPYryl0 He3aBUCH-
Myl0 TNepeMenHyl0 Q =pq. eHcTBUTENbHO, B MNepPEMEHHLIX ¢,
Q u ¥ Mb uMeeM
1 1
(PB:_—O—%"' 4)027?0—1 (43.6)
M aHAJOTHYHO
Oy =q¥%, Yy=—QQ0, (43.7)

44. Yactusle pemenus. [To-BunuMomy, uenecoo6pasHo pac-
CMOTpeTb 34eChb HEKOTOphle MpPHJOXeHHd ypaBHeHUH rojorpada.

1. Mpubausicennstli memo0d. Jaa NO3BYKOBOTO TeYEHHS ypaBHEHHS
(43.2) MoxHO 3amucaThb B BHIE

: P, = kg ¢y = kY, (44.1)
rne

q —
Vi—m2 T—M?
= | 1 dq, b="7—"—, 44.2
r .,f 7 q . (442)
0

) HeTpyxHO MOJYyYHTb aHAJOTMYHOE YpaBHEHHE M JJIS CBEPX3BYKO-
Bhix TeyeHnil. [JlaabHedimee mnpeo6pa3oBaHHe YypaBHeHuit rogorpada
OCHOBaHO Ha 0606weHnu npeo6Gpa3oBaHus BekJyHna H3 TeOpPHH NOBEpX-
f‘zl(l)gc)Telﬁ;5 cM. cratblo JI¢Hepa [Loewner C., J. d'Anal. Math., 2,

(1953)]. :

) Crocco L., NACA Tech. Note 2432, 1951.

O 3ak. 1160
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a go— HEKOTOpOoe XapaKTepHOe 3HaueHHe CKODOCTH. 3aMETHM Teleph,
yro ¢GyHKnus k =k (r) Malo MeHseTCs NpH M3MEHEHHMH uncaa Maxa
B CPAaBHHUTEJbHO OGOJbIIHX Ipene’ax; 4TOOGbl MDOBEPUTb 3TO, MOMXHO
BOCMOJb30BaThbC pasaoxenueM (37.10) wuam Ttaba. 1. HdeficTBuTenbHO,
B CJlyyae COBepIIEHHOrO ra3a H3MeHeHHe k He mpeBblliaeT 8% B LIH-
pokoM JHamasoHe uucen Maxa or 0 mo 2/; [lostomy nas TeueHui
C TAaKHMH CKODOCTSIMH Mbl MOXEM YNpPOCTHTb ypaBHeHus (44.1), mouo-
wuB k = const; omn6ka NpuH 3TOM OyAeT He3HAauUTeJbHOH. B cuayuae
TeueHHH c Gojee BBICOKHMH CKODOCTSIMH MBI TAKKE€ MOXEM MOJOXHTb
k = const, npenmoJaras. YTO u3MeHerue yucia Maxa B nose TeueHus
He CJHIIKOM BEJIHKO.

[Tpu npexnonoxenun k = const ypaBHeHus (44.1) csoxsaTcs K ypas-
HeHusm Komu — Pumana Teopuu aHaaMTHYECKHX QYHKIMH, B CHJIY 4Yero

dyHKIHS
¢+ ik

SIBASETCSl aHaJIMTHUecKOH ¢yHkuueH ot r — Y. Ilpu Manbix 3HaueHuax
yucaa Maxa Mbl MMeeM NpHOJHKEHHO

q . 1 .
r~log —, r—iy~log— (u—iv).
€2 g4 ( )

JTO HABOAUT Ha MHCJIb OGOOMIMTL METO., MPUMEHSAIUIMACH P Hccae-
JIOBaHHH TeUeHHH HECHHMaeMOH IKHIKOCTH, Ha Cayyail TeueHHH Cxu-
maeMoit xuiakoctu. [Ipenmonoxum, 4To @ ({) eCTb KOMIJIEKCHBIH NMOTEH-
1¥an HEKOTOporo Ge3BUXPEBOr0 TeUeHHs HECHKHUMAeMOH KHIKOCTH
B miaockoctu . Torma sicHO, YTO MmapaMeTpHYECKHE ypaBHEHUs

¢4 iky =const - w ()., r—iY=log dw/dl (44.3)

ONpene 0T TeYeHHe CKUMAeMOH IKHAKOCTH (1Js 3TOTO TEUeHHs, KO-
HEYHO, BHIMOJHSETCH YycaoBHe k = const). [Ipm Maabix uucaax Maxa
TakuM 06pa3oM ompejeleHHOe TeyeHHe OylIeT OYeHb Maj0 OTJIHYAThCS
OT TEYEHHs HECKHMAEeMOH ¥HIKOCTH; MpH 6oJbIIHX 4yHcaax Maxa pas-
JMYHE MEXJY TEUCHHSIMH CTAHET 3HAYMTENBHBIM, OXHAKO MONHO NpPH-
HATb THIOTE3y, YTO KApTHHA JHHHH TOKA TeueHUS CKUMAEMOH KHIKO-
ctu 6yner, BooGiue roBops, MOAOOHA KapTHHE JIMHUH TOKa HCXOIHOTO
TEYEHHs HECKMMaeMOH kuakocTH. TouHOe COOTBETCTBHE MEXIy TO4-
KaMH IIockoctell 2 u { ompegeasieTcst ¢hopMy.oit

z=fce"‘“)(% +i -‘gf;—). (44.4)

YKasaHHOe WHTErpHpOBaHHE TIPEICTABISET, KOHEYHO, Cepbe3Hble
3aTpyJHeHHs, H pa3yMHee MO3TOMY HCXOIHTb H3 KApTHHbI TEYEHHS He-
CKUMaeMO# XHAKOCTH, H3MEHSS NPH 3TOM BEJHYHHY CKOPOCTH B COOT-
BETCTBHH CO BTOpOH copmynol (44.3), T. e. B coorBeTCTBHH C Gop-
MyJI0#

r(q) = 1og guecx.-
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Ha stofi unee, B wacTtHOoCcTH, ocHoBaHa ¢opMyna KapmaHa — Llsua ')
IJsi oNpeneneHHsl BeJHUYHHBI CKOPOCTH TeYeHHsl rasa Hmo CKOpPOCTH Te-
YEeHHS! HeCX(MMaeMOH XHIKOCTH. B kauecTBe ypaBHeHHs COCTOSIHHSA rasa
BeIGHpAeTCs NPH STOM ypaBHeHHe p = afp -+ b, nas KoToporo k2 = const
H HEeCKOJbKO YMpOIiaeTcs HHTerpHpoBaHue B dopMyae (44.2). Bocnois-
30BaBIIHCh MCTHHHBIM YpaBHEHHEM COCTOSIHHS pacCMaTpHBAeMOro rasa,
MOXCHO GBIIO 6Bl MOJYYHTH BbipaxXeHHe IJsi NMONPABKH CKOPOCTH Goaee
TouHoe, ueM ¢opmyaa KapmaHa. :

[Hackoabko u3BeCTHO aBTOpY, TabJauuB, GYHKUHH 7 () IJas coBep-
MIEHHOT'0 I'a3a He COCTaBJIeHHl, 0IHako B Tabauuax I'appuka v Kannana 2)
MOXHO HaHTH 3HaueHHs GJH3KOro HHTErpa’a

c=qu“dq

B 3aBHCHMOCTH OT uucjJa Maxa M. [lpu ucnosab3oBaHuu 3TOH BeAHUYHHH
npubankenHas ¢opMmyJaa s OnpeleneHHs CKOPOCTH rasa MMeeT BHJ,

6 (M) = o (M) 4+ 10g Guecw.s

OpeinoJaraeTcs, KOHEUHO, KaK H paHee, 4TO TeyeHue HECIKHMaeMOH
WHAKOCTH BHIOPAHO TaK, YTOOH B HEKOTOPOH 3apaHee BhIGPAaHHOH Touke
BEJMYHHA CKOPOCTH STOrO TeueHHs 6bljaa paBHa 1.]

Ilpyrue ¢opMyJbl MONPaBKH CKOPOCTH IJs NO3BYKOBBIX TeueHHH
CKUMaeMOH XHMAKOCTH Oblau moayuedbl. ['appukoM, KanaanoM u Pun-
rae6om (cm. [26], ctp. 340). [1pu BhiBOZE 3THX (HOPMYJ HCNOJABL3OBAJHCH
paccyxaeHHs, OTIHYHble OT NPHBEIEHHBIX BHINE, HO HX NPHMEHeHHe
DPHBOIHUT IOYTH K TEM Ke pe3yJbTaTaM; MO-BHIHMOMY, 9TO 00bACHAETCS
naneko uuyineid aHanorueidl Mexny ypaBHeHusaMH (44.1) u ypaBHeHHAMH
Komn — Pumana.

2. Cnupassnoe menenue. Ypasnenue (43.4) uMeer nBa
NPOCTHIX YACTHHIX pelleHHsi, a UMEHHO

q)=3 U Ll):d:qu_ldq.

Ilepsoe u3 Hux mnpencraBaseT cobo# panuanbHOe TeyeHue,
a Bropoe — Kpyrosoe Teuenue (cM. Kypawr u ®punpuxc [21],
crp. 244—245). Jluneitnas komGuHanus 3Tux peweHutt, a¥ - bo,
onpeneJ/ifieT, CJAel0BATeNbHO, CRUPAAbHOE Mmeyderue.

3. Pewenus Punzare6a u Menysssa. Hatinem o6uuit Bun
pelueHuss ypaBHeHu# (43.2), KOTOpoe MOXHO NPENCTaBUTb
B caelyoieit ¢opme:

¢=f(¢9)sind, ¢=~r(g)cosd.

) Karman T, J. Aeronaut. Sci., 8, 337 (1941).
?) Garrick L, Kaplan C,, NACA Rep. 789, 1944.

Q%
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Jlerko NnoJTy4yuTb, 4TO
q
f=q"[a+0 [egdg], r=—pTgf,
0

rie a u b — nocrosnusle. Buibupas, B vactHoctu, a =1, b =0,
npuxonuM K M3BecTHOMYy peulenuio Punriae6al). Menysin?) yka-
3aJ LpYrofi WHTepeCHbH! NpuUMep, a HMEHHO

q
f=aq"[eadg. h=p"'f—aq.
a

rie a— nocrosHHas. $opmyna npeoGpa3oBaHus K (u3HUECKOH
MJIOCKOCTH UMeEeT BHUIL

o)

q q
1 .. ) . dh , , . af
= — (2i% — e2i% A Y — ¥ | = |. (445
4( i ey e cos ;f 7 —+ i sin af ” ( )

Bblunc/ienna 3HauMTebHO YNPOLIAIOTCA, €CJIH HMHTErpHpOBaHHE
no U BHINOJHUTL NPH ¢==a, & WHTETPUPOBAHHE NMO ¢ — NpPH
¢uxcupoanHoM . Jlerko BumeTb, YTO B (PU3MUECKOH TMIOCKOCTH

Dm
0670cmb
g MEYeHUA
a6nacmeb
1474
MEYEHUA ﬁ’wum
¢ DA B A, ‘B
a2 0

Puc. 6. O6aactb TeueHus Menyaaaa.

a—B NJOCKOCTH roxorpaga, 6 —B (Gu3HYeCKOH IUIOCKOCTH.

o6pasom obnacty 0<Cqg < a, 0¥ ™ B MIOCKOCTH rojo-
rpada saBiasercs 00.1acTb, BHEIIHsS MO OTHOLIEHHIO K moJyGec-
KOHEYHOMY Tesy, TMOKasaHHOMY Ha puc. 6. 3ameTum, uro ¢yHk-
uus ToKa (= fsind crpemurca K HyM0o TNpu npubJHKEHHH

Y Ringleb F., Z. angew. Math. Mech., 20, 185 (1940). Cwm.
takxe pa6ory Temmaa u flpsyna [Temple G, Yarwood J., Aero.
Res. Comm. R and M, 2077 (1942)].

) Manwell A, J. Math. Phys., 34, 113 (1955).
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K TpaHule, KOTOpas, CJAeNOBaTeNbHO, sBJSeTCH JHMHHeH Toka.
BoJee TOro, 3Ta rpaHULA He 3aBUCHT OT BeauuuHsl a. Takum
o6pa3oM, pelieHne MeHys.1a 1aeT HaM KJacC 00TeKaHu! ¢ pasnny-
HBIMH uMcJaaMu Maxa guxcuposarnozo nosy6ecCKOHEUHOro Tesa.
Jlns  [0O3BYKOBBIX TeyeHHH, T. e. TeyeHuH, AJas8 KOTODHIX
BeJUUMHA @ MeHbllle KPUTUYECKOH cKopocTH, skoOuan (43.3)
He oOpawaercs B HyJab M npeoGpasoBanue oT (¢, ¥) K (X, y)
B/SETCA B3aUMHO OJHO3HAUHbIM. B NMpPOTUBHOM cJayuae mpu a,
60/IbIIEM KPUTHYECKOH CKODOCTH, (DU3NYECKOrO TedyeHHus, COOT-
BETCTBYIOLLEr0o pellleHuio MeHyaana, He CcyulecTsyeT. B sTom
npole Bcero yGeIuTbCs, 3aMETHB, YTO OAHOH W TOH e TOUKe
auHun Toka $ =0 COOTBETCTBYIOT [BE€ pa3/MUHble TOYKH ILIO-
ckoctu romorpada. B camom nene, u3 ypaBHenus (44.5) cie-
nyer, 4To dx 1 dh
dgl,.o g dg
Jlerko BHAETb OTCIONA, YTO MpPHU Mepexole Yepe3 CKOPOCTb 3BYKa
BeanuuHa dx/dq MeHseT 3HaK. 3aMeTHM, 4TO NpPH @, MeHblIeM
KPUTUYECKON CKOpPOCTH, Teyehue MeHysqa (TOYHO TaK XKe, Kak
1 TeueHue PuHriae6a) MOXHO NMpoLoJKaTh uyeped rpauuuy. Ilpu
9TOM Mbl MOJyY4aeM NpUMep OKOJO3BYKOBOrO TEYeHHs.
HecocrositenbHocTs npuMepa MeHysaia IJs NOTOKOB CO
CBEPX3BYKOBBIMH CKOPOCTSIMM CBfi3aHa, BEpOSTHO, C TeOpeMoi
Hukouabckoro u TaraHoBa (cM. n. 52), KoTopas YTBepiiaer,
YTO HE MOXET CYLIeCTBOBATb OKOJIO3BYKOBOIO TEUEHUS C JOKadb-
HOH CBEpX3BYKOBOH 30HOM, MNpPHMMBbIKAWOWEA K MPIMOJHHEHHOMY
YYacTKy TpaHHILbI. '

S oome—
Zowe—n.

4. Pewenus Yanaveuna. Halinem oOwWuA Bul pelieHus
ypaBHeHu#t (43.2), umewouiero caenymouyio Gpopmy:

V=Ff(@F®), oe=h(@H®).
[ToncraBuB mnepBoe W3 STUX BbipaxeHud B ypaBHeHue (43.4),

Mbl HafneM, uto F (%)= e!"® rue n— npousBo.ibHOE NeHCTBH-
TeJbHOE UMCIO, a QYHKUUS f YLOBJETBOPSIET CleAYIOLIeMY

YpaBHEHHUIO: fca _ nQK (0) f —0.

dT0 ypaBHeHHe CJIYXKUT OTIPABHOH TOYKOM NJS MHOTMX COBpe-
MeHHBIX paboT, MOCBSLIEHHBIX TOYHBLIM pereHusM !).

HLighthill M. [33], ra. 7, Crocco L, NACA Tech. Note
2432, 1951; Ghaffari A, The Hodograph method in gas dynamics,
Univ. of Teheran Publ. Ne 85, 1950. :
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5. Pewenus Kpoxrko. KomniekcHbIH moTeHwdasn cKopocrtet

n
w = (log g — i§)" = kEO Cnp (log @)F (— i8)"—*

onpeleJseT, OUYEBHIHO, HEKOTOpPOe [BHXEHHE HeCXKHMaeMOR
xuikoctd. Kpokkol) ykasan Ha MOLMGUKALMIO STOTO BHIpaX3e-
HUs, KOTOpasi MO3BOJsET YIOBJETBODHUTb YPaBHEHHSM TOLOTpada
LS TeueHUs CHUMaeMOH KMIKOCTH. 3iech yA0OHO OyleT BBeCTH
B PACCMOTpeHHe NepeMeHHYI0 Q ¥ BOCNOJb30BATbCH yPaBHEHUAMH
ronorpada B ¢opme (43.6). Mb mnosaraem

o= X enil (@ B)(— B)"7"
k=0

u (44.6)
b=i 32 caul (g B) (— ",
rie ¢yuxumu L w L onpenenentt crenyomum o6pazom:
Q! g !
L@ k)y=k! f qu_lf Qdg™' ..., Lg.0)=1,
k pas

7! Q!
L. k)=k1f qu“‘f qdQ™t ..., L. 0)=1

(NMOBTOPHBIE MHTETPaJibl BEIUUCISIOTCS 31eCh NMPH OLHOM U TOM XKe
(GUKCUPOBAHHOM HHXKHEM IpeleJie).
QueBHIHO, YTO
dL >
——— =kqL (q, k—1)
401 qL (¢ ’

Tenepb HeTPYIHO NMpPOBepUTb, YTO GOpMyJH (44.6) naior peue-
Hue ypaBHeHuft (43.6). BasB TOJNbKO INEHCTBUTEbHEIE MJH TOJILKO
MHHMBEIE 4acTu Bblpawenuft (44.6), Mbl NMOJyuuM pelleHUs B Idel-
CTBUTEJbHOR o6snacTu. B paboTe, HA KOTOPYIO MBI CCBLIAJHCh
Beimie, Kpokko nokasbiBaeT, KaKk NpH MOMOIUM TOYHBIX -pelle-
Huft (44.6) MOXHO MOCTPOUTH TedeHHs B GU3MUECKOH MIOCKOCTH.

dL

) Crocco L., NACA Tech. Note, 2432, 1951.
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§ 4. JI03ByKOBOE MOTEHIHANLHOE TEuEHHE

B osroM mnaparpade Mbl PAacCMOTPMM HEK(TOpbIE BaxHbE
TEOpeTHYeCKHe BOMPOCH, KacaloulHecs NO03BYKOBOIO MOTEHIMAb=
HOTO TeueHHs HAeaNbHOro rasa.

45, Odmue npuHOUNE., OCHOBHBIMM YDaBHEHHSIMU yCTaHO-
BUBIIErocd MOTEHLUAIbHOTO TedeHusi siBafeTcss ypaBHeHne Bep-
HYJLTH

%qQ—{—f%:cons’[ (45.1)

(rme ¢yHkuus p= f(p) cuuTaeTcq 3aNaHHOW) M ypaBHeHHe He-
paspeiBHocTd. Tak Kak v==grad ¢, ypaBHeHMe Hepa3pLIBHOCTH
MoxHO 3amucath B Bule div(pgrad¢) =0, uag, B TEH30PHBIX
0603HayeHHUAX,

%, ),;=0, vi=9, (45.2)

Ecau BOCNO/NB30BATHCA BBIPAXKEHUAMU LIS p,;, I{OJTYYEHHBIMH H3
ypasHeHust (45.1), To ypaBHenue (45.2) MOKHD 3amucartb TaK:

2V2% —v'vly ; =0. (45.3)

D10 WHMPOKO H3BecTHOE AupdepeHunanbHOe ypapHeHHe CrpaBen-
JMBO, KOHEYHO, HE3aBUCUMO OT TOro, fBJAELCA JM TeueHue
JO3BYKOBBIM. B cayyae MJIOCKOrO TeueHMss ypasHeHue (45.3)
3aMMCHIBAETCS B CJeLyIOLIeM BHIE: i

(02 - u2) Pex — 2wvcpxy + (02 - ’02) pry’ =0. (454)

[ToMuMO BEHIMMCAHHOTO Bhille ypaBHeHUs (45.2) [LM 9KBUBAJEHT-
HOro eMmy ypaBHeHusi (45.3)], A/S MOTeHUMAId UM2ET MECTO TaKie
ClelyIOIMA 3aKOH COXpaHeHUs:

pviv/’q’, ji = 0,

B CNpaBeNMBOCTH KOTOPOTO Mbl YOeIMMCH Huge TNpPH PaccMo-
TpeHUH OIHOW BapuauMoHHOR 3anauu (m.- 47, noBasieHue).
Maremaruyecku ypasHenue (45.3) mpencrasiaser cobGoft kBa-
3u/MHedHOe 1M depeHLMaIbHOE YpaBHeHHE BTPPOro MOpPAIKa
OTHOCHTENbHO TMOTeHuana ckopoctd. Tum 910ro ypaBHeHHs
onpelenseTca cBOHCTBAMH KBanpaTHuHOH popmbl c%f — viviE,,
rie §— NpOousBOJIbHHE BEKTOpP C NEHCTBUTENbHHIMA KOMIOHEH-
TaMu. HayuHas ¢ 9TOro MecTa, Mbl OTDaHUYMMCS PACCMOTpPEHHeM
L03BYKOBBIX TeueHuH. [1pu 5TOM NMpennonoxenuu ypasHeHue (45.3)
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ABJAETCA JAAunmudeckKum B CUJIY OUYEBUIHOTO HEpaBEHCTBA
CQEiEi - 'Ui'U]EiEj > (C2 — q2) ] 3 l2. (45.5)

Wsyuenue ypaBHeHus (45.3) mpeicTaBiseT cepbe3Hble MaTe-

MaTuyecKHe TPYLHOCTH, TaK KaK Kosadouuuents: ¢ u v'ev’ 3apu-
CAT OT MOJS CKOPOCTeH; TeM He MeHee YAAaeTCsl YCTAHOBUTH PAl
BAXKHBIX PE3yJbTATOB.

1. Makcumym modyas ckopocmu He Moxem Oocmu-
2ambcsa 80 BHYMpPeHHed moukxe ob6aacmu mewernus. ILns Toro
yTo6Hl YGeAuThCA B 9TOM, NpoiudubepeHIUpyeM ypaBHeHue (45.3)
MO0 X W MOJYYMM ypaBHeHHe

22 —vivu, ;;+ Diu, ;= 0; (45.6)

31eCb 4 — NMPOEKIMS CKOPOCTH Ha och X, a D' — nexoroprie
K03 dULMEHTH, TOYHOE 3HaueHWe KOTOPHX HAM He NMOHAaLOOHUTCS.
B cuay ycaosus (45.5) ypaBHenue (45.6) OTHOCHTENBHO 4
ABJISIETCA  SJMNTUYECKUM JUId JI060ro J03BYKOBOTO TeYeHHs.
W3 o6uie#t Teopems Xomdal) caenyer cpasy, 4TO OT/IMYHOEe OT
MOCTOSHHOM pellleHMe # SIIMUNTUYeCKOro AuddepeHHasbHOro
ypaBHeHMsT He MOXeT NPHUHUMATh MaKCUMAJbHOTO 3HAYeHUs BO
BHyTpeHHeH Touke. [To TeM e mMpUYMHAM 3TO HUMeeT MecTO U
nas ¢yHkuu# v U w. CrnpaBenauBOCTh [OKa3blBaeMOTo yTBep-
*KIEHHUs CJeLyeT Telepb U3 paccyXAeHUH, npuHasiexamwux Kupx-
ro¢y (cM., Hanpumep, [8], § 37).

2. O6meranue npensmcmsus, noBedeHue NOMOKA HAQ
GecKoHeunocmu. Jnsi ONpenesieHHOCTH Mbl PacCMOTPUM OJLHO-
pPOIHBIf Ha GeCKOHEYHOCTH MJOCKUH MOTOK, Haberaiouiuft Ha He-
MOABMMKHOE Teno (paccMaTpuBaeTCsl HempepbiBHOe oOTeKaHue).
Tak Kax TeueHHe MNpelnoJaraercs LO3BYKOBHIM, uuc/i0 Maxa M,
menblie 1. OGo3nauuM uyepes U cKOpocTb MOTOKAa Ha GeckoHeu-
HOCTM, HANpaBJEHHYIO (L8 MPOCTOTH)) BAOJb OCH X. AcHUMNTO-
THYEeCKOE TOBeJeHHe TAKOrO TeueHHs NMPU X —> OO ONperensercs
caAeAyomUMU GOpMyIaMu:

U x4 C o Farctg (gD 001, |

T — )
VUt S 00T

Yy Hopf E., Sitzgsber. preuss. Akad. Wiss., 147 (1927).

(45.7)
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B stux ¢opmynax (r, 0) — nonspHele KOODAMHATHL TOUKH Ha
NJIOCKOCTH, = Vl M2, I'— umpxynsuus, a e-— moGoe

CKOJIb YTOAHO Manoe no.sodzcumessroe yucao. Ecau B obmactu
TeueHHs MMEITC HCTOYHHUKH OOLIefl MHTEHCUBHOCTH A, pacmo-
JIOXEHHbIe B KOHEYHOH 4YacTH IUIOCKOCTH, TO B MPABYIO 4acTb
nepsoft ¢opmyas (45.7) HyXHO BBECTH [IOTOJHHUTENbHBIH YJeH
(8/47B) log (x2 - B2y?) U COOTBETCTBEHHO U3MEHUTb BTOPYIO POp-
myay (45.7). B TomM ciyyae, KOrjia COOTHOLIEHHE MeX1y NaBie-
HHeM M IJIOTHOCTHIO BBIPQXAeTCs aHaJUTH4Yeckod ¢yHKuueH,
MOXHO TOJIVYHTH NOJHOE pAas3JoXKeHHe 1Js ¢, a MMEeHHO

A r
¢=U"- x+§&_@f logr—|—2—narctg(_8tg6)+

+¥ Yo, O (1) @ss)
n=0 m=0

Ipy A=T'=0 pasnoxenue (45.8) umeer BUR

o=U x+ 20 a,(®)r-n (45.8")

Stn pambl cxoasTcs aGCOMIOTHO M PaBHOMEPHO NPU AOCTATOUHO
6o/bLIMX 3HAUEHUSX 7 M, CJIelOBaTe/IbHO, AONYCKAIOT MOUJEHHOEe
nnddepenunposanne. ITonyuennble RudepeHUUpOBaHieM PALbl
00/121a10T AHAJOTMYHBLIMU CBOHCTBAMH CXONMMOCTH.

[Ipencrasasier HHTepeC HCTOPHSA MOJYUYeHUs pasJaoxeHuit (45.8)
u (45.8’). TleppoHaya/ibHOE MpEANONOKEHHE O BUIE TJABHBIX
Y/JeHOB OCHOBBIBAJOCH Ha TOM, YTO NpH OOJbIIMX 3HAYEHHAX I
ypaBHeHUe, KOTOPOMY VIOBJETBOPAET (YHKUUA, CTaHOBUTCA
»OMUBKUM® K YpaBHEHHIO

(1 - MEO) (Pxx_l“‘Pyy =0.

Ilepexons x HOBOH NepeMeHHOH, T. e. mojarasg x = VI—MEOE,

nojyyaem ypapHenue Jlamiaca, acHMNTOTHKA pelleHH# KOTOpOro
U3BeCTHA. OTU pacCy}AeHHs KaXyTCd NOBOJbLHO yOenuTeNbHLIMH,
HO He MOTYT CIYXHUTb CTPOTMM JOKa3aTelbCTBOM CNpaBelu-
BOCTH mnpeiacTaBieHns (45.7), kxpome TOro, OHU He IAIOT BO3-
MOXHOCTH ONpeJleseHuss BUa OCTaTOYHOro uieHa. Bnepmrie mpa-
BUJIbHYIO Joraiky O (opMe INOJHHX pa3iOxKeHu# BLHICKA3aJ
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Befitmen 1); npaBna, oH BKJIIOuYaJa B pasioxenus diaens (log r)?/r?,
n> p, KOTOphHe B AeHCTBUTENbHOCTH B PasjoXeHHe He BXO.ST.
Hecxouabko nospHee BeprmaH ?) moayuus pasioixeHue ¢ B nepe-
MeHHBIX rogorpada, a Jlandopa®) BEIMOJHUI pacdeTH, Heo6Xo-
nuMble IJs mepexoja B pasjoxeHMH BeprMaHa K ¢u3MuecKuM
nepeMeHHEIM. B aToft pab6ote Gnl10 moJsyuyeHo pasnoxeHnue (45.8),
HO elle MpeiCTOSJIO IOKas3aTb, YTO INOTEHLHAJbHOE TedeHue
nefcTBUTEIbHO 00J/ajaeT TeMH AaCHMMNTOTHYECKMMH CBOMCTBamy,
Ha OCHOBe KOTOpHX Deprman cTpousn cBoe pasjoxeHHe. DTO
6bin0 crenano dunHom u Jxuabaprom 4), xotopee nanu Hesa-
BHCIMOE J0KA3aTeJbCTBO CNPaBeJUBOCTH NpeicTaBieHus (45.8).
M3 cxazaHHOro BhIILle CTAHOBMTCS SCHBIM, uTO ¢opMmyna (45.8)
OCHOBLIBAeTCS Ha TJayOOKHX HCCJeLOBAHUAX, WMEIOLIUX CBOUM
HaugaaoM Teopuio Deprmana oco6bX TOYeK pellleHu#t JHHEHHOTO
9/IUNTHYECKOTO ypPAaBHEHUs] C YaCTHBHIMM NPOU3BOJHBIMU U 3aBep-
WAKIIUXCS YCTaHOBJeHHeM (UYTO BOBCE He NPOCTO) ACHMNTOTH-
YyeCKUX CBOMCTB, KOTOphle BblpaxceHb ¢opmy.sof (45.7).

OnHuM ¥3 OCHOBHHIX TPUJIOKeHUH mnpencrtapieHus (45.7)
AB/leTCsl JOKas3aTeJbCTBO Gopmyanl 2Kykosckoro — KyTra aus
NOJ'bEMHON CHJB B CJy4Yae TEYCHHUs CHXKUMaeMOH KUIKOCTH.
Jokuabapr u uuH®) HelaBHO 3aMETH/IH, YTO IJs AOKA3aTeNbCTBA
91Ol ¢dopMynbl JeHcTBUTeJbHO HeoOXonuMOR sBasieTcs OoJee
cnaGas oueHka

ve="Uo(r%). (45.9)

dr1a oueHka npoule, 4eM pasjoxeHus (45.7) wiau (45.8), u Ml
npugeseM ee CXeMaTHYeCKOe J0Kas3aTelbCTBO.

Caenys Hwunbapry u PunHy, nepeiineM B ypapHenuu (45.4) or
‘ . o o ]/ 2 ¢
He3apuUCUMOH nepemeHHO# x K nepemenHoit ) 1— MZ § B nepemen-
HbiX §, y ypaBHeHue (45.4) mpuHHMaeT BHI

Agy +2Bg,, + Coyy =0, (45.10)

1) Bateman H. Proc. Nat. Acad. Sci. USA, 24, 246 (1938).

2) Bergman S, Trans. Amer. Math. Soc., 62, 452 (1947).

8) Ludiford G, J. Math. Phys., 30, 117 (1952). TouHoe pasio-
WeHye NoTeHnHalda o6TekaHus Kpyra 6buio moayueHo Mimaum [Imai I,
J. Phys. Soc. Japan, 8, 537 (1953)].

(195 4; Finn R, Gilbarg D. Comm. Pure Appl. Math., 10, 23

7).

5) Finn R, Gilbarg D, Trans. Amer. Math. Soc., 88, 375
(1958).
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rae A, C > 1, a B—>0, xornga touka (§, y) cTpemurcs k 6eCKOHEUHOCTH.
Ms ypasuenus (45.10) caexyer, 4TO ,KOMMOHEHTHI‘ CKOPOCTH U = ¢, H
= ¢, YIOBJETBOPAIOT CAEAYIOMUM - yPaBHEHHUAM:
—Coy = AuE ~+ 2Bu,, U = Uy,

[Tycts Tenepp & — OKPYXKHOCTb JOCTATOYHO GOJBLIOrO pajuyca; TOTAa
B 06JacTH, BHeIIHEeH [0 OTHOUIEHHIO K 3TOH OKPYXHOCTH X, KO3bdu-
nuedtol A, B, C orauuyaloTca OT UX mpejelbHbIX 3HAYEHUHl MeHbLIe,
yeM Ha &. CaenoBarenbHO, B 3TOH 00JacTH

C (v, -— vyu) = Aui+2Buu, + Cul > (1—2¢) (uf + 1}).
AnanoruyHelM 06pasoM MoJydyaeM HepaBeHCTBO
A (v, — vy > (1 —2¢) (v?+ "3)'

TakuM 06pa3oM, B 06JacTH, BHEIIHEH MO OTHOLIEHHIO K I, HMEET MECTO
OIIEHKa

u + u) 4 o} + 0} < 2K (vu, — vyi), (45.11)
rae K= (14 ¢)/(1—2¢). Mcxona us HepaseHnctsa '(45.11), xotopoe

MaTeMaTHYECKH O3HAYaeT, 4TO (YHKIMA W = U -} iy OCYIIECTBJAAET
KBa3uKOoM(pOpMHOE OTOOpaeHHe, MOXKHO MOKa3aTb, 4TO ')

_ R ‘
lv], Ju—BUIl< const - r—,, , r''> 2R,

rne p =K —VKE—=1, R— panuyc E, a r' =V &+ y2. Bosspamasch
K MCXOJHBIM NMEPEMEHHBIM, NMOJYYaeM OLEHKY

R *
lv|, le—U| < const - —Tl , r> 2R/B,

M3 KOTOpOH cpasy cJelyeT mpexctasieHue (45.9); 10CTaTOUHO BhIGPATD &
TaK, 4TOOH ¢ > !/,

3. O6meranue npensmcmsus. Cuab, Oelicmgyoujue Ha
meso. VIHTepecHo, 4TOo npu OOGTEeKaHHH TeJsa LO3BYKOBbIM NOTO-
KOM Bbipa)KeHMe IS CHJbl, IeHCTByIOllel Ha Tesno, HMeeT
TOT e BUL

X =0, Y=—pI'U.

YTO U B CJyYde TeYEHHS HeC)KUMAEMOH KMAKOCTH. DTOT pedyJbrarT
MOXHO TOJYYATb, HCNOJb3Ys PacCyxkleHus, MOYTH He OTIUYaI0-
imuMecst OT KJACCHYECKOro INOKasare/abcTBa TeopeMb 2KykoB-
ckoro — Kyrra (cM. 8], § 370b). B camom znene, B cHaIy OLEHKH

Y Finn R, Serrin J,, Trans. Amer. Math. Soc., 89, 1 (1958).
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(45.9) us ypasienus BepHynau craenyer, uTo
d -
p=rut(55) @4+ - = po—p U @—U)+ o™,

[MpumeHsis Tenepb AJs ONpelelieH!s CUJIBL. NeHCTBYIOIEH Ha TeJo,
¢opmyay (10.2) u yunThiBass COOTHOLIeHMe V -n==ucosfi 4
~+ vsin 0, moayuaem

X=—§(pcos6—|—puv-n)ds::—U§pv-nds+o(1).

[TIpy npennosoxeHUH, YTO HCTOYHMKHM OTCYTCTBYIOT, U3 3TOH
¢opmyasl cienyer paeexctBo X = 0. TaxkuMmu ke paccyxie-
HUSIMM [1OKasbiBaeTcd ¢opMyJaa IJs INOLbeMHOH cujabl. Jlerko
3aMEeTHTb, YTO NPHUBENEHHOe 10Ka3aTeJbCTBO BIOJIHE aHAJOTHYHO
JIOKa3aTeqbCTBY IJIA CJayuas HecxuMmaeMo# kuikoctd (cm. m. 23).

Jlns TpexMmepHBIX TeueHMH napanokc J[lanamGepa Obl1 NOKa-
3aH dunHom u Jlxkunbaprom !) Ha OCHOBE acHMMITOTUYECKOH

¢dopmyast v=U- o (r=2).

46. TeopeMbl CYymeCTBOBAHMSI H €IHHCTBEHHOCTH. Mu
paccMaTpuBaeM, KaK U B NpeNbAYWIUX NyHKTax, oOTekaHue He-
MOIBUXKHOIO NpPOGUAS  NJIOCKMM YCTAaHOBUBIUMMCS TOTOKOM.
OcHoBHOH 3alayeft Npu 3TOM SIBAAETCS ONpeNeJieHHe IBUKEHHs
KUAKOCTH, ecau 1) 3amaHbl yCJOBUS Ha OeCKOHEYHOCTH U Beu-
YHHA UMPKYJISILUM HJIM 2) 3alaHbl YCJOBUS Ha OeCKOHEYHOCTH,
a uMpKyJauus onpepeusercs uad ycuaosus 2Kykosckoro — Kyrra.
B o6oux aTux ciayyasx HYXHO NOKa3aTb CYLUEeCTBOBAHHE U €IUH-
CTBEHHOCTb TeYeHHMsd M yKasaTb MeTOJIBl ero pacyera. B mocienHee
BpeMsi MCCJeLOBaHMe THUX 3ajay LIJIO JOBOJbHO YCHEWHO. Mbl
paccMOTpUM 31eCb TOJBKO pe3yJabTaThl, Kacaioliuecs BONpoca
O CyLIeCTBOBAHUM M eNMHCTBEHHOCTH, TaK KaK OMUCaHHEe MeTOLOB
pacueTa BBLIXOIMT 3a paMKM Haulefi craTed. YuTaTen1o, uHTepe-
CYIOLLEMYCSl UHCJTeHHBIMM MeTONaMH, CJenyeT OOpaTHTbCS K CO-
BpeMEeHHHIM y4yeOHMKaM NO Ta3oBOH IdMHAaMuKe (CM., Hampumep,
[26], [29], [38] u [39]), B KOTOPHX OH MOXeT HalTH M mepe~
YeHb JUTEPaTyphl MO 3THM BONpPOCAM.

Haubousee cusbHble pe3yJ/bTaThl, Kacaioluuecs BONPOCa O elUH-
CTBEHHOCTH pelleHusi, Obau noaydyeHsl dunHoM u Jlxwuabap-

" Finn T, Gilbarg D., Acta Math., 98, 265 (1957).
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rom 1). Ucnoabays acumnroTuueckyio ¢opmyay (45.7) u uHTe-
rpajbHBle TOXIeCTBA, HamoMuHaowue dopmyay (23.1) naa xuue-
THYECKOH SHepruu, OHM JO0Ka3anu CJeLyIollyi0 TeopeMy.

ITrockoe 0038yK080e nomeHyuasvHoe o6mexanue 2.a0-
K020 npodpuns eOUHCMBEHHOLM 00 pa30M onpedessemcs
YCR0B8UAMU HA OECKOHEHHOCMU U BeAULUHON [UPKYAAYUU.

ITrockoe 0038yrK080e nomenyuassHoe obmexarue npo-
Ppurs, umenuwe20 ocmpyw 3a0H0I0 KPOMKY, eOUHCMBEHHELM
06 pa3om onpedesrsiemcs YCA08UAMU Ha OeCKOHeuHoCmU 2).

OTH pe3yabTaThl, KaK CTaHeT SICHO M3 NPHUBENEHHOTO HHXKe
aHa/nu3a, MrpamT OOJbLIYI0 pOJb B TEOPUM AHHAMMYECKOTO IO-
no6usi. PaccMoTpuM HenpephiBHBHIE 103BYKOBhle OOTeKaHHs ABYX
reoMeTpUYeCKH NOJLOOHBIX Npo¢uIe#t MOTOKAMU IBYX COBepLIEH-
HBHIX Ta30B C OJHHM M TeM e TIoOKasarteseM aamabatel. [Ipen-
NOJIOXKHMM TaK¥kKe, YTO yucaa Maxa M_ u BenMUMHBI OTHOCUTE/b-
Hoix uupkyasuu#t I'/U 1ag 91MX NOTOKOB coBmanaioT (BTOpoe
yCJIOBHE MOXHO ONYCTUTb, €CJIH NPOMUIM UMEIOT OCTPYIO 3aAHIOI0
KkpoMKy). Torna us copMy/aHpOBaHHOH BEIlLIe TeOPEMBl CJeLyeT,
YTO 3THU ABA TEUYEHHUd ABJIAIOTCA IHHAMHUYECKH HOﬂO6HblMH.

C TeopeTHYeCKOH TOUKHM 3pEHHUS] HHTEPECHO TO OOCTOATEJb-
ctBO, uyro BemuuuHa I'YU pns obOTekaHus npoduis ¢ ocTpoH
3alHelt KPOMKOH sIBJisleTCSs MOHOTOHHO BoO3pacTaiouleit ¢yHKLueh
oT uucaa Maxa Ha OeckoHeuHocTH. KoadduuueHt noawveMmuoh
cunsl C; =Y | [(opU?) Gyner npu stom Bo3pacraouelt QyHx-
uveit ot M.

Bonpoc o cyulecTBoBaHMM pelieHHs, HECMOTPSl Ha cepbe3Hble
MaTeMaTHYeCKHe TPYAHOCTH, pellieH ¢ JOCTATOYHOH NMOJHOTOMH B pa-
Gorax ®. W. dpankag u M. B. Kennsina 3), Uludmana 4), Bepca ).
Ecnn nns onpeneneHHOCTH CYMTaTh, 4TO 3ajava Gopmy.upyercs
175t 3a0arn020 ypaBHeHus Bepuyinmu (45.1), 3ananHoro npoduas
M B3aIaHHOrO HanpaB/eHusT CKOPOCTH Ha OeCKOHEYHOCTH, TO

" Finn R, Gilbarg D., Trans. Amer. Math. Soc., 88, 375
(1958). [lokaszareabcTBAa TEOpEMBl ENUHCTBEHHOCTH B IOSIBUBIIHUXCS
panee paborax [lludmana u Bepca (cm. mpumedanus 4 u5) ABAsOTCA
MeHee CTPOrMMH W YETKHUMH.

2) ITotok Ha G6GeCKOHEYHOCTH IHPEJNOJNAraeTcsi eCTeCTBEHHO OXHO-
poaHbiM. — [Tpun. nepes.

Y Keaxwom M. B, ®Ppaunkas ¢. W., Hzse. AH CCCP, omo.
Mamem. u ecmecms. nHayk, 4, 561—607 (1934).

4y Shiffman M, J. Rational Mech. Anal., 1, 645 (1952).

8) Bers L., Comm. Pure Appl. Math., 7, 441 (1954).
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OCHOBHOH pe3y/bTaT MOXHO chopMyaMpOBaTL B CJELYIOLIEM
‘BHIE.

Larsa 3a0anno20 22a0K020 npoduss u 3a0aHH020 Ypas-
nenusn Bepuyaan ') 8 naockocmu (M, T') cymecmsyem maxasn
o6racms, codepicawas SHYmpu ce6a HA4AA0 K0OpOuUHAmM,
4mo 048 Kaxc0olh mouxu 3moi o6iracmu cywecmsyem edun-
cmseHHoe 0038YyK080e OOmexKaHue ¢ 8bl6 PAHHLIML 3HA4e-
nuanu M u U. I[Ipu npubauscenuu mouwxku (M, T) k 2pa-
ruye o06aacmu MAKCUMYM MecmHoz0 ducaa Maxa coom-
semcmsynue20 mewenus cmpemumcs K 1.

Harsn 3adannozo npoguss ¢ ocmpoi 3adHeii Kpomrod

Haiidemcs makxoe 4ucao M, uwmo oan xancdozo M u3 uH-

mepgara 0 KM <M cywecmgyem eduncmsennoe 3038y-
K080e oOmexaHue NpoPuas ¢ 86l0 PAHHOL BeAuHUHOH CKO-

pocmu Ha Gecxonewnocmu. [1pu M\D—>M MAKCUMYM Mecm-
H#o20 wucaa Maxa cmpemumcs k 1.

JloxasaTe/qbCTBa TeOpeM CYILECTBOBAHMS THNA TOJALKO YTO
COpPMYTMPOBAHHON CJMIIKOM CJOXHBI, YTOObl MX MOXHO OHIJIO
-3l€€b  M3/J0XKHMTb. MBI OrpaHMYUMCS TNOITOMY JHIIbL OGerJbiM
0630pOM METONOB, MCMOJb3OBAHHHIX B YKa3aHHbIX Bbille paGoTax.

B paGote Ppankas u Kennablia ucnosb3oBascs HeKHd uTepa-
UMOHHBIA TNpPOLECC; CYyLeCTBOBAHWE INpPW 5TOM ObiAO 10KA3aHO
TOJNbKO I AOCTATOYHO MaJbiX 3Hauenu#t -M_ . JlokasaTenbcTBO
Illudpcdmana ocHOBaHO Ha NPSMBIX MeTOLAX BapUALMOHHOTO
MCYUC/IEHUS; MCXOIHBIM TNYHKTOM sIBJseTCs NMpHHuMn BefirmMena —
KeabBuna. B ero paGore ucnoab3oBaH OCTPOYMHbBIH MpHeM,
KOTOpPbIH NOMOraeT YCTaHOBMTb CYILECTBOBAHWE TeueHHs, Oai0-
1er0 MMHUMYM COOTBETCTBEHHOMY (YHKUMOHAJY.

HloxasatenbcTBo Bepca OCHOBAHO Ha MeTOLaX TeOpUH (yHK-
uui (aHAJOTMYHO JOKA3aTeJbCTBY CYyLIECTBOBaHMSA MJIOCKONO Teue-
HUSl HECXKMMAeMOH KHMIAKOCTH); NPU STOM NPUBJEKAETCH, OILHAKO,
uesablfl apceHays rayOOKMX pesyabTaToB aHanusa. Kpome noka-
'8aTe/IbCTBA CYLUECTBOBAHMA INO3BYKOBHX TeyeHuH, Bepc ycrauo-
BHJ MX HeNpepbIBHYIO 3aBUCHMOCTb OT M __, OT ¢opMbl npoduas
M OT BMIa (YHKLMM, CBA3LIBAIOLIEH NMAOTHOCTb M BENUUYUHY CKO-

) B cayuae coBepuieHHOro rasa B GOPMYJIUPOBKE TEOPEMBI MOXHO
ONyCTUTb TpeGoBaHHMe 3aJJaHHOI'O ypaBHEHHs BepHyJau; npu STOM Cle-
nyet 3aMenutb I' na T/U. B sTuX mnpennonoxeHusx reueHue Gyner
onpeneasTbca €JMHCTBEHHBIM 00pa3oM ¢ TOYHOCTbIO 40 upeo6pasoBa-
HHf moxo6usa.
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poctu. HecMOTps Ha 4pe3BHIYaHHYIO CI0XKHOCTH MaTEMAaTHUECKHX
METONOB, MCMOAb30BAHHBIX B 3THX paboTax, MOC/eNHHE KAK Obl
nepeKuHyJM MOCT uepe3 NPONACTh, JABHO pa3le/sBUIYI0 MaTe-
MAaTUKOB U a3pPOIMHAMUKOB 1).

CyllecTBOBaHHE M €IMHCTBEHHOCTb TPeXMEPHHX LO3BYKOBBIX
TeyeHWH paccMaTpHBAIMCh B HeNaBHO ONyOJMKOBaHHOH pabore
JlxunGapra u Punna 2). [NosyueHHbie uMu riyOOKHe pe3y/bTaThi
MOJIHOCTBIO peIlaloT BONPOCH EeIMHCTBEHHOCTH M aCHMNTOTHYE-
CKOTO TOBeleHUss NMOTeHUMasa Ha OeCKOHeYHOCTH; CYLEeCTBOBAHUE
L03BYKOBBIX TeYeHUH J1OKa3biBAeTCS NPH YCJAOBHH, YTO MeCTHOe
yucao Maxa He mpesniuaer 0,63. Bonpoc cyuiectsoBaHus pac-
cMmaTpuBaics Takxke B pabore Hosma 3); nouwsysch ycraHosieH-
HOH B 3TOH paboTe 3aMeuaTeJbHOR TeOopeMOH, MOXHO, MO-BUIH~
MOMY, MNOJYYHTb pe3yabTaT Aaxe Oosee oOuui, yeM B cCiayyae
MJIOCKMX TeYeHHH.

47. BapuauHoHHbIe NPUHIMIL Ta30BO/ AHHAMHKH. B stoM
NYHKTE Mbl PAacCCMOTPUM HEKOTODHIE dKCM pemasbHbie CBOHCTBA
yCTAHOBMBILErOCs IO3BYKOBOTO TeueHus. VlsyueHnue 3Tux CBOHCTB
06DbacHsieTCs, C OJHOH CTOPOHBI, Xe/jaHHeM O000OLHUTL TeopeMy
KenbBuHAa O MMHMMyMe KHHETHYECKOH SHEepruM Ha cayuyaih Teue-
HUH CXUMaeMOH MKHUIKOCTH, a C APYro#t CTOPOHBI, — HeOOXOaHU-
MOCTbIO CO3LaHMS METOJOB pacyeTa TaKuUX TeueHuH. 3aMeTu,
yTO ycTaHOBJeHHas B M. 15 TeopeMa Xepusena— Jluus He
AB/ASETCS BapUALMOHHBIM TPUHUUIIOM B TOYHOM 3HAYEHHH 3TOTO
cnoBa, onHako ulest XepuBesa O BbiOOpe B KauecTBe (hYHKLUHMH
Jlarpanxa npu QopMy/aupoBKe NpuHUunNa ['aMuabTOHA BeHYHHBI
T — € B panvHefiem OyIeT CAYXKMTb HaM OPHUEHTHPOM NpH
BbIOOpe MOAMHTEr panbHON (YHKLMH.

PaccMoTpuM HeKOTOpPHI KOHeuHbIH 06beM Y rasa ¢ rpaHuiei @
¥ TPEeNINOJONKUM, YTO HOPMa/bHAA COCTAB/AIOLIAA A MOTOKA MacCH

) TlpencraBiasioT HHTEpPEC TakKe JPyrue TeopeTHyecKue paGoTh,
L KOTOPHIX PacCMaTPHBAJIHCh CBOHCTBA JO3BYKOBHIX T€UEHHH, a HMEHHO
paborst Bepca [Bers L., Comm. Pure Appl. Math., 7, 79 (1952)],
Hxunbapra [Gilbarg D., J. Rational Mech. Anal., 2, 233 (1953)],
Iokunb6apra u Ilugpmana [Gilbarg D, Shifiman M, J. Rational
Mech. Anal., 3, 209 (1954)], Jlésnepa [Loewner C., J. Rational
Mech. Anal., 2, 537 (1954); On the critical Mach number, Studies
in Mathematics and Mechanics, presented R. von Mises, New York.
1954] u Ceppuna [Serrin J, J. Math. Phys., 33, 27 (1954)].

2) Gilbarg D, Finn R, Acta math., 98, 265 (1957).

8) Nash J, Proc. Nat. Acad. Sci. USA, 43, 754 (1957).
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YAOBJETBOPAET Ha § YCJIOBUIO
Pacxon = § hda=0.
¢

ME XOTMM NOCTaBMTH TaKYH0 BapHALMOHHYIO 3anauy, Kortopas
Bbileauna Gbl Kjaacc Oe3BUXpEBHIX TeueHMH KaK KJacc TedeHu,
JAIKX MHHUMYM HEKOTOPOMY (YHKLHMOHAJy Hal NOJEeM CKO-
pocrefi. C sTo#f ueablo yILOOHO INOCTaBUTb B COOTBETCTBHE
KaX10My TMOJI0O CKOPOCTEH HEKOTOpoe moJjé ,IJIOTHOCTH®. MEl
BOCNOJ/Ib3YeMCA A/ OMpeleseHHs STOTO IO0JA ypaBHEHHeM
Bepuysm 1)

-%qg—l—f ii—f—:consi&. (47.1)

3aMeTuM, uTO Olpele/eHHOe TakuM 06pasoM Teuenue (p, V) He
00513aHO yLOBJIETBOPATb HU YPaBHEHUIO HePa3pHIBHOCTH, HU ypaB-
HeHUAM JIBMXeHUsS. YCJIOBHMCS HasblBaTh CKOPOCTb V LO3BYKOBOH,

ecin ¢ < ¢= )V dp/dp. Crenas 5T npeiBapuTeJbHble 3aMedd-
HUSl, MB MOXeM TNepeHTH K H3/0XKEHHI0 Pe3yabTAaTOB.

Mpuuuun Betirmena—KenvBuua?). B kaacce scex
0038yK08bLX nosell ckopocmed, Y008.4ems0PAOUUX YDPABHE-
HUI0 HePA3PLBHOCMU U 06440a0WUX 3A0QHHbLM NOMOKOM

1) Ilpu xenanum ypaBHeHHe (47.1) MOXHO paccMaTpHBaThb Kak
»BHEIIHIOI CBA3b“ B C(OPMYJHPOBAHHOH HMKE BapHALMOHHOH 3ajaue.
HuxHuil mnpesen MHTErpHpOBAHHMS M MOCTOSHHAs, CTOsiliasi B IpaBOM
yacTH ypaBHeHHs (47.1), B nalbHeHIIeM CYHTAOTCH (DUKCHPOBAHHBIMH.

2y Bateman H., Proc. Nat. Acad. Sci. USA, 16, 816 (1930).
[puBenennas HamMu GOPMYIHPOBKA BapHAIMOHHOH 3alayd O MHHHMyMe
OCHOBaHa Ha pesyabTatax pa6orsl Jlama u Yeppu [Lush P. E.,
Cherry T. M, Quart. J. Mech. Appl. Math., 9, 6 (1956)]. Mano-
BEPOATHO, YTOGH KTO-HHGYIb H3 YNOMSHYTHX aBTOPOB OGpaTU] BHH-
MaHHE Ha NpAMYI0 aHAJOTHIO MeXJy STOH BapualMOHHOM 3ajavyell u
TeopeMoit KeuabBHHA, Tak Kak HX HHTEPECOBal B OCHOBHOM TOJABKO
cay4aih maockux reyeHud. Jpyras 'iifopuy.nnpoaxa npuHuKna BelitmeHa
1(15[5%(;?%:1 B cratbe ['éapuepa [Holder E. Math. Nachr., 4, 366

Coo6paxtenusi B moab3y BHIOOPa HMEHHO TakOH NMOZHHTErpaabHOH
(YHKIHH OCHOBaHBI Ha CJIENYIOLIEM: Mbl HMEEM TOXIECTBO

P+oq? =204 —pE ~+p ("2 ¢* + 1) = /2 p4* — p (E+ const);

TakuM 00pa3oM, NMOCKOAbKY sHeprus E Boobuie ompefedeHa ¢ TOR-
HOCTBIO JO MOCTOAHHOH, J =T — G,
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Maccol B HQ 8, MUHUMYM UHMezpasq
W) = [ (p+eq?)dv
v

docmuzaemcs 8 MOM U MOALKO MOM CAY4Ae, KO20Q nose vV
Ge3suxpesoe.

flcHo, 4TO moJe CKOpOcTe#t v, sBJAIOLIeecss pelueHHeM 3TOH
BapUALMOHHON B3alauM, NpeacTaBageT COOOf IMHAMMYECKH BO3-
MOXHO€ H33HTPONHMYECKOe Ge3BUXpEBOE TeyeHHe, YIOBJIECTBOPSIO-
ulee 3aJaHHBIM HA § TPaHMYHLIM YCJIOBHAM. YKasaHHble CBOHCTBA
M ONpelessioT UeHHOCTb mpuHuuna bBefirmena. CdopmyimposaH-
HHIl TMpUHUMN 10NycKaeT oOpalleHHe, TaKke MpUHALIexallee
no cyuiectsy bedrmeny.

Mpuunuun Betirmena— Nupuxael). B kaacce scex
0038YK086LX noseld ckopocmeld v=grad ¢ maxcumym uxme-
epara

S*(V)=fpdv+§<?h da
Y 8

docrmuzaemcss 8 MOM W MOALKO 8 MOM CAyiae, K020Q
div(pv) =0 u pv-n=~h #a §.

Jlerko BUIETb, YTO pelleHHe ONHOH U3 ITUX BAPUALUOHHBIX
3a1ay fIBJAETCS TaKXKe pelleHHeM [pYroft BapualMOHHON 3ajayi.
KpoMe Toro, kaxk craHer 6CHO U3 JajbHefllero, M3 CYIIECTBO-
BaHMS peIUeHUs CJAelyeT ero eXMHCTBEHHOCTb. ITo3TOMYy cmpa-
BelJuBa Clelylollas aabTepHaTHBAa: Ju0O STH 3aiaud WUMET
oaHO ofuiee UM 00enM pelleHHe, JUOO pellleHUs] HE CYIICTBYET
BooOwie. B mepsoM wu3 9THX Cly4yaeB, MpPUMEHUB TEOPEMY
I'aycca — OcTporpaickoro, Mel MoJydyaem, 4TO

3min = C:S:;ax = f r—+ Pq2) dv
v

(BmepBrie 370 OblO OTMeueHo JlameM u Yeppu). BosmoxHOCTb
OTCYTCTBHSl ~ pelIeHHs CJeiyeT M3 TOro, 4YTO MOXET He

) B pa6Gorre BeiitMena (cM. mpumeuanue 2 Ha crp. 144) ue coxmep-
JKUTCSl BapHallMOHHOH 3a7auM O MaKCHMyMe B UHCTOM BHAE, TaK Kak
BeliTMEH OrpaHH4MACA IEPBbLIM YJISHOM C IOAUHTErpalbHO# GyHK el p;
J100aBOUHBIH 4JieH, COAEPKAI[Mil HHTErPall MO IIOBEPXHOCTH, Obl BBEAEH
nosanee Jlamem u Yeppu (cM. TO ke mnpuMeuanue). [Ipusesenuas
3zleilc1, dopmynupoBka Heckoabko o6oGuraer ¢opmyaupoky Jlama
u Yeppnu. :
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CylLIeCcTBOBAaTb Ge3BMXPEBOr0 NO3BYKOBOTO TeYEHHs, YAOBJETBO=
pAIWIEro 3aaHHBIM IPaHuuHLIM ycaoBusM. lludmau !) noxasan,
KaKk Hal0 BULOU3MEHUTb 9TH BapUALMOHHBIE 3aaud, YTOOHI
pelleHHe HX BCeria CyuecTBOBAO.

Ias - nokasatenbcTBa mnpuHuuna betitMeHa — KeabBuHa Mbl
BBEJEM BeJMYMHY Q =pV U 3aMeTHM, YTO ypaBHeHHe bBepHy./uu
N03BOJIAET PAaCcCMATPUBATL V, a CJelOBaTelbHO, H § KaK QYHK-
muio or Q. (Kak Oblio ykasaHo B H. 37, KaxIOMY 3HaueHHIO
BeJMYMHBI Q COOTBETCTBYeT [Ba DPAa3JMUHBIX 3HAUEHMSl BENMYHUHBI
CKOpOCTH ¢. Mbl BhiOMpaeM, eCcTECTBEHHO, TO 3HA4YeHHE, KOTO-
poe COOTBETCTBYeT [103BYKOBOMY TeueHHui0.) BriGop B KauecTse
OCHOBHOH mnepeMeHHOH He Vv, a Q oOBACHSeTCS TeM, YTO MpH
nomowd Q Jserue cgopMyaMpOBaTb YCJOBHS BapHalHOHHOK
3anaun. Hanpumep, ycnaoue div (pv) =0 npunumaeT Bul

divQ ==0.

PaccmoTpum Temepb mnoJje BeKTopa Q, naouiee MHHUMYM .
Mycts Q* = Q - £§ — HexoTOpOe AomycTHMOe MoJie BeKTOpa Q.
Paznoxu §(Q) mo cremeHsaM &, MOJY4UM

IQY=J(Q+edI+R,
rie

Bngv-l;d'v,

V-2t E—e do.
?(c2—q?

3Hak THJbla NpUMeHseTcs 34ech a9 0003HAYEHUS BEJMYHMH, Bbl-
YHCJEHHBIX MPH HEKOTOPOM IPOMEXYTOYHOM 3HaueHHH Q. l'Ipu
HaxoxaeHnn 0§ u & ynobuo Beectn pynxuuio F(Q?) = p—+ pg%
NpOM3BOJHEIE 3TOH (QYHKUMM UMEIOT MPOCTOH BUL

Fr=20)"", F'=Hp*—g "

Tak kak paccMatpuBaeMble TeueHHs J03BYyKoBhie (& > 0),
10 3KcTpeMans Q onpeneasercs yciosuem 83 = 0. Haweit 3a-
naued siBJASeTCS IOKas3aTh, YTO 3TO YCJIOBHE SKBHBAJEHTHO YCJ/IO+
puio rotv=0.

) Shiffman M., J. Rational Mech. Anal., 1, 605 (1952).
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Ipexne Bcero, ecau rotv=0, To v=grad¢ u

fv-Cd*a:fdiv(apQ)d*u:'O.

v

3pech Mbl BOCMOJb30Baauch ycaoBusmu divi=0 u {.-n=0
Ha rpaHnyHoi mosepxnocTu 8. C apyro#t cTopoHhl, ecau 8% =0
IJ BCeX JOMYyCTUMBIX Bapuauuil §, T6 noJe VvV LOMKHO OHITh
Ge3BuxpeBHIM. B camoM znese, npelnosoxuM npotuHoe: rot v=~0
B HekoTOpo#t Touke P. Torza MoxHo Ha#iTu BekTOop A, 0Gpa-
wamouuiics B Hy/Jb BHe HEKOTOpPOH ManoH OKpecTHOCTH TOYKM P
U Tako#, uTo

fA-rotvdfquO.

Ho orciona crenoano Owl, uto 8§ == 0 nas Hekotopo# momy-
cTUMOH Bapuauuu §=rot A.

Jlns noxasaTeabcTBa npuHuuna Belirmena—KebBuna ocraerca
BOCIO/Ib30BATHCS COOTHOLIEHHEM '

SW)=IW+ &,

CrpaBelJUBbLIM A5 J1000ro nonycmmoro noas v*. s stott dop-
MyJabi caenyer, 4To §(v*) > (V) mpu v* = v; Takum o6pasoMm
IOKa3aHa M eIMHCTBEHHOCTb SKCTPeMaau ucCJlelyeMOH Bapua-
uvoHHofi sanaun. CnpaBeanuBocTh npuHuuna BeHt™ena — Jiu-
puxJje yCTaHABJMBAETCS TEM e MeTOJIOM, OIHAKO PacCyXIeHus
B 9TOM CJyyae OKashlBaloTca 0oJee NMPOCTHIMU, TaK Kak §* 3a-
BUCUT OT OJHOH (yHKUMM Q.

[Ipn npumenenuu npunHuuna DBeHtMena — KesbBuHa nas uc-
C/Ie10BaHMs TIOCKHX TeueHUH BBOAAT B KauecTBe MCKOMOH (yHK-
uMd  (YHKUMIO TOKA. YpaBHeHHe Hepa3pbIBHOCTH BHIMOJHSAETCA
TOrla aBTOMATHYECKH, a TPAHMYHOE YCJOBUE CBOAMTCS K. 3alaHHIO
BeqMuuHbl ¢ Ha 8. AHaJOruMuHble CXeMbl Npenarajuch W aJs
MCC/eI0BAHUA TNPOCTPAHCTBEHHHIX TeuyeHuft ), ONHAKO He $iCHO,
NOJy4yaeTcs /¥ NpPH STOM Kakoe-au00 NpenMylliecTBO MO CpaBHe-
HUIO C WCMOJb30OBaHMEM B KauyecTBe HeusBeCTHOH Q. _

Kak Gbl10 oT™MeueHo panee, cpOpMy/IMpPOBaHHbie BhiLIe Bapua-
LMOHHBE TpPHUHUMUME, TO3BOJAIOT CTPOUTb TeyeHHe Trasa NyTeM
HaXxoxJeHus 9KcTpemane#h ¢yHkunmonasoB ¥ wu J*. Omnako

) Cm. ctp. 13 paborn Jlama n Yeppu, ykasaHHO# B npuMeyaHuu 2
Ha cTp. 144, a Takxe cratbio [use [c¢6. Mexanuxa, Ne 1 (17), 86 (1953)].

10*
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B NPaKTHYECKU BAXHOM cayyae OOTeKaHUS HEKOTOPOTO KOHeu-
HOTO TeJa COOTBETCTBYIOLME HMHTErpajbl pacxoiarcs. ATy Tpyl-
HOCTb, Kak OblIO MOKasaHo psimoM aBropoB (Bawr!), llludwman ?),
Jlamw u Yeppwu), - MOXHO O0OGOHTH, H3MEHMB COOTBETCTBYIOLIUM
obpa3om moauHTerpaibHble ¢yHxkuuu. Hanpumep, ¢yHKLHOHAX
BapuauuoHHO# 3amaun De#ttMena — KeabBuHa (mpu OTCYTCTBHH
LMPKYJIALMI) MOXHO 3amucaTb B BHIE

[ +ea?—p—pv - U)o, (47.2)

roe yepe3 U o603HayeHa CKOpPOCTb MNMOTOKAa HAa OECKOHEYHOCTH.
Jlerko Bunetb, uto wunterpan (47.2) cxonurcd, ecau v— U=
=0 (r-1-%) nna nnrockux tevenutt u v—U =0 (r—"2"%) nas.
TpeXMepHHIX TeueHu#t. Kak Mbl Bugeau B n. 45, 3TH ycaoBus
IefCTBUTENbHO UMEIT MecTo. BapuauuoHHas 3ajzaya O MUHUMYMe
¢yHkuMoHana (47.2) He TOMLKO MPUBOLUT K METOLY YHCJIEHHOTO
pacuera TeueHu#d), HO W CJAYKUT OTHPABHOM TOYKOH Has HO-
kazaresbctBa llludMaHa cyuiecTBOBaHWS LO3BYKOBOro 0oOTeKaHHs
3alaHHOTrO TeJa. '

Hpyzue sapuayuoxnsie npuryuns. 2a3080i1 OUHAMUKU.
YpaBuenne bBepHynmu (47.1) MoxHO 06061UMTH, NPEANOJNONKHUB,
40 p=f(p, S), rae S — HekoTopas 3alaHHas OYHKUHUA (.
[Ipu 5TUX NpeLNo/JOXKEeHUX pelieHWeM BapUALMOHHOH 3anaun
Befirmena — KenbBuHa sBAsieTC H303HepreTHyeckoe M, BOoOLie
rosopsi, Buxpesoe Tedyenue 4). C npyro#t CTOpOHbI, €CAH BMeCTO
ypaBHeHusi (47.1) paccMaTpuBaTh ypaBHEHHe

@+ [L=Hy.

TO, Kak mnokasanu Jlaw u Yeppu, skcTpeMyM ¢QyHKuUHOHANA COOT-

BETCTBYET BMUXPEBOMY H33HTPOMNHUUYECKOMY TEUEHHIO.
IpencraBaseT, HakOHel, MHTepeCc H3yuyeHHe BapHALMOHHOH

3alayd, COOTBeTCTBYMOUle#t @YHKUUOHANTY C TOJAUHTErpajbHOM

" Wang C., J. Aeronaut. Sci., 15, 675 (1948); Quart. Appl.
Math., 9, 99 (1951).

2) CMm. mpumeuanue Ha ctp. 146.

%) CM., HanpuMep, uHTepecHyl0 pabory [mmmnepra [Gispert H,
Wiss. Z. Univ. Halle, 6, 14 (1956/57)].

) Lin C. C,Quart. Appl. Math., 9, 421 (1952).
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odyukunelt /o092 —pE, rie E — BHYTpeHHssi SHeprus, a p U V
M3MEHSIOTCS He3aBUCHMO. MOXHO MNOKasaThb, 4YTO MNpPU YCJOBUH
div (pv) = 0 axcTpeMabio 3alauu siBJsieTCs Ge3BUXPEBOE TeueHue,
KOTOpOe, OIHAKO, He 00s3aTeJbHO COOTBETCTBYeT MUHHMYMY
(yHKLUHOHAA.

Ho6agaenue. 3anaun o MakcuMyMe GYHKUMOHAMA I*(¢) M
B C/yuae MJIOCKOrO TeyeHHs O MUHMMyMe () sBJAIOTCH HacT-
HBIMH CJayuasmu oOuie#l BapualMOHHOM 3anauu, KOTOpas B MocJjen-
Hee BpeMsi WMHTEHCHBHO paspabaThiBaeTcsi. B cayuae naockoro
TeyeHHs 3Ty OOILYI0 3a4ayy MOXHO CHOPMYJMPOBATH KaK 3anauy
0 MHUHUMYMe (YHKUHOHA/IA

S@=[ [ F@ vdxay, (47.3)

Tle U =9, V=09,. YpaBHenue Diijiepa ykasaHHOH BapualHOH-
HOM 3amayu MMeeT BUJ

(Fe+ (le)y =0, (47.4)

WA
Fuu‘?xx_!_ QF,wCny—!— va‘?yy =0. (47.5)
Aro ypasHeHne OyIeT SJUIMNTUYECKHUM NPH BHINOJHEHHH YCJOBHUS
FFo,— Ffw > 0. VcJ/oBue 3AMNTUYHOCTH €CTECTBEHHO BO3HM-

KaeT npv paccMOTpeHHH (opMy.IH

SE+0=8@+= [ [ (Fulet2Fulily+ Funld) dr dy,

cpsasbiBalollefl 3HaueHue (YHKLUMOHA/A NJS NMPOU3BONLHOH GYHK-
UMM CO 3HayeHHMeM (YHKLUMOHAJa IJs dKCTpeMaaun ¢. ITO yciao-
e FuyFyy— Foy > 0 osHauaer, uto F(o—+0)>F(9) uam,
MHaue roBOpsi, YTO IKCTpeMa/b BAPUALMOHHOHM 3anauyu NaeT Mu-
HUMYM (YHKUHMOHaJMa F(P) M YTO STOT MUHUMYM SIBJSETCA €IHMH-
CTBEHHLIM.

Jlns BapuaLMOHHOM 3ajnauu, COOTBETCTBYyIOlLeH GYHKIUMOHALY

X*(9), Mbl umeeM F (4, v) = — p, CIELOBATEJbHO, NMOTEHLUAN ¢
YIOBJIETBOPSiET YpPaBHEHHIO
puu‘?xx"l‘ 2puv(‘ny + p'uzl(‘Pyy = 0' (47'6)

HerpynHo y6enuTbcsi B TOM, 4TO (YHKLMS TOKAa YAOBJETBOPAET
AHAJIOTUYHOMY YPaBHEHHIO.
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§ 5. CBepx3ByKOBOe TedeHHe H XapaKTEPHCTHKH

Teopusi HeyCTaHOBMBILMXCS TeYeHHH M CBEDX3BYKOBBIX Te-
YeHMH CHKMMAeMOM MAKOCTH OCHOBAaHAa B 3HAUMTEJbHOH CTeneHH
Ha CYWECTBOBaHMM B 00JaCTH TeUYeHUs XapaKTepPUCTUYECKUX
KDUBBIX WM MoBepXHocTefl. JIeHCTBMTENbHO, yCmeX B MCCJENO-
BAHHM CBOWCTB Tra3oB, MABMXYIUMXCS CO CBEPX3BYKOBBLIMH CKO-
pocTaMu, onpenenseTcs B GOJBIUMHCTBE CJy4aeB NpeNCTaBlie-
HUAMH, CBSI3AHHBIMM € TMOJIEM XapaKTepUCTHK, U OOJbIUMHCTBO
MHTEPECHBIX TPUMEPOB pelleHHH NOJY4eHO Ha OCHOBE CBOKCTB
STOTO NOJA.

48. Ilpupona xapakTepuCTHK. PaccMOTpUM CHauana npous-
BOJbHOE TeYeHWe HEKOTOpOH CxuMaeMo#t kuakoctu. [lycth L —
HEKOTOpOEe TpeXMepHOe MHOrooGpasue ueTHpeXMepHOH 06sacTu
TeueHUsl MPOCTPAHCTBA (X, ) uau, B MeHee aGCTpakTHOA ¢opMme,
nycTb L — HekoTOpas O8udcywascs TNOBEPXHOCTb B TpexMep-
HOH ¢usnveckoit obaacTu TeueHus. [IpeamosoxkuM Tenepb, 4TO
HaM W3BECTHbl 3HAYeHMs1 NAapaMeTpPOB TeueHus Vv, p, p u S Ha
MOBEPXHOCTH.

Torna npu nomowwu ypasHeHu#t (35.1) — (35.4) mbi, BoOGILEe
roBODsl, MOXEM eIMHCTBEHHHIM OOpa3oM ONpeNeJUTb MPOU3BOI-
Hble OT 9TUX BEJMYMH B TOUKAaX L. MeTon moJyyeHus STHX Mpo-
U3BOAHBIX OOblYEH: NPOU3BOAHBEIE MO KacaTeJbHHIM K L Hampa-
BJIEHUSIM OMNPENEJAIOTCA HENOCPEeNCTBEHHO IO 3alaHHBIM Ha X
BHaYeHUAM QYHKUUHK, a HOpMaLbHbe TIPOUIBOIHBIE MOAYUAIOTCS
M3 cucTeMbl ypaBHeHuft (35.1) — (35.4), MMHENHBIX OTHOCHUTENBHO
9THX HEM3BECTHBHIX MNPOM3BOAHBIX. MOXeT CJyuuTbCs, ONHAKO,
yTO cucTeMa ypaBHeHu#t (35.1) — (35.4) He nosBoJsier omnpene-
JUTb BEJMYMHB HOPMA/LHBIX MpPOM3BOAHBIX. B 3TOM cuayuae
TOBOPSAT, YTO ¥ — xapaxmepucmuueckoe MHOrooGpasue. CMbCA
yC/aI0BUi, oOnpenensioOlIMX XapaKTepUCTHYECKOe MHOrooGpasue,
craHer Oosee ACHBIM, €C/IM 3aMETHTb, YTO IBa peLIeHHsi MOTYT
»KacaTbCa“ TONbLKO BAOJb STHX XapaKTePHCTHYECKMX MHOrooOpa-
3ui#l, MaM, MHaye roBOps, NMPOU3BOIHBEIE OT PElIeHHs MOTYT Mpe-
TeprnesaTb pasphiB TOJbKO Ha STHUX MOBEPXHOCTAX. MOXHO OT-
MeTUTb TaKxke GOJbLWYI0 POJb, KOTOPYK WIPAlOT XapaKTepHCTH-
yecKMe MHOroo6pasusi B pacnpoCTpaHeHUH BO3MYILEHHUR B moJe
TeueHus; 3Ta poab Oojee WJAM MeHee fACHa Ha OCHOBe Bbllle-
CKa3aHHOroQ.



49. Ycranosuswieeca NAOCKOe Te4eHue 151

B c/enyioliux IBYX NMyHKTaX Mbl PACCMOTDUM YaCTHLIf Ciyuait
ycraHoBHBUIErocs TeveHus !). XapakTepucruueckoe MHOroo6pasue
Ipu STOM He 3aBHCHT OT £ W NPELCTaBJseT COOOH, Cle10BaTeNbHO,
KpUBBIE B C/yyae IUIOCKOrO TeYeHUs M NOBEPXHOCTH B Clyuae
NPOCTPAHCTBEHHOTO TeveHus. K3 MOC/ENYIOUIero CTaHeT SCHBIM,
yTO B [I0O3BYKOBOM YCTAHOBUBLIEMCSl TEYEHHHM He MOXET Cyle-
CTBOBATb XapaKTePUCTHK, OTJMYHHIX OT JMHMA Toka. B cuay
370r0 Hal| paccyxieHus B nm. 49—>50 HanpaBJ/eHb B OCHOBHOM
Ha M3yyeHHUe CBEDX3BYKOBBIX TeueHu#. B m. 51 cemeiicTBO Xxapak-
TEPUCTHYECKMX MHOroo0pasuit M3yyaeTcs HECKOJbKO C APYTHX
MO3UIIMK, YTO TO3BOJAET NOMOJHHMTbL NpelbLylide paccykAeHus.

CrpofiHas TeOpHs XapaKTePUCTHUECKHX KPHBBIX OIHOMEPHEIX
HEyCTAHOBHUBIUMXCS TeYeHMH B 3TOH CTaThbe He OCBELIAETCs, TAK
KaKk OHa JIOCTaTOYHO XOPOIUO H3JO0XeHa B psle yueGHHKOB.

49. YcraHoBuBIIEecs NJOcKoe TeueHue. [Iycte B o6ractu
YCT4HOBHBILEroCs MAOCKOrO TeueHus HekoTopas kpusas C 3anaHa
napaMeTpUYeCKUM ypaBHeHHEM X =X(d), Tle X =(X, y), a 6 —
aauHa pycn kpueo#t C. 3ananHbie Ha C napaMeTpbl TeueHHs
MOXHO 3amucaTh B CJelylolieM BHIe:

- v=v(), p=p©), p=p (), S=S5(). (49.1)
Hac wuHTepecyeT BOMNpOC: MPU KAaKUX YCJIOBHMAX, HAMOKEHHBIX
Ha C, Hesb3s MO 3anaHHbIM QyHKuuaM (49.1) onpeneauts B TOY-
kax C npoM3BOAHBIE OT BeJMYMH V, p, p U S?
Il onpeneseHus 9TUX NMPOU3BOLHBIX Mbl MMeeM CJELYIOLIYIO
CUCTeMYy ypaBHeHHH:
v.gradp—+pdivv=0,

pv - grad v—-grad p =20,
v.grad S=0,
rie p=f (p, S)— 3anaHHOe ypaBHeHHe COCTOAHUA. Buinuca-
HYIO CHCTEMY YpaBHEHUH Jerko NPHUBECTH K BHUIY
pv - grad v grad p =0,
pctdivv—v.grad p=0, }

1) XapaxTepucTHueckHe MHOroo6pas3us B O6lieM Ciayude TpexMmep-
HOrO HEYCTaHOBMBLIErOCSl TEYEHHS PacCMAaTPHBAITCA B KHure [24],
cTp. 128—134. B ar0if pabore conepmkaTCa TAaKKE HHTEDECHbE 3aMe-
YaHHSl OTHOCHTEJIbHO XapdKTePHCTHYECKHX MHOroo6pasuii Mpou3BOJILHON
CHCTEMbl YDAaBHEHHH C YAacTHHIMH MPOM3BOJAHBIMH MEPBOro MOpsAKa
(cTp. 117—128).

(49.2)
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B KOTOPDOM MHl M OyleM e MoJb30BaThCa. UTOOB ympocTuTh
paccyxneHus, BoiOepeM CHCTEMY KOOpAMHAT TakMM o6pasoM, yTo
ocb y kacaercs kpuBo#t C B HeKOTOpOH Touke P; B 3TOM cay-
yae BeJHYMHH YACTHHIX MPOU3BOLHHIX IO y B TOYKe P H3BECTHHI
¥ 3aJ1a4a CBOJMTCA K BONPOCY O BO3MOXHOCTH OINpele/eHHs
NPOM3BOAHLIX MO X. Jl/a ompenefeHds 3TUX MNPOU3BOAHLIX MBI
UMeeM CHCTEMY JHHEHHBIX ypaBHEHHH:

puu, +px =-—pou,,
puv, = —=pUV, — Py, (49.3)
pcu, ~+up,=—pc?v, —vp,.

CunepoBateqbHO, YCIOBHEM TOro, utro KpuBas C mnpeacrtaBseT
co60#i XapaKTepUCTHKY, SBJIAETCS HEBO3MONCHOCMb ONpene/eHHs
M3 9TOH CHCTeMbl YDaBHeHWH MPOM3BOLHHIX #,, U, U p,.
IIpupaBHUBasl HYJIO ONpeLe/UTe/]b, COCTaBJEHHBIR U3 KO3d-
GUUMEHTOB NpU TMPOUBBOJHEIX, NOJyYaeM ypaBHeHHeE

2 (42— %) =0.

Tavum o6pasoM, rxpusas C sgagemcs xapaxmepucmuKoi
8 MOM 4 MOALKO 8 MOM CAy4ae, K020a 8 Kaxcool moukre C
Au60 1) HOpMAABHAR COCMABAROWAR CKOPOCMU PABHA
HYA10, 4460 2) HOPMAABHASL COCMABARIOUWA CKOPOCMU NO
a0 CONIOMHOL Beaudune pasHa MeCmMHOL cKOpocmiu 38YKa.
[TepBoe ycsi0oBHe cOBMAajaeT, OYEBUAHO, C ONpele/eHHEM JNHHUMH
TOKa; TOT (aKT, YTO JHHHK TOKA SBIAIOTCH XapaKTepPHUCTUKAMH,
Obla1, COOCTBEHHO roBopd, siceH 3apaHee. OCHOBHYIO pPOJb B H3-
JlaraeMoi HiKe TeOpUM HMIPalOT XapaKTePUCTHKH, ONpenesseMble
BTOPLIM YCJIOBHEM.

XapakTepuctuyeckue KpHBBIE, I/ KOTOPHIX BHIIOJHEHO BTO-
poe ycaoBue, OYAyT, OYeBHAHO, UMETb MeCTO TOJbKO B CJyuae
CBEPX3BYKOBOrO TeueHUsi. PaccMOTpuUM B (DUKCHPOBAHHOH cucTeMe
KOOpIMHAT (X, y) ABa MOJs HanpasJ/eHHH:

A —tg(d4-A), L =tg(®— 2), (49.4)

rae % — yros Haxk/IOHAa BEKTOpAa CKOPOCTH, a A — MecThHt y20.4
Maxa:
¢ 1

SiﬂAZ?:H.
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Krtak, CceMeHCTBO XapaKTEPHUCTHK IJOCKOTO YCTAHOBH BIIErOCS
TeueHHs: 06pa3oBaHO u3 KpuBbX C ., YAOBAETBOPSIOIMX NEPBOMY
u3 ypasHenu#t (49.4), xpusbix C_, YIOBJIETBOPSIOMX BTOPOMY

u3 ypasHenutt (49.4), u auHui
ToKa. Yepes KaXAyI TOUKY
06./1aCTH CBEPX3BYKOBOTO Te-
yeHUs NPOXOAAT, CJeloBa-
TeJbHO, TPH XapaKTePUCTHKH;
3aMeTHM, UTO KacaTesbHas
K JMHHM TOKA §BJsAeTCH Ouc-
CEKTPHCOH yriaa Memnay KpH-
emt C, u C_ (puc.. 7, a).
Xapakrepuctuk C. MOXHO
MHTEPINIPETHPOBATb KaK JIWHUH,
0 KOTOPHIM INPOXOAMT pac-
npocrpaHeHne 6eCKOHEUHO Ma-
JBIX BO3MYLIEHu#t B ycTaHo-
BUBLUIEMCSl TEYEHHH; CTOJb Ke
BAXKHA, OJHAKO, HHTepnpera-
UM XapaKTEePUCTHK KAK TaKHX
JIMHUH, BAOJIb KOTOPBIX MOTYT
,COIpHKacaTbCa“ nBa pelle-
Husl.

IMapamerpnl TeueHus Ha
XapaKTepUCTHKAX Heab3s 3a-
[aBaTh IPOU3BOJBHBIM 00pa-
30oM. B camom nene, Ha Xa-
paKTepUCTHKAX, SBJAAIOLIUXCS
JUHUSIMM  TOKA, MBI HMEEeM
OYeBHAHbIE YCJOBHS

S = const, H = const,

BHpaxcaiouipe  MOCTOSHCTBO
suTponuu U ,3Hepruu“. Ha
JuHusx Maxa (T. e. Ha Xapax-
rTepuctukax C.) U3 YCJIOBHS

r,

3 u
Puc. 7. XapakTepucTuuecKHe KpH-
BbIE.

@ ~— XapaKTePUCTUKHU B NJAOCKOCTH TeudeHus,

6 —006pasbl XapaKTepUCTHK B MJIOCKOCTH
rozorpada.

COBMECTHOCTH CHUCTEMBbl JIMHEHHBIX

ypasHenu#t (49.3) nosyuaeMm ypasHeHue

— pou,,

— p’U‘Uy —_— py

0 1
pu 0|=0;

—pcvy—vp, 0 u
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ONnyCTHUB OTJIMYHBIA OT HYJIs1 MHOXHUTEJ/b, 3TO YpaBHEHHE MOKHO
samucaTh Tak:
2, —
pc*v, —puvu, +vp, =0. (49.5)

Bun storo ypaBHeHusi CBfi3aH, KOHEYHO, CO CNeELHAaNbHBIM Bbi-
6OpoM CHCTeMbl KOODAMHAT, BBENEHHOH B Hauaje STOTO NMyHKTa.
Bocnoib3oBaBILuch yca0BUeM | # | = ¢ Ha AuHUM Maxa, Mbl MOXKeM
3ank.atb ypaBHeHue (49.5) B Buze

p(uvy,—wuy) tctgA p, =0, (49.6)

rae 3HaKM —- H — OTHOCATCA COOTBETCTBEHHO K XapaKre-
puctukam C, u C_. VYpasHenue (49.6) HeTpymHo 3amucathb
B BHIe, He 3aBUCALIEM OT CMeUMaibHOro BEIGOpA CHCTEMbI KOOp-
IMHAT, & MMEHHO B BHJe

pg®} + ctg A p=0; (49.7)

3lecb TOYKa O3Hauaer AudepeHUHPOBAHHE MO 6 (LJIUHE AYTH
XapaKTepUCTHUKH).

B cayuae "6e3aBMXpeBOro M3HTPOMUYECKOTO TEUYEHHS JHHUH
TOKa NepecTaloT ObITh XapakTepucTHkamu (ycaoBus H = const,
S =const naoT uHdpoOpMauUMIO, NOCTATOUHYIO 1A OMpeneleHds
MPOM3BOAHBIX OT MapAMETPOB TeYEHHs, 3aAaHHEIX HA JMHUH TOKa).
Bocno/baosaBmuch ypaBHeHueM BepHysiu (37.3), MBl MOxeM
HCKJIOUUTb p u3 ypasHenHs (49.7), mocse dero noayuum, 4To
Ha quHMM Maxa uMeeT MeCTO COOTHOLIeHHe

4y g clgA o VI—T (49.8)
dgq q q
IlpaBas uactb ypasHenus (49.8) 3aBuCHT, OUEBHIHO, TOIBKO OT .
CnenopaTe/bHO, Ha XapaKTepUCTHKAX B (U3HYECKOH MIOCKOCTH
MOZY/Ib BEKTOPA CKOPOCTH M YTOJ €r0 HaKJOHA CBA3aHBL MPOCTLIM
COOTHOLIEHHEM

§= =+ f KN—%——:—l-a’q= + r(g) + const. (49.9)

B cuay smozo coomuowenus o6pa3s xapaxmepuc-
murx C_ 0e38uXpeso20 U3IHMPONU4LCKOZO MEUEHUS 8 N.20-
cxocmu 2000zpagha npunadsexncam 0OHONAPAMEMPULECKOMY
cemelicmsy Kpuswlx, He 3asucauemy Hnpu GUIKCUPOBAH-
Hoox S w H om xapaxmepa mewenus oOannozo zasa. Ilo
Tpauuuuu Mbl Oyaem oGosnauath o0pa3 Xapakrepucruku C,
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vepes ', u o6pas xapakrtepuctuxn C_ wuepes I'_. [Tak kax
kpuble ['y SBJAIOTCA XapakTepUCTHKAMU ypaBHeHu#l ronorpada
(43.2), oHM Ha3LIBAIOTCA TAKXKE XApaKmepucmurKamu 8 nAo-
crocmu 2000zpagha.)

M3 cpoficTB ¢yHKuuB r(g) MOXKHO NOJYYHTb Psii CBeLeHHH
orHocutenbho reomerpuu kpusbix I',. Tlpexne Bcero samertny,
yTo (yHKUUA t(g) MOHOTOHHO BospacTaeT npu ¢, < g < Gmax-
Kpome Toro, npu ¢ == ¢, Mbl uMeeM M =1 u dd/dg=10, a npu
§= Qmax Mb uMeeM M=o00 u di/dg=oco. KpuBusna kpu-
soit I', onpenenserca c¢opmy.of

?+2"—q¢ _ ¢ ' 49
nh 7=

(@*+4¢%) ¢V M1
U sBJSETCS B CHJY HepaBeHCTBA (37.7) BeJUUMHOR MOJIOXKUTE/b-
HO#. Bce BblllleckasaHHOe MNO3BOJIAET YTBEPXKAATb, UYTO KpU=
soie I'. 8 naocxkocmu (u, v) npedcmasasiom co6ol pac-

Kpydusawuecs npomus 4aco8oll cmpesKu Cnuparl, 3axKio-
YeHHble MeHOy (PUKCUPOBAHHbLMU OKPYICHOCMAMY §==q, U

Puc. 8. Kpusne I', B miockoctu
roxorpada.

§= Qmax; BCE. 3MU CRUPAAU NOAYLQAIOMCA BPAUEHUEM
KaKoOli-au60 O00HOL u3 HuX BOKpY2 HaA4AAQ KOOpOunam
(puc. 8). AHanoruyHoe yTBEpXIeHHe CNpAaBeNJHBO, OYEBHIHO,
¥ oTHocuTeqabHO KpuBnix I'_. Hakoneu, wu3 s/eMeHTapHHIX
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reoMeTpUYECKUX cooOpaxeHuit acuo, 4To ypaBHenue (49.8) sxsu-
BaJIEHTHO YpPaBHEHHIO

dv .

= 3 A4). 49.10

&= —ctg(®E A (49.10)
CpasuuBast ypasHenus (49.10) u (49.4), nonyuaem, uro Ha-
npasaenus xapaxmepucmux C, u C_ 0pmozonaashe. Ha-
npasarenuan xapaxmepucmux I'_ u Ty coomsemcmsenno
(puc. 7). TloayueHHble Bbille pe3yJbTaThl CHPABEAJUBBI [/t
A060ro rasa He3aBUCHMO OT BHAa YPABHEHHUs COCTOSHHSA.

MoxHo nokasath, uYTO pasphB grad v Ha XapakTepuCTHKe
B Clyyae H33HTPONHMYECKOro O6e3BUXPEBOro TeueHHd YAOBJIETBO-
pfeT BAOJAb 3TOH XapakTepucTuxd ypaBHenuio Puxkarul). Hs
9TOTO CJELYET, YTO BeJHYMHA Pa3pbiBa ONpPeNe/seTCs eNUHCTBEH-
HbiM oOpasoM M He oOpaiiaercs B HyJb HH B OLHOM TOuke
XapaKTepUCTHKH, €CJIH W3BeCTHO 3HaueHUue (OTIHYHOE OT HYJIf)
9TOr0 pas3phiBa B HEKOTOPOH ToUYKe xapaktepucTuku. Hyxno
NOAYEPKHYTb, YTO BCe 3TO KacaeTCd TOJbKO PpacnpOCTpaHeHHs
paspbiBoB grad v ¥ He NPUMEHWMO K Da3pbiBaM caMoO# ¢yHk-
uuu v. PasphiBbl CaMuX NMepeMeHHBIX TeUeHHs PACIpPOCTPaHAIOTCS
KaK ,yJapHBe BOJHH“, H MpoLecC pPacnpoCTpaHeHHs pasphiBa
HOCHT NPX 3TOM KaueCTBEHHO MHOM Xapaktep (CM. ri. 6).

Il coBepiIeHHOro rasa C NOCTOAHHBIMU YAEJbHBIMU TENJO-
eMKocTAMH Xxapakrepuctuku I' ~ TpeacraBisior cobo# snuum-

KJOULBI, MNOJyvYarolluecs npHu 0OKATHIBAHUH OKPYXKHOCTH q=4q,
OKPYXKHOCTbIO paauyca 1, (¢max —— 9+)- Ilpeumyuectsp cosep-
LIEHHOro0 rasa 3akJjwouyaercsi B TOM, YTO HE3aBUCHUMO OT COCTOS-
HUSl CUCTEMbl MOXHO MOJIb30BaTbCA QIHOW M TOM ke auarpamMmodn
XapaKTepUCTHK. B mpoTHBOMO/IOMHOCTL STOMY B CJydae Npous-
BOJLHOIO rasa BHUI XapakTepUCTHMK B IUIOCKOCTH roaorpacga
CYLIECTBEHHO 3aBUCUT OT BeJM4YHHbl SHTPONUM U SHEPrHU pac-
CMaTpHUBaEMOro paBHOBecﬂoro COCTOAHHUSA. ITO  HE3HAUUTEJbHOE
C TeOpeTHYeCKOH TOYKHM 3peHHss TNPEUMYIIECTBO CYLIECTBEHHO
yNpollaeT YuCJeHHble pacueThl TEYEHHH COBePIUSHHOIO rasa.

Ocecummempuunoe meyense. Meron, UCNOJL3OBAHHBIN
BhilllE NMPU BLIBOJAE ypaBHeHMH XapaKTEPUCTHK IIOCKOrG TeueHHus,
NPUMEHUM M K CJIy4al0 OCeCHMMETPHUYHOrO TeueHus. B cuay pas-
auuuft B dopmyne mas divv MBI NPUXONUM B 3TOM Ciyyae

) Nitsche J., J. Rational Mech. Anal., 2, 291 (1953).
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K CHCTeMe ypaBHEHHH, HeCKOJbKO oTanuaiomietica ot (49.3):

puu, + Py =—p‘Ully,
v, =—p0,—p,, -
pc’u, - up,=—pc%,—vp,—pqgc? S’; ;

agech ¥ 0603HauaeT yroJ, o6pasoBaHHBLI BEKTOPOM CKOPOCTH H
OCbl0 BpaiuieHus. Jlerko BHIeTb, YTO XapaKTepUCTHYeCKHe
KpHUBbIe B MOJYNJIOCKOCTH OCECHMMETPHYHOTO TedeHHs ompele-
JSI0TCA TEMH e YCJIOBHSMH, UTO U B CJayYade IJOCKOIO TeuyeHHs.
YcaoBue Ha XapaKTepUCTHKAX HMeeT, OJHAKO, HECKOMBbKO OTJIMY-
Hbi# oT ycaosus (49.7) Bun:

; tgA - sin A sin ¥
bt (SR p4 SRE) —o. (49.11)

Il M3SHTPONMYECKOro ©Ge3BUXpPEBOrO TeueHHs YpaBHeHHe
(49.11) MoxHO 3amucaThb TakK:

d sin A sin %

— () =—— 49.

7 CFD) y (49.12)
OGpasbl quHuit Maxa Ha NJIOCKOCTH ronorpada, crenoBaTelbHO;
He 06pasylOT (PMKCHPOBAHHOI'O CeMeHCTBA KPHBBIX B OTJIMYHE OT
ciaydyasd MJIOCKOro TeudeHud. B cBg93u ¢ 3TUM pacyeTr ocecuMMeT-
PUYHBIX Te4YeHUH MNPEeNCTaB/fET 3HAYUTENbHBIE TPYNHOCTH.

60. TpexmepHoe ycTaHOBMBLIeecs Ge3BHXpeBOe TeueHHe.
B coorBerctBuu ¢ Teopemoit 2 u3 m. 39 MEI, He OrpaHuuMBas
OOGWHOCTH, MOXEM CUMTaTb TaKOe TeuyeHHe !I3DHTPOMUUYECKUM H
u3oeHepreTuyeckuM. HamomHuM, uTO 1J8 TaKUX TeueHHUH Teo-
pema BepHyaau cnpasennuBa B ee cu/ibHOH dopme (37.2).

[Torenuuan ckopocte#t ¢ O6e3BUXPEBOTO NPOCTPAHCTBEHHOrO
TeyeHHs YLOBJETBOPSET YPaBHEHHIO

V% — v'vlg =0 (50.1)

(cM. n. 45). B cayuae cBepX3BYKOBOro TeueHHs (¢ > ¢) ypas-
Henue (50.1) npencraBaser coOOH KBasW/JMHEHHOe Tunep6OMU-
yecKOe ypaBHEeHHEe BTOPOro MOPSIKA C YaCTHHIMU TNPOU3BOIHBIMH.
Teopus Takux ypasHeHMH XOpOWIO M3BeCTHa (CM., Hampu-
Mep, [46], ra. 6), U MBI OTMETMM 3IeChb JMIIb HEKOTODbE Hau-
GoJsiee MHTepecHble CBOMCTBA pellieHUWH STHX YpaBHeHUM.
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[ToBepxHOCTL L fABJAETCS XapaKTepUCTHYECKUM MHOroo6pa-
aueM 1is ypaBHenus (50.1) B TOM M TOJBKO B TOM Ciayuyae,
KOrla B Kasio#f Touke ¥

n-A.-n=0; (50.2)

aect, qepea n 0603HaueH eIMHUYHBLI BEKTOp HOpMaid K X,
a AY == B — v'v/ — matpuua  ko3duiMeHTOB  ypaBHeHus
(50.1). 3ameruM, uto ycaosue (50.2) MOXKHO 3amucaThb B Gosee
npocToit ¢opme, a HUMEHHO

n.-v=*e. (50.3)

Takum o6pasoM, HOpPMa/nbHas KOMIOHEHTa BEKTOPa CKOPOCTH V
LO/KHA PaBHATbCA Ha X MecTHOH ckopocTH 3Byka. [lycte P —
NpOU3BOJbHAS TOuKa 06JacTH (CBepX3BYKOBOTO) TedeHus. Mer
onpenenuM Koxyc Maxa B Touke P Kak npsMoH KpyrosoH
KOHYC C BepIIMHOH P, OCblo, HanpaBJeHHOH MO BEKTOPY CKO-
pOCTH V, M YIJIOM pacTBOpa, paBHbIM yray Maxa A = arc sin ¢/q.
Jlerko Buseth, uro ycuoBue (50.3) 5KBUBaJeHTHO TPeGOBAHHIO,
yTo6bl B KaxJAOH Touke P NOBEPXHOCTH L 9T NOBEPXHOCTH
KacaJacb kKoHyca Maxa c BepluuHOH# B TOouke P.

PaccmoTpuM JuHeHHBIH 5JEeMEHT HJM, 4TO TO e, HampasJe-
HUe HAa NOBEPXHOCTH X B TOuKe P, MO KOTOpOMy KOHyc Maxa
kacaercs XL 1), MB HasoBeM 3TO HaNpaBJeHUe XapaKmepucmu-
YecKum Hanpasaeruem Ha nosepxHoctd L B Touke P. Coso-
KYMHOCTb XapaKTePHCTHYECKMX HaNpaBJeHHH Ha XapakTepucTu-
4eCKOM MHOroo6pasuu ompele/sieT IOJe HANPABAeHHH; COOTBET-
CTBYIOLlME STOMY IOJIO KDUBLIE HOCAT HA3BaHUe Xapakmepuc-
museckux aunul. B cOOTBETCTBUU C TEOPHEH XapaKTePUCTHYECKHX
MOBEPXHOCTEH XapaKTepUCTUYECKHe JIUHHH MOXHO MOJYYHUTh,
peluas CUCTeMy ypaBHeHuH

Jk
i1ﬁl—=z¢1”n1, dn L oA ——nn, (50.4)

da do 2 oxl
NpH CJIedYIOWUX HAyaJbHBIX ycJoBusX: Touka X (0) xexur Ha X,
a Bexktop n(0) B sTOH TOUKE HanpaB/JeH MO HOpMaJH K X.
SlcHO MO3TOMY, UTO XapakTepUCTHYecKas JHMHUS BIIOJHE OIpe-
IeJSeTC CBOUM HAYaJbHHIM NOBEPXHOCMHbLLM JNEMEHMOM M,
C/IeN0BATENbHO, 084 XAPAKMEPUCMUHECKUX MH02000pa3us,
Kacamnwuxcs 8 Hekomopol mouke P, umeiom yeaywo AuUHULO

1) 10T nMHeHHBIA 9JEMEHT MOAyYaeTcs NPOEKTHPOBAaHHEM V Ha I,
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—

CONPUKOCHOBEHUS, KOMOpas npedcmasisem co6ol xapaxme-
pucmudeckyio AUHLIO, RPOX00sAuy0 4epe3 P. JTO NMOKasbli-
BaeT, YTO XapaKTepUCTHYEeCKHE JIUHHM UTPAIOT B pacnpocTpaHe-
HAM GeCKOHeYHO Ma/blX BO3MYLIEHHH TY e pJib, YTO M XapaKre-
pUCTHYECKHE KPUBLIE B IUIOCKOM YCTAHOBHBLIEMCS TeUEHUH.

ITosocka X (s), n(c), ynosrerBopsiouas ypasHenusM (59.4)
u (50.2), HaswiBacTcs Guxapaxmepucmurxoi. V13 uanoxeHHoro
BhILIE CJIelyeT, YTO /M000e XapaKTepUCTHYecko: MHorooOpasue
MOXHO MOJYYUTb, ,CK/IEHBAsA“ HEKOTOpPOE OJHONApaMeTpAd2CKoe
ceMelicTBO OuxapakTepUCTHK. DTOT PaKT, BEPOSATHO, craHeT Oonee
SICHBIM, €CJIH BBECTH B pAcCMOTpeHHe Xapaxmepucmuyeckul
KOHOuO, 0Opa3OBaHHLIN ceMeHcTBOM OUXapaKTepUCTHK, MpO-
XOISIIUX yepe3 NaHHY0 Touky. Torla neHcTBHe BO3MYLIEHHUS,
BO3HHUKLIETO B MPOM3BOJLHOM MHOXECTBE TOYEK, OTpaHUYEeHO
orubaole XapakTepUCTUYECKUX KOHOMUAOB, BepUIHHBI KOTOPHIX
JeXaT B 9TOM MHOXeECTBe TOYeK. 3aMeTHM, 4YTO 3TOT Npoliecc
noctpoeHuss orudaioiiell XapakTepUCTHUECKHX KOHOUIOB MNpej-
craBiser co0Of He YTO MHOe, Kak IOCTPOEHHE BOJIHOBOTO
¢ponra nmo merony .l1oftrenca.

MeTon XapakTepuUCTHK, B HEKOTOPOM CMbICJAe aHAJIOTHYHbIR
METOLYy XapAaKTEePUCTHK LM IJIOCKOTO TeueHus, Gbl1 paspaboTaH
IJsl UCC/eN0BaHUS OMNMpeleNeHHOr0 KJjacca TpeXMepHBIX CBepX-
3ByKOBbIX TeueHu#t KoGepHoMm u JondoMm. B mosBuBlInXCH He-
nasHo paborax Xoaral) u KobGepha?) paccmarpuBanach 3anaua
O XapaKTepPHUCTHYECKMX MHOroo0pasusix YCTaHOBHMBILETOCS 8UX-
pegozo CBepX3BYKOBOro TedyeHus. B sTux paborax, Tak e Kak
B n. 49, ypaBHeHus [BUKeHHs OBIIXM 3aMMCaHBl B E€CTECTBEHHOH
cucTeMe KOOpAMHAT, CBS3aHHOR C XapakTepUCTAYECKMMHU Ha-
npaBiaenussMu. KoGepHy yza/noch, UCMOAb3Ys MOJydYeHHble YpaB-
HEHUS, HA#TH HECKOJbKO HOBBIX TOYHBIX pelleHu# 3amauyd O Mpo-
CTPaHCTBEHHBIX TeYeHHUsX.

651. Oco6Gbie MNOBEPXHOCTH M 3BYKOBHE BOJHBL. Bciony
BbILIE B 9TOH cCTaTbe Mbl B OCHOBHOM MMeJH [el0 C ,Henpe-
PHIBHBIMH IBHXKEHUSIMU®, HHAYe TOBOPS, CUUTANH, YTO [OJE
ckopocTed nBaxabl Auddepenuupyemo. PaccMoTpuM Temepb
B 00/J1aCTM TeyeHUs] MOBePXHOCTb X = X (f), TaKyl0, YTO caMmu
napaMeTpbl TeYEHHS OCTAIOTCS HENMPEepBLIBHLIMK NMpPH Mepexoie

1y Holt M., J. Fluid Mech., 1, 409 (1956).
?) Coburn N. Quart. Appl. Math., 15, 237 (1957). .
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yepe3 L, a HeKOTOpble NMPOMSBOAHBIE OT 3THX BEJHYMH MpeT:p-
NeBalOT NpHM MNepexoje uepe3 X paspuiB (NMpeanoJaraercs, uTo
KaK C TOH, TaK M C APYrod CTOPOHH OT MOBEPXHOCTH X Mapa-
MeTphl TEYEHUS HEeNpPepLIBHO AuddepeHuupyeMbl 4 YTO UX TpO-
M3BOJHBIE MU NMOAXOLe K X CTPeMATCd K HCKOTOPBIM Npelelb-
HbIM 3HaueHusiM). Takas TNOBEPXHOCTh HOCUT Ha3BaHue 0c060d
nosepxHOCMU nepsozo NOpPAOKA, uAu nogepxHocmu cAab020
pa3puiga, HO IJs8 KPAaTKOCTH Mbl OyleM HasbiBaThb TAaKyl IO-
BEPXHOCTb NPOCTO 0c06Oi MOBEPXHOCTbiO. 3anaia 3TOro MyHKTa
COCTOMT B BHIACHEHMH NpPUPOAB CaAalBIX pa3pbLIBOB M 3aKOHOB
MX pacnpocTpaHeHHs B OOLIEM CJyyae TPEXMEPHOrO HeyCTaHo-
BUBILUErocsl JBHXeHHUA. Jlerko BuAeTb, 4TO 0co0ad NOBEPXHOCTb
006513aTeNbHO  ABJAETCA  XaPAKTEPUCTHYECKMM MHOroo0pasueM
(n. 48) u, cnaeloBaTeNbHO, MOXHO M3yyaTb OCOOBlE TNOBEPX-
HOCTH ¢ 3TOH TOYyku 3peHus. OJQHAKO HENOCPENCTBEHHPE MHC-
cliefloBaHUEe BOINpPOCA O pacnpocTpaHeHUH CJAabbIX pasphIBOB
ABJIAETCSA, C OJHOM CTOPOHHI, 0oJiee NMpPUBJAEKATEJbHBIM, a4 ¢ APY-
roi CcropoHbl, OblcTpee M H3slIHEe MNPUBOAUT K TpeGyeMbiM
pesy/bTaTaM.

ITycTh noBepXHOCTb X 3aaHa ypaBHenueM F (X, £)==0 (upen-
nonaraercsi, uro |grad F|+ 0). Toraa BekTop HOpManu n K X
U HOpMaabHas cKopocmb pacnpocmpanenuss G 3Tph 10-
BEPXHOCTH omnpelensiorcs GopMynaMu

grad F

1= OF /ot
T |grad F|’

G=— [grad F|°

[peanosoxuM Tenepb, 4YTO HEKOTOPbLIH NapaMeTp TeueHus
f=f(x, £) ocraeTca HenpepbHBHLIM NMPU Mepexoje -uepej X, HO
no KpalHe#t Me2pe oxHa u3 KoMmmoHeHT grad f nperepreBaer
Ha X paspbiB. MBI MOKaXeM, YTO B 3TOM Ci/ydyae CYUIECTBYeT
Takas ckanspHas QyHkuus o = 0, 3ananHHas Ha X, 4TO

) 0
[grad f] = an, [%]:—-a(}; 51.1)
KBajpaTHhle CKOORM O0003HAUAIGT 31eChb CKAYOK BEIUUUHBI,
3anUCAHHOM B CKOOKAX, 1pW nepexone yeped X (T. €. P43HOCTb
ee TpelebHBIX 3HAYeHHH C PasHBIX cTOpoH oT X)1). Ilig moka-
3aTe/bCTBA 3TOT0 (pakTa 3aMeTHM, YTO AJs J000ro HanpasJje-

) dta teopeMma upuHaaaexkur MakcBeary (Maxwell J. C,
Electricity and Magnetism, Oxford, 1881, Szct. 78a).
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nud dXx, df, Jexaulero Ha L, HUMeeT MeCTO PaBEHCTBO
[ax - grad 7 + (%) at]=o, (51.2)

TaK Kak f, a cJeloBaTeNbHO, M NPOU3BOAHAas OT f Mo Hampa-
BJEHHUAM, KACATEJIbHBIM K TOBEPXHOCTH X, HENpepblBHB MPH
nepexone uepes X. Muaue rosops, ypasHenue (51.2) Bbimos-
naercs LA Bcex dX, df, Takux, 4TO

dx - gradF+( )dt——O
K3 srtoro cmaepyeT cpasy, uTo

[grad f] __ [9f/0¢]
grad F — OF/ot *

0603HauuB Temepb OOLIYI0 BeJHYUHY BNUCAHHBIX OTHOLIEHUH

yepe3 a |grad F|<l. Mbl TPHXOAMM K TpeOyeMbIM COOTHOLUEHUAM
(51.1). B cuay cootHowenuft (51.1)
I:d—f]_—-aG{—v an = —alI,
dt
rie 1 =G — v - n npencrasaser co6oi CKOPOCTb PacmpoOCTpa-
HeHuss ¥ OTHOCHUTENbHO YacTHLbl, HaxXomnslleHcs B paccMaTpu-
BaeMblH MOMEHT BpeMeHH Ha 3TOH MOBEpPXHOCTH.

Ha nosepxHoctu I, NmO NMpenmoJOXeHHIO, MpeTeprneBaeT pas-
pblB MpOU3BOAHAA MO KpahHed Mepe OT ONHOTO U3 MapaMeTpoB
Teyenust p, p, S uam v. V3 npenbayuiux paccyxaeHult caenyer,
4TO HaliyTCs 3alaHHble HA L MHOxuUTend a, B, Y u & (xoTd Ol
OIMH U3 KOTOPHLIX OT/IMYEH OT Hy/d), TaKue, 4TO

[grad p] =an, [Z—f]—- — oI,

lgradpl =gn,  [45]=—BIL

[grad S] = 1n, [%‘f_]= — 1,

[grad v]=28-n, [—‘2—‘;] =—23IIL

M3 ypasuenu#t (35.1) — (35.4), cnpasennuBHX n0 06 CmopoHs
OT MOBEPXHOCTH 2, Mbl HaxoouM Tenepb, 4YTO

— BT 403 - n =0,
— p8ll 4+ an =0, (51.3)
I=0, a=c% + By.

11 2ne 1120
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B stux coornomenusx c¢?=(0p/dp)s u B=(0p[dS), asasorca
TepMOAUHAMUYECKUMU MepeMeHHbIMU. B naibHeftiieM mpum uccie-
IOBaHUM CUCTeMbl ypaBHeHM# (51.3) ypoOHO paccMmaTpuBaTh
oTneabHO caydau a == 0 u a=0.

Oco6as MOBepXHOCTb, Ha KOTOpO# a == 0, HasbiBaeTcs 38Yy-
K080Il B04HOE, TaK KaK Ha TaKOH MOBEPXHOCTH MpETepreBaeT
paspbiB rpanMeHT aasjeHus. OTHOCHTeNbHAs CKOPOCTb pPacHpo-
crpaHenust II 3BykoBO#t BOJIHbI NPUHMMAETCH, MO OMNpeleleHHIo,
3a ckopocms 38yxa (BenuunHa II, xOHeuHo, MeHsieTcsl npu nepe-
XoLe OT OZHOM TOuKM X K ApYyro#, Tak uyTo GoJee MPaBHJBLHO
HaswiBath Il mecmuoi crxopocmsio 38yra). JlokaxeM, uTO
TaK OIlpelesieHHas CKOPOCTb 8BYKa COBMANaeT [0 BeJUUYHHE
cc= V(dp/@p)s. IetictBurenbHo, mpu a == 0 B cuay BTOpPOro
ypaBHeHust (51.3) Il £ 0; oOpawascs K TpeTbeMy YpaBHEHHUIO
(51.3), Mbl BuiMM, uyTOo 7=0. YMHOXUB Npasyio0 4acTb BTOPOTrO
ypaBHeHus (51.3) ckanspHO Ha nm M BOCNOJb3OBABLINCH YETBEp-
THIM, MPUXOJUM K PABEHCTBY

—olI3 - n 4?8 =0. (51.4)

HakoHneu, WCK/IIOYeHHE W3 3TOTO YpaBHEHUs p& - N MPH TOMOLLH
nepBoro ypasHeHust (51.3) naer Tpe6yeMoe paBeHCTBO:

n:m:g/(—f{j—L (51.5)

MpusenenHoe o6ocHoBaHMe (OPMYJIbl LIS CKOPOCTH 3ByKa INpHU-
HaaIexuT mo cyuwecrsy liorouno!). dto obocHOBaHUe CpaBHHU-
TeJIbHO MPOCTO, BIOJIHE CTPOrO C MareMaTHYeCKOH TOuKM 3pe-
HUS M OCHOBAHO HAa YeTKOM OIpeleJeHUH, NPUMEHHUMOM K Mpo-
M3BOJILHOMY TeYeHUI0 uieajbHON »munkoctu. OOGocHoBanue ¢op-
MyJBl [1J1 CKOPOCTH 3BYKa, NpHUBeleHHOe paHee B m. 35, yno-
BIETBOPSIET B JyylleM CJy4yae TOJbKO TEPBOMY M3 3TUX
TpeGoBanuft. Caenyer 3aMeTHTb, OXHAKO, YTO MCIOML30OBAHHBIH
MEeTOL TaKXe He OXBaThlBaeT BOMPOCa BO Bcefl ero NoJHOTe,
TaK KaK OH MPUMEHUM TOJIbKO K ABHMKEHMSM UIeaNbHOH KUIKOCTH.
Jpyro#t GoJsee OOWMH MOAXOA K TNOHATHIO CKOPOCTU 3BYKA,
B HEKOTQPOM CMbIC/Ie CHUMAIOIMK yKa3aHHbI# HepOCTaTOK, Oyner
U3JIOMeH B M. 57.

Y Hugoniot H., C. R. Acad. Sci. Paris, 101, 1118, 1229 (1885);
Math. Purés Appl.’(4), 3, 477 (1887); 4, 153 (1888).
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YcTaHOBUM HEKOTOpble LONOJHUTENbHble CBOMCTBA 3BYKOBBHIX
BoJH. B cuny paseHctBa Il=G — v - n Mb nMeeM

lv.-n—G|=c¢, (51.6)

T. €. PasHOCTb HOPMAanbHOR CKODOCTH B TOYKE TOBEDPXHOCTH X
¥ CKODOCTH pacmpocTpaHeHus L paBHa MO aOCOJMIOTHOH BeH-
yyHe CKOPOCTH 3BYKA ¢. JTO COOTHOIIeHHe fiBasieTcs 00o0LieHHeM
pesyJ/ibTaTa, MOJYYEHHOr0 paHee NMPH HCCJAeNOBAHHH XapakTepHc-
THYEeCKUX MHorooOpasuifi ycTaHoBuBLIerocs TeueHust. [Ipu mepe-
XO0lle uepe3 INOBEPXHOCTb 3BYKOBOH BOJIHEI MBI HMMeeM TaKxe
7==0u[w] =28 X n=0; TakumM 006pasoM, ILMPONUs A8ALEMCS
Henpepulsro Ouggpe peryupyemoii @yHKyueln, u 3a8uUXpeH-
HOCMb OCMaemcs Henpepul8Hol npu nepexode 4epe3 HPoHmM
38YK080Li 804HbL. AHANOrMYHBIM 00pa3OM NpPU TNOMOLIUA BTOPOrO
ypaBHenus (51.3) mposepsieTcss Henpepul8HOCMb KACAMEAbHOU
cocmasannuell YCKoperus:

[a]=-611=%n.

Paccmorpum Temepe ocoObie NMOBEPXHOCTH, HA KOTOPHIX
a=0. W3 Broporo ypasHenus (51.3) caenyer, uro I[=0
(B NPOTUBHOM CJyuae Mbl NONYYUIH Obl, uTo a =0 =17=8=0),
a rak kKak dF/dt = —1ljgrad F|, 510 03HauaeT mno Teopeme
I. 8, uTO BO BCe BpeMsl IBIXEHUS NOBEPXHOCTb L COCTABJEHA U3
OIHUX M TeX Ke 4YacTul KuIAKOCTH. [Ipu mepexome uepes Taxue
MOBEPXHOCTH KOHTAKTHOTO pa3pblBa MNepBbie MPOU3BOLHLIE OT
IaBJieHHs, AMBEPreHlMs CKOPOCTH M YCKOpeHHe GCTAlOTCH Hempe-
PLIBHBIMH.

B cayuae Hec:xMMaeMOH XUIKOCTU cucTeMa ypasHenu# (51.3)
3aMeHsieTCsl TepBBIMH IBYMSl ypaBHEHUIMM 3TOH CUCTEMBI M 1O-
NOJHATENbHBIM yca0BHeM B == 0. YMHOXUB CKaJSIPHO JIEBYIO YacThb
BTOpOro ypasHenus (51.3) HA n M CpaBHUB NOJyYeHHOE paBeH-
CTBO C MNEpPBLIM ypaBHeHHEM, Mbl MOJyuuM a == 0, U3 4ero B CBOIO
ouepenn caenyer, yto Il=0. Takum oGpasoM, & cayzae meue-
HUSL Hecocumaemol dHCuOKOCmu 0COo0bMU NOBEPXHOCMAMU
MO2ym  Oblmb MOALKO NOBEPXHOCMU, NepeMeuanuuecs
smecme ¢ HudKoCcmyio.

Ecan ocobyio mosepXHoCTb paccMaTpuBaTh Kak (UKCHpOBaH-
HOe MHOrooOpasue B YeThipeXMepPHOM INpOCTpaHcTBE (X, £), TO
ycaosue (51.6) MOXHO COOPMYAHPOBaTL B BHAE CAEAYIOLLETO
TeOMETPUYECKOr0 KDUTEpUsd: 8 Kadxwcood mouxe P 38yxosoll

11*
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B80/LHbL ¢poum B804HbL Kacaemcss KOHYcQ

|x—-th|2=c§,t2 b61.7)
“no XxapaxKmepucmuuecKol AuHuu
x=(vpEcpn)t. (51.8)

B amoii gpopmyaruposke npeonosazaemcs, 4mo Hava.ro Ko-
opdunam nomeweno 8 mouxy P. dopmyan (61.7) u (51.8)
JIIONYCKAIOT NMPOCTYI0O MHTEPNPETALUI0 B TepMUHAX pacnpocrpa-
HeHus 3BYKOBOH BOJIHB B MnpocTpaHCTBe (mpuHuun [lofirenca).
AHnanoruuHbiM 00pasoM 8 Kadc00ld mouKe NOBePXHOCMU KOH-
MAKMHKO20 pa3pei8a 3Ma NOBEPXHOCMb KACAEMCA AUHUL

X = Vpt. (51.9)

Kak 6bl10 OTMEYeHO Bhille, Kaxjias 0c06asi MOBEPXHOCTb ABJAETCS
XapakTepucTudeckuM MHoroo6pasueM. OOpaTHOe KOHEYHO, HEBEpHO,
OJIHAaKO B JI0GOM CJydYae Ha XapaKTepPUCTHYECKOM MHOr006pa3uy JOJKHBL
YIOBJETBOPATbCS TEOMETPHYECKHE YCJOBHs, oOnpejeasiouie ocobble
nosepxHocTy. [Ipeabiaymu#i aHanu3 NOKasBIBAeT, YTO B NPOU3BOJBHOM
TEYEeHHH CKHMMAeMOH XHIKOCTH CYLIECTBYIOT JBa THIA XapaKTEpPHUCTH-
‘YyeCKHX MHOroo6pasuil: MHOroo6pasus INEpBOrO THIA — 3BYKOBbIE
BOJIHBI — KacaioTcsi kOHycoB (51.7), mHOroo6pasus BTOpPOro THIa — IO-
BEPXHOCTH KOHTaKTHOTrO pa3phiBa — KacalTcs JaHHui (51.9); pasauuus
MexJy MHOroo6pasusiMM NepBOro H BTOPOro THIA YKa3daHbl B Taba. 3.

Ta6auya 3

OcHOBHbIE Pa3sIHYHS MEXAY ABYMsi
THNIAMH 0COOBIX MOBEPXHOCTEH
nepBoOro nopsijaka

T 3ByKoBas KoHTakTHBI

Ho BOJIHA paspbiB

CkopocTh V op 0
pacopocTpaHerus | €= ( /s
Henpepbisune a; a
BEJIHYHHB
® 0, o,
grad S grad p

Tounee, muoz006pasue I seassemcss xapaKmepucmu4ecKunr
8 MOM U MOABKO 8 MOM CAyuae, K020a 8 Kaxc0oi mouke P smo
MHO2000 pa3ue Kacaemcs au6o konyca (51.7), aubo aunuu (51.9). dtor
pesyabTaT MOXHO MOJYYHTb TaKke HEeNOCPEICTBEHHO M3 ONpejleJeHus
XapaKTEepHCTHYECKOrO MHOF006pasus. HyxHO 3aMeTHTb, UTO HEKOTOpLIE



52. Tpancssykosoe reuenue 165

BONPOCH TEOPHH XapaKTEPUCTHYECKHX MHOroo6pasuii B HacTosmee
gpeMs eme He paspaGoraHn. Teopus OuMXapakTEDHUCTHK HCCJAENOBaHA
JuIlb B OOLIMX 4epTax, HE HAaHNEHO ypaBHEHHE, OMHCHIBAIOLIEE Paclpo-
CTPaHEHHE Pa3phIBOB B0Jb XapPaKTEPHCTHUECKUX JAHHHH.

§ 6. CneuuaabHbie BOMpPOCH

52. Tpanc3BykoBoe TeueHHe. TeuyeHue rasa HasblBaeTcs
TPaHC3BYKOBHIM, eC/J4 3TO TeYyeHHe B ONHON CBOel wacTu sBJsET-
Ccf JO3BYKOBbLIM, a B ﬂperﬂ——CBerEBByKOBblM. B nocaenhee
BpeMs MOABUJIOCh MHOro paéoT, MOCBSALLEHHBIX HCCJAE€I10BAHUIO
pasauYHBIX 3a1a4Y TEOpUH TPaAHC3BYKOBBLIX TedyeHUH, OJHAKO Helo-
CTaTOK MecTa 3aCTaBJ/sieT HAaC OrpaHH4YUTbBCA OIOHUM HU3 pasine/oB
sTolt Teopuu. PaccMaTpuBaeMb¥t HaMH KpYr BONPOCOB NpeNCTaB-
JfeT 3HAYUTEJbHHIR pU3MUYECKUH HHTEpeC; NpPU ITOM BLISCHAETCH
TAKXE XapakTepHas MaTeMaTudyeckKas 0COOEHHOCTh TeueHu#t
B TPaHC3BYKOBOM pEXHME.

PaccmMoTpuM oOTekaHHe HENOABHXKHONO TNpOQH/A IJIOCKHM
YCTAaHOBUBIIUMCS IMOTOKOM UaeanbHOro rasa, OILHOPOAHBIM Ha
6eckoHeyHocTd. Kak OblIO yKa3aHO BhIILE, CYLIECTBYET €NHHCT-
BEHHOe 103ByKoBoe oOrTexanue npu M., U3 HEKOTOPOrO HHTEp-

Basa 0 < Mo, < M, npuuem npu npubamkenun My, k M makcu-
MyM MECTHOrO uucjaa Maxa CTpeMHTCS K eluHHLe. DKCIepuMeH-
TadbHble HAaGJIONEHHs  MOKas3biBAlOT, YTO MpH JadbHeHlieM
yBeauyeHud M, BOJMBM NPENATCTBUS PA3BMBAIOTCA MECTHbIE
CBEPX3BYKOBble 30Hbl W, HAKOHell, NMPH HEKOTOPOM KPHTHUYECKOM
3HaueHHH yucaa Maxa B CBEPX3BYKOBHIX 30HaX BOSHHKAIOT ynap-
Hele BoaHbl. Yucio Maxa My,, mpu KOTODOM BrepBbie BO3HH-
K4al0T ylapHble BOJHBI, ONpelenseTcsi He BIOJAHE OIHO3HAYHO,

oxHako Bcerza M < My, <1.

[Moabsysach Metomom roaorpagda, MOXHO MOCTPOMUTb PsSiL TOY-
HbHIX TIPUMEPOB TPAHC3BYKOBHIX 0OTekaHu#t npoduasl). dtu Tou-
Hble¢ pelueHusd, HECOMHEHHO UMewuue 6oJblIOe  3HayeHue,
He MOryT rapaHTdpoBaTb, OILHAKO, CyuIeCTBOBAHUSA TPAHC3BYKO-
BOro OOTeKaHus MPOU3BOJLHOTO NMPOQHUIS; KPOME TOrO, HU OLHO
M3 W3BECTHHIX pelUeHUH, MOJy4YeHHHIX MeTONOM ronorpada,
He [ldeT HAM HENpepLHIBHOrO Nepexoja OT ILO3BYKOBOrQ K TPaHC-
3BYKOBOMY OOTeKaHHI0 OQHKO020 @PuKcuposannozo npodus.

1) Cum. cratbio Jlafitxuana B kuure [33], cTp. 251, a Taxxe paboty
‘Jegpn é;(:,: herry T. M, Phil. Trans. Roy. Soc. Lond., Ser. A, 245,
583 (1953)]
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MoxHO Obl0 OBl HameATbCA, YTO JAajdbHeRIIMe UCCJelOBaHus
YKaXYT MyTh pelleHHsi STHX HEeSICHBIX BONMPOCOB, ONHAKO NpHBJe-
KaTe/bHas TUIOTe3a O MNpelenbHOH JWHUM, NpeNJIOKeHHas IJs
06bsiCHEHNs MeXaHH3Ma BO3HMUKHOBEHMSl YIapHLIX BOJH MpHU yBe-
JauyeHud M., B NepBOHAYaJbHO HEMPEPHIBHOM OKOJIO3BYKOBOM
o6TekaHud (PUKCHPOBAHHOrO npoduas!), okasanacb HempaBuib-
Ho#t 2). [IpUuMHY TaKOro CTPAHHOTO MOJIOXKeHHs Belilel 00bACHSET
teopema Hukouabckoro u Taranosa3):

Ecau 8 Henpepol8HOM NOMEHYUANBHOM MedeHUlU CYujecm-
8yem MeCMHAs C6ePX3BYKO8ASL 30HA, NPUMBIKAOUWASL K O0Yy2e
2paHuys, mo sma 0yza O00AHCHAE Guimb cmpo20 8bLNYKAOL.

CorslacHO 3TOH TeopeMe, J10KasaTesJbCTBO KOTOpOR Oyier
npuBeNeHO HUKe, J11000e TPAHC3BYKOBOe OOTEeKaHUHe SIBJASETCA
HEYCTOWUYMBBIM, TaK KaKk ero BCerja MOXHO paspyLIuTb
CKOJb YrOJZHO MaJbiM M3MeHeHHeM Npodu/si, a MMEHHO 3aMeHOH
HEKOTOpPOro yyacTKa TpaHHLBl B CBePX3BYKOBOH 00/1acTH OTpes-
KoM mnpsiMoft uaum BorHyro#t nyro#t4). Takum oOpasom, ectecTt-
BEHHbIM BBIBOLOM M3 TeopeMbl Hukosbckoro u Taranosa siBaser-
Cl  HeKOPpPEeKMHOCMb 3a0a4ui O Henpepul8HOM MPAHC3BY-
K0BOM OOmexaruu @GUKCUPOBARKO20 NPOPUASL 8 pPAMKAX
meopuu uodeanrsnoii ogcudkocmu. Aror ¢GaxT OblA  3aMeueH
HesaBucUMO JApyr ot apyra dpaukaem, I'ynepsieem u Bysema-
HOM ®); TOYHOe 10Ka3aTebCTBO HEYCTOHUMBOCTH TPAHC3BYKOBOTO
o6tekanus ony6aukosaHo Mopaseu B 1957 rony ®).

O6bsacHeHHE HCCJEelyeMOoro fBJEHHA CBA3aHO, NO-BUIHMOMY, C BJaud-
HHEM BSI3KOCTH B MOrpaHUYHOM CJIO€. BHemHsas rpaHdua IMOrpaHUu4yHOro

1) DTH yTBEpWAEHHs OTHOCATCS TOJbKO K TCOPHM UAEANbHOH XHI-
KOCTHY; €CJ{ NPUHUMAaTb BO BHUMaHHE BJMSIHHE BSI3KOCTH, TO Pa3BUTHE
TEUEHUs NMpU yBeJuueHuH M, 6GyIeT HECKOJbKO HHBIM.

) Friedrichs K. (5)., Comm. Pure Appl. Math., 1, 287
(1948); 6ousee mpocToe 1OKa3aTeJbCTBO HMpHBelEHO B paGore KosonHepa
u Mopasen (c6. Mexanura, Ne 2 (24), 14 (1954)]; cM. Takwxke CTaTbio
Menysana [c6. Mexanura, Ne 5 (33), 64 (1955)].

% Hukoubcxkuit A. A, Tarauos I. W, [lpuxa. wuam.
u wmex., 10, 481 (1946).

4) Vicmoap3dys Meton, aHajdoruuHbli Mertony Hukoabckoro u Ta-
radoBa, I'. [woHcoH (Johnson H. Masters thesis, U. of Minn.)
NoKa3ajJ, YTO OCECUMMETPHYHOE TeueHHE TaKkKe HeyCTOHUMBO OTHOCH-
TENbHO MAJbIX M3MEHEHUH IpaHMIbI.

8 ®paunkabr . WU, Hpuka. mam. u mex., 11, 192 (1947);
Guderley G., Wright Field Rep. Ne F-TR-1171-ND; Buse-
mann A, J. Aeronaut. Sci., 16, 337 (1949).

) Morawetz C. S, Comm. Pure Appl. Math., 10, 107 (1957);

11, 129 (1958). . ‘
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CJIOSl TIPEANOJIOXKHTEJbHO MPHHUMaeT GOpMY, COOTBETCTBYIOLIYIO Xapak-
TEPy HEBA3KOrO TeYeHHs BHE MOIPAHHYHOrO CJOf; HPH YBEJHUEHHH
M_ B HekOTOpO# TOUYKE BHEIIHEH TI'pPaHHIBl MOTPAHUYHOrO CJOS KpH-
BH3HA CTAHOBUTCH OYeHb GOJBIIOH M B TEUEHUH BO3HMKAET YHapHbIH
pa3phiB. TO MNpPEANOJOXEHHE TNOATBEPKIAeTcs pe3yJbTaTaMu .paGoThl
dpujapuxca, Ha KOTOPYIO MBI CCBHLIAJHCh BbilHE. JIMHb CYHMTaET, 4TO
3ajaya O TPAHC3BYKOBBIX TEUEHHAX HMEeT peIleHHe IS aHaAumu-
YecKuX BBIMYKJIbBIX NpoduJeH; ecaAd 3TO JEHCTBHTENbHO. TaK, TO Ha
OCHOBE TpUBEJEHHBIX BhIIIE COOGPaXeHHH O POJH MOrPaHHYHOrO CJIOS
MBI TIOJy4YaeM HEUTO BpoOJe TEeOpeMbl CyI[eCTBOBAHUA JIJs TPAHC3BY-
KOBBIX O6TekaHuil mpoduas.

B COOTBETCTBMM C BbINIECKA3aHHBIM MBI HMEEM OCHOBaHHA CYH-
TaTh, YTO 6He INOIPAHHYHOrO CJIOS TPAHC3BYKOBOE TeueHHe ABJIAETCS
HenpepbiBHbIM. HexoTopble CBeleHHS O BO3MOXKHOM PaCHOJNOXEHHH
MECTHBIX CBEpDX3BYKOBBIX 30H MOXHO MOJMYy4HTh M3 TeopeMsl Hukoiab-
cxoro — TaraHoBa; HampHMep, paHblIe BCEro CKOPOCTb 3ByKa JOCTH-
raeTcs Ha BHIYKJABIX Y4YacTKax MHpouJsd, TaM e paHblie BCEro
nosBaseTcs CkauoK. TeopeMa MpUMEHHMa TaKke K MECTHBHIM CBEPX3BY-
KOBBIM 30HaM BHYTPH ILIOCKOTO COMJIA H MOXeT G6BITb HCNOJb30BaHa
nJs OThICKaHMA TOUKH ¢ uuciaoM Maxa M =1 npu 0K0/103ByKOBOM
06TEeKaHHH KJMHA.

IlokasaTenbcTBO  TeopeMbl  Hukouabckoro — TaraHoBa Mol
pa3obbeM Ha TpU YacCTH.

1. ITycmbv ob6racme mevenus pasbusaemcs Ha 30HbL
0038YK08020 U C8PX38YK0B020 MmedeHus 38yK080L aunueis C*,
Ha Komopoi M=1. Tozda
npu o6xo00e C*, ocmasasio-
Wem CBEPX3BYKOBYIO 30HY
cnpasa, Y204 HAKAOHA BeK-
mopa cKopocmu  MOHO-
moxrno ymenswaemcs na C*
(puc. 9).

OGosHauuM uepe3 S U S*
COOTBETCTBEHHO HJHMHY [IYyTH

JAuHHM  TOKa W JauHuM C*. . JSlunuR moxa
Torna (cM. puc. 9)
0% 0% oy . Puc. 9. Ionoxenue 3Bykosot
T+ = g5 COS M g sinh. munuu C*

(52.1)

Tak kak Ha suHun C* BumoJHsorca  ycaosus M =1
u g=gq,=const, To B cuiy ypasHeHu#t (41.4) B ecrecTBeH-
HHIX KOOpAMHAaTax cooTHouleHue (52.1) MOXHO 3amucaTh TaK:

0d 1 oq cos h — cos?h Ogq

9 T g, on O =
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[TockoJbKY HOpMaJdb n* HampaBleHa B CTOPOHY 30HH I0O3BY-
KOBOTO TeueHHusi, Mb uUMeeM Og/on* <0 u, cJIefOBaTe/bHO,
0%/0s* < 0. YTBepxeHHe JeMMbl JOKa3aHO.

B coOTBeTCTBUM C TON 1eMMOH CBePX3BYKOBAs 30HA He MOXeT
JexaTh BHYTPU O06JaCTH TeyeHHs, TAaK Kak INpHM NMOJHOM obxone
rpaHuIbl BHYTPeHHEH CBepX3BYKOBOH 30HBI MHEI MOJY4YHJIH OBl
NpOTHBOpeYre C ONHO3HAYHOHR ONpejeleHHOCThI0 yraa .

2. O6pa3 mecmHoii €8epX38YK080I 30Hb6L D, NPpUMbKA-
oweil ¥ 2paduye o6aacmu meuernus, npedocmasgasem co6ol
00HOKpAMHOe NOKpbimue HeKomopoh obiacmu nA0CKOCMU
2odozpadpa.

PaccMorpum xapakTepuctuky C_ ¢ HayaloM B HeKOTOpO#H
Touke P, pacnosnoxeHHOR Ha mpoduiae B CBepX3BYKOBOH 30He.
drta XapaKTepUCTUKA KOHYaeTcs B HeKOTOPO# Touke A 3ByKOBOH
JMHUM, TaK KaK OHa, OYEBUAHO, HE MOMXeT BEPHYTbCS Ha MNpO-
¢unb. Ilycte Q — nepemenHas Touka ayru AP, u mycts R
0603HaYaeT TOYKY TepeceueHuss 3BYKOBOK JMMHUM C XapaKTepu-
crukot C,, Buxomswe#t us Q (cm. puc. 10). B maockocru

Puc. 10. JloxanbHad cBepXx3ByKOBasi 30Ha.

a — oKaJbHa# CBEPX3BYKOBas 30HA B IJIOCKOCTH TedeHHus, 6 —06pa3 JMokaabHOH cBepx-
3BYKOBOM 30HH B IUIOCKOCTH roaorpaga.

rogorpada o6Gpassl sTMX Touek A’, R/, B’ MMelOT yKa3aHHHH
nopsinioK, Tak kak 09/0s* < 0. Tlostomy, Korga Touka Q mpoxo-
aur ayry AP or touku A kK Touke P, Touka R’ nBuxkercs
or A’ k¥ B’, a touka Q" — ot A’ ¥ P’. Tenepb /erko BUIETb,
YTO MpH nepeMelieHudn A BIOAb 3BYKOBOH nauHMM 0Gpa3 o6uaa-
¢t D Ha TUIOCKOCTH roforpada MOKPHIBAETCS OLHOKPATHO.

3. Tepexonum Kk 10Ka3aTenbCTBY HENOCpPEACTBEHHOTO YTBEpPXK-
nenus Teopembl Hukoabckoro m Taranosa. [lycts A o6osHauaer
obpas ayru npoduas P,PP, Ha ‘miockoctd ropaorpada. Ilpu
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ABHXKEHHH TO KpuBoit A Pix Py (nonoxuUTebHOE HampasJe-
HHe OTCYeTa §) yroa ¢ IOMKEH MOHOTOHHO YObIBAaTh, TaK Kak
B TpPOTUBHOM caydyae kpuBags A mepecexsa Obl HEKOTOPYIO
XapAKTEPUCTUKY IBaXIbl, 2 3TO HEBO3MOXHO B CHAY TOTO, UTO
06a KOHUA XapaKTeDUCTHKH He MOTYT JeXaTh Ha rpaHuue ob.a-
cru  Ttevenns. CiaeposateabHo, 0¥/0s {0 Ha nyre P,PP,
M paccMaTpuBaeMas Ayra TpaHMUbl [O/KHA ObITb BBHIMYKJAOH.
(HdanbHefiiiee ucclenOBaHME [MOKA3bIBAET, YTO 3Ta Ayra ILOJKHA
6LITb CMpPO20 BHIMYKJIOH, OIHAKO Mbl STOTO JOKa3bBaTh He OyneM,
TaKk KaK TOC/AelHee YTBepKIeHHe He COLePXUT CYLIECTBEHHO
HOBOT'O pe3yabTaTa.)

[TpuBeseHHble BhILIE PACCYKIEHHA I[OKA3bIBAIOT TaKKe, YTO
o0pa3 CBepX3BYKOBOH 30HH Ha IUIOCKOCTH ronorpada Jexur
B 06JacTd, OrpaHMueHHOH xapaktepuctukod I',, BEIXOIsule#i M3
Touku Pj, u xapaktepuctukoit I'_, BhIXomsilie# U3 TOUKH P
TakuM 00pa3oM, MaKCUMYM MOLYJf CKOPOCTH ¢ He MOXeT
NPeBOCXOAHTL ¢, ONpeleNeHHoro no gopmyie

g =25"%,

rie = t1(¢) —ypaBHeHHe XapaKTepPHCTHUYECKHX KDHBHIX.
IOas TtoHkux npoduied yrast & u 9, Majgo oTaMyalOTCA APYT
OT Apyra H, CJAeIOBAaTeJbHO, BEJHYMHA CKOPOCTH B MeCTHOH

B
. YPapras nunus

Xapaxkmepucmuxa
+

Puc. 11. JlokaabHas CBepxX3ByKOBas 30Ha,
OrpaHHYeHHas YJapHOH auHUeH.

CBEDX3BYKOBOH 30He HENpepLIBHOTO TeuYeHUs He MOueT OhTb
BeJINKA.

Uurareab MoxeT Ge3 Tpyna yOeluTbCs, YTO Pe3y/bTaThl MyHK-
TOB 1, 2 m 3 mpuMeHHUMbl B DaBHOH Mepe M K CBEpX3BYKOBOMH
obaactw P;BP, nokasanHo#t Ha puc. ll. Tak xak ykasaHHas
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KOHGHUrypauus 1o HaGJI0LEHHsIM BIOJNHe YCTOHUHBA, Mbl MMeeM
3lech elle ONMH TIpPUMED TOH Ompelensiolled poJu, KOTOPYIO
UrpaeT 1IOrPaHUuHbI# CJIOH B CrnaKuBaHUM HEPOBHOCTEH MPOQuIA
B TPaHC3BYKOBOM TEYEHUH. '

53. UckaioyeHue JaBJeHHs W IJIOTHOCTH M3 ypaBHeHHId
IBHMKEHHs, [lpeacras/sieT ONpeje/eHHbH HHTepec 3azaya 00
UCKJAOUeHuu p, p U S u3 cucreMbl ypaBHenu# (35.1)— (35.4)
¥ BBIICHEHUS! TOCPEICTBOM 3TOTO YCJIOBHI CYLIECTBOBAHUA M €NHH-
CTBEHHOCTH T0JIsi CKOPOCTEH MPOM3BOJIBHOIO ABHXKEHHS XKHIKOCTH.
B o6welt nocraHoBke 3Ta 3ajaua ‘Obia pelieHa HelaBHO Bep-
Kepom !), ONHAKO ©3-3a CJAOXKHOCTH MCCJELYeMOro BOMPOCA Mbl
PEKOMEHLyeM UMTaTeJI0 Mo TNoBOoAy oOued 3amaun 06paTHThCA
K NMepBOUCTOYHUKY. B pabore Bepkepa no/ayuyeHo Tak:xe HECKOJbKO
HOBbIX TOYHBIX peulIeHHH.

HccaenoBanne BONPOCa HECKOJbKO YINPOLUAeTCs, ecau orpa-
HUYMTHCA TJMOCKMMU YCTAHOBMBLIMMHCS TeueHMsMH. IJg coBep-
LWIEHHOTO0 Trasa C MOCTOSHHBIMM  yIeJbHbBIMU TENJI0EMKOCTIMU
DpuKceH 2) MONYUMJI CHCTEMY yDaBHeHUM:

oMz KM2
55 =7 2+ a—DHMI ]

53.1)
oMz M2(M2—1)[0K | 0x o (
G =k [n + G 20— M2 (G v )|

B KOTOPYK BXOAST TOJbBKO uuMc/I0 Maxa M BeauyuHbl, omnpene-
JAIOIHe T'eOMETPUUYECKYI0 KAapTUHY TeueHHsi (% W K — KpUBUBHBI
JUHUH TOKa M HMX OpPTOrOHaMbHbLIX Tpaektopuit). M3 ycrosus
COBMECTHOCTH cucTeMbl (53.1), T. e. U3 COOTHOLIeHHS

o (of o (of\ __ of of ,
E(.a?)_g(5;)_1_0?+1<W, (53.2)
rie f=M2, oH HaweJs, uTO
AG3+ A,G?+ A,G+ Ay =0; (53.3)

spece G=M?—1, a xosadpouunents A;, Ay, A, n A, 3aBu-
CAT TOMBKO OT %, K M MX npousBoiHbix. OTMeTuM J1Ba MHTE-
PeCHBIX CJeNCTBUSI 9TOrO peayJbTara:

'Y Berker R, C. R. Acad. Sci., Paris, 242, 342 (1956).
2) Ericksen J. L., Bull. Tech. Univ. Istanbul, 6, 1 (1953).
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1. Ecau u3gsecmna rapmuna aunul moxa (ranpumep,
no ¢omozpaguu), mo ypassenue (53.3) nossoasem onpe-
deaums wucao Maxa, a credosamenvHo, u cxopocmu coom-
8emcmeyoue20 mewerus.

2. He moocem cyuwecmsosamos 0o0.see mpex pa3Au4HbLX
meueHnul, coomsemcmsyiouux OO0HOL u mol e Kapmuue
Aunul moxal).

B cayuae 6e3BUXpPEBOr0 MJIOCKOrO ABHXEHHs BONpoc 00
HCKJIIOYEHHH [aBJIeHHs M TJIOTHOCTH OBl pelleH HaMH NpH
BhIBOLE ypaBHeHu#t (41.4) B ecTecTBeHHBIX KOOpaMHaTax. [Ipume-
HeHMe K STUM ypaBHEHMSIM YCJOBUS COBMeCTHOCTH (53.2), rae
f =log g, NpMBOAMT K KBaAPAaTHOMY ypaBHEHHIO OTHOCUTENbHO G,
[I09TOMY He MOMXeT CYLIeCTBOBaTb 60Jiee IBYX pa3/HYHBIX Ge3BUX-
peBbIX TeueHu#t C 3a4aHHOH KapTuHOH JunHué ToKa. Hcmoabays
Apyro#i Meron, DpuKCeH ?) MOKa3aJ, 4TO Ha CAMOM JeJie CyLIeCT-
ByeT TOJbKO ONHO Takoe TeueHue. TouHee, MM IOKa3aHO cCJe-
ayiollee yTBepKIeHHe:

llsa naockux 6e38uxpeso.x meueHus Co8epPuLeHHO20 2a3a,
UMeuux O00HY U MY Jce KAPMURY AURULL MOKA, ABASIOMCA
ouHamuuecKu noOOOHbBLMU.

"y CM. Takxe cratbio Tomaca u Bepumreiina [Thomas T. Y,
Bernstein B., J. Rational Mech. Anal., 1, 703 (1955)].
) Ericksen J. L, J. Math. Phys., 31, 63 (1952).
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YAAPHBLIE BONHLI B UAEANBHOW MUAKOCTH

Xopoluo u3BeCTHHE 3KCHEepUMEHTaJbHble HAOMIONEHHMS TOKa-
3HIBAIOT, YTO B TEUYEHHWM a3a MOTYT CYIULECTBOBATh MOBEPXHOCTH,
Npu Tepexoie uepe3 KOTOpHE BeNHYMHB JABJAeHUS M MJIOTHOCTH
pe3ko MeHsOTCs. JLOBOAH (U3MYECKOrO M MaTeMaTHYeCKOro Xa-
pakTepa B N0Jb3Y CYLIECTBOBAHMA TaKHX IOBEPXHOCTeR — cKau-
KOB, WJM YIapHBIX BOJH, — TaK}e XOPOLIO H3BECTHH H OCBe-
LeHH B IIKPOKOM Kpyre paGoT mo ra3oBoit HduHaMuke. 3a
HELOCTATKOM MECTa MBI 3TOTO OGOCHOBAaHMS He NPHUBOLMM 1).
JlaHHas T/aBa MOCBSILiEHA OCHOBHBIM TEOpPeTHYECKHM pe3yabTaTaM
MCCJeNOoBaHMsl 3afaud 00 yNapHEIX BOJMHAX. BYAyT BEIBENEHHI,
B YACTHOCTH, COOTHOILEHUSs Ha YAapHOM (POHTE, YCTaHOBJEHbBI
HeKOTOpble MpOCThle CBOMCTBA yAApHBIX BOJH M OMNMCaHa MX

CTPYKTypa.

654, CoorHomeHus Ha paspeiBe, C MaTeMaTHyeCKO# TOUKH
3peHHusl ylnapHas BOJIHA TpeacTaBaseT co00# MOBEPXHOCTDb
Y=2X(f) B o6aacTH TeueHusi, NPU TNepexole dYepe3 KOTOPYIO
XO0Ts Obl OfHA M3 MEepeMeHHBIX V, p, p U S MeHAeTcs CKauKOM.
I1py BbIBOAE COOTHOILEHHUH, BBIMOJHAIOIMXCA HA yAapHOM (pPOHTE,
Mbl Gynem ynotpebJsTbh uHIeKC ! nns 0603HaueHUs! BEMMUHMH I10
OIHY CTOPOHY OT yAapHO# BOJHBI M MHAEKC 2 A1 00603HauYeHHA
BEJMYMH MO APYrylo ee cTopoHy. (BmocsiencrBuu unmekc 1 6yner
OTHOCUTbCSl K TEUYeHHI0 Nepel YAapHOK BOJHOH, HO B JaHHLIH
MOMeHT 06a MHJAEKCa BNOJHe paBHONpaBHb.) O003HAuMM yepes n
elIMHMYHBIl BEKTOD HOPMAJM K TOBEPXHOCTH L (f), HampaBJ/eH-
HbIf B cTOpOHYy o6aactu 2, a dyepeda (G — CKOPOCTb pacnpo-

) Cm. kuury [21), § 50, 117, u cratbio KaGanHa B maHHOH dHuu-
kaoneaun, Tom [X.
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CTpaHeHHss TOBEDXHOCTH B 9TOM HampaB/jeHWd. TOrna 3HaueHHs
NMepeMeHHBX Ha [1BYX CTOPOHaX MOBEPXHOCTH L cBsi3aHbl Cre-
IYIOIUMH COOTHOIIEHHUAMMU:

[pU]1=0,
[pUv + pn] =0,

(o0 (54 +E)+ pv-n]=o0. G+D
[pUS] > 0.

B stux ypasHenusx seauuuHa U =v.n— G npeicrasaser
co6oit HOPMAaJbHYI0 COCTABJSIOUIYI0 CKOPOCTH TeueHus, OTHe-
CEHHYI0O K NBHXYIUeHCsi MOBEPXHOCTH X, a KBaipaTHbe CKOOKH
0603Ha4al0T CKAYOK BeJHYUHBI NP Nepexone yepe3 MOBEPXHOCTb

pasphniBd, T. €.
[f] =f2"‘f1'

[Mepsrie Tpu cooTHoweHus (54.1) BEIPa}aiOT COOTBETCTBEHHO
COXpaHEHHE MACChl, KONMYECTBA MABHXEHHS W SHEPrUH XUIKOCTH
npu nepexoge uepes X1!). [locirenHee cooTHOlEHHe ABJAETCA
caenctsueM mnoctynata (33.5) OTHOCHTE/NBHO HM3MEHEHHs SHTPO-
min B o6beMe, IBUXKYUIEMCA BMeCTe C XUIKOCTbIO 2). OGBbIUHO
BHIMMCAHHblE BHIIIE ypaBHeHUs OOOCHOBLIBAIOTCA IPH TOMOLIH
paccyxieHult, 6GoJee uJIM MeHee HE3aBUCHMBIX OT MOCTYJaTOB,
U3JOMEHHHIX B II. 2 W B . 4, TaKk u4TO LeJecoo0pasHO MOKasaTh

1) TloHATHE MOBEPXHOCTH pasphiBa BrepBble BBen CTOKC, OH Xe
noayuua mnepBue 1Ba cootHomeHus (54.1) [Stokes G., Phil. Mag.
(3), 33, 349 (1848)]. MurepecHnl 3ameuanuss CTOKCa MO 3TOMY MOBOAY:
»JTU BHIBOJbl KaXyTCsl, KOHEUHO, JOBOALHO HeOGbIUHbLIMY, HO eme GoJee
YAMBHTENbHO, 4TO ...*; ,3TOT pe3yAbTaT, OJHAKO, HAaCTOJIbKO CTpaHEH
e M TR

To 06CTOATEAbCTBO, YTO MpH TMepexoze uepe3 YAapHH# (POHT
SHeprus JOJ/KHA COXPaHATbCA, HEABHO YKasbiBaeTcs Yyxe B pabore
Penkuna [Rankine W.J. M, Phil. Trans. Roy. Soc. Lond., 160,
277 (1870)]: Tounas ¢opmyaupoBka npuHagaexut [oronno [Hugo-
niot H., J. Ecole Polytech., 57, 1 (1887); 58, 1 (1889)].

2) BospacTaHue SHTpONMMM MpPH Mepexoje 4Yepe3 CKauoK YIJOTHe-
Hus 6bLIO OTMeueHo Brepphie Llemnaenom {Zemplén G, C. R. Acad.
Sci., Paris, 141, 710 (1905)]. 3ameuanue LlemmieHa OblIO CyLIeCTBEH=
HBIM IIAaroM BHEpEJ, XOTH U KaXEeTCs Temepb HOBOJbHO TPHUBUAJbHBIM.
Bo Bpems ony6aukoBaHus ero pa6oth KeabBud u Pajei cuutand, 4to
Ha ynapHoMm ¢poute [S] =0. IT0 3aCTaBAANO UX YCOMHHTbLCA B MpaBoO-
MepHOCTH THNOTE3bl 06 YAapHbIX - BOJHAX MPH H3YyueHWM CBOWCTB
peanbHBIX ra3oB, Tak Kkak mnepBole Tpu ycJaoBua (54.1) mecosmec-
THMbl C MpelnojaraBmuMc BepHbIM cooTHomeHneM [S]=0. Crokc
TaKxe pasfeasd HX TOUKy 3pEHUs, H B COOPAaHHH €ro COuHHeHuH,
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‘8eCb, KAaK BBLIBOJATCS YCJOBHUS ‘Ha pa3pbiBe HENOCPEICTBEHHO
M3 3THX OCHOBHBIX IIOCTY/1aTOB.

Mbl GyleM mpelnosarath B AajbHeiillleM, YTO MOBEPXHOCTb B
pasnensier ABe OOMACTH, B KamJO# M3 KOTODLIX TE€YeHHE Henpe-
PBIBHO, TNpHYEM BCe NapaMeTpbl TeYeHHs MMEIOT Ha KaxIoH u3
CTOpPOH L BIOJHE OMNpejeJeHHble Tpeneabl. Byner npenno.a-
ratbCs TaKXKe, 4YTO 3TH MNpelesbl NO Kpalned Mepe njas OLHOHN
M3 TepeMeHHhX He coBnajaior. Paccmorpum o6bem B, nBu-
KYWUACT BMeCTe C XKMAKOCTbIO M Tako#, uro Y pasGusaer B
Ha JaBe vacTH. B cuny ypasnenus (5.2) umeeM, uTO

%fpd'v —-0. (54.2)

\
B

ITo anamoruu ¢ paccyXIeHHSMH, INPOBENEHHBIMH B Ti. 2, XO-
Teqoch Obl A npeoOpa3oBaHus JeBOH 4YacTH COOTHOIIEHHH
(54.2) BocnoabaoBatbes Qopmynoft (4.1). OnHako npu nepexozne
yepes & BO3MOXHDBI PasphiBbl KaK NJOTHOCTH, TAK M GKOPOCTH,
u nosromy dopmyna (4.1) nomkua ObTb MoaudUUHPOBaAHA

M 3anucaHa B CJIeﬂy}OL]_leM Buue:
d d .
Effdv—_—f(—d—{-{—f d1vv)dv—1—f[fU]da,, (54.3)
B bY b

B nmocienHeM uJ/ieHe 3TOrO YypaBHEHHUs, KOTOPOE JErKO MOXHO
NnoJyuuth U3 ypaBHeHus (4.2), MHTErpuUpoBaHHe BepeTCs MO
TOH 4YacTH NOBEPXHOCTH X, KOTOpas JexuT BHYTpH o6bema B.
BocnoJsib3oBaBiiich ypaBHEeHHEM HepPa3pblBHOCTH, Mbl {l0JIyuYaeM
u3 ypasHeHu#t (54.2) u (54.3) cuenyiouiee ycaopue:

f eUlda =0.
P

Ins nokasaTenbcTBa TNepBOro cootHowenus (54.1) pocratoyHo
BOCIIOJIb30BATLCSl TeNepb MPOM3BOJBLHOCTHIO NJOLIALKH 3, MO KO-
TOPO# NpOM3BOLUTCH HHTerpupoBaHue. OcTajbHble CQOTHOLIE-

BoimenmeM B 1848 r., 3amerHa TeHIeHUHs U36ekaThb NpPUMEHEHUS
ycaoBuit ymapHoro mnepexoja. Caenyer A00aBnTh, UTO THAPOAMHAMUKH
KOHTHHEHTa BOOOLle He MNpUHHMAaJX Y4acTHsi B 3TOH AUCKYCCHH,
a Oojee HMJM MeHee MNpPaBUIbHBIH BBIBOX COOTHOWIEHWH Ha yHapHOM
¢poHTe Obln HafineH npubausuteabHO B 1915 r. (BBI3BIBAET, MEXAY
NPOYHM, yAMBJAeHHEe TOT ¢akT, uto Jlamb6 mpomoJ/Kal HaCTAUBATh Ha
CTapbiX OWIMOOYHBIX MpENCTaBJIEHHAX).
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Hua (54.1) npoBepsIOTCS aHAJIOTMYHO MPH TOMOIUM ypaBHeHHf
(6.1), (33.3) u (33.5); mpu 3TOM MpeNNO/araercsd, KOHEYHO, YTO
t-=—pnu q==0. (C TeopeTHueCKON TOUKHN 3peHNs NPeCTABJISET
MHTEpeC H3y4YeHHe COOTHOLIGHHMH Ha ynapHOM ¢(poHTe B BA3KOH
KHIKOCTH. OTO H3yueHHe NPHBOAUT K PALy FIyOOKHX pesy.b-
tatoBl), OJHAaKO B HACTOsiUuee BpeMs HEH3BECTHH IKCIEPUMEH-
TanbHble (akThl, OOBACHEHHE KOTOPhLIX noTpeboBasno Obl 1pH-
BJIEYEHHs TEOPUM YAAPHBIX BOJH B BA3KOH XKMIKOCTH.)

B ocraBuiefics yacTH 3TOrO MYHKTa MBI H3JIOXKHM HEKOTOpbIE
D/eMEHTapHbIe CJENCTBUS COOTHOLIEHHH Ha yrapHOM (pOHTe.
Y1no6HO paccMaTpuBaTh OTHAENBHO [Ba BO3MOXHEIX CJyuas:

L Uy=U,=0;
. U, +#0, U,+0.

B nepBoM c/lyuyae MNOBEDXHOCTb pa3phiBa He sBJAETCA YAapHOH
BOJIHOH#l B CTPOrOM 3HAY4eHMH STOI'O CJOBA, TaK KAaK YaCTHILHI
rasa He nepeceKkaioT 3TOH MOBEPXHOCTH, KOTOpAs MPOCTO HABU-
XKeTCA BMeCTe C TrasoM M pasfienseT MABe 30HB C Pa3JHUYHOMH
IVIOTHOCTbIO M TeMmmeparypo#t. IIpu 9TOM naBieHHe W HOpMAJb-
Has COCTaBJAIOUIAA CKODOCTH HMEIOT OfHM ¥ Te Xe 3HaueHus
10 06e CTOPOHH OT L. ITOro NPOCTOr0 H CPABHUTENLHO HEHHTE-
pecHOro cJjyyas Mbl B majibHelilleM Kacatbcsi He 6yneM. Bo Bropom

) OcuHoBHass pa6oTa MO 3TOMY BOHNpOCY mNpuHHamAexuT [loremy
[Duhem P. Recherches sur I' hydrodynamique, Ann.Toulouse (2)
(1901—1903); mepeneyarana B Ilapmxe B 1903—1904 rr.]. K coxaznenuio,
nouumanue paboTsl [florema oueHb 3aTPYNHUTENbHO M3-32 3alyTaHHOCTH
M3JI0XEHHS, YCYTryONeHHOH yCcTapeBIIMMH 0603HAYEHUAMH H IIOpa3HTelb-
HbHIM OGuJHEM CHUMBOJOB. B cHly 6oabIIOH BaXXHOCTH HEKOTOPBIX pe-
3yJAbTaTOB MNpPENCTaBASANOCh IOJE3HBIM Iepepa6oTaTh cTaTbio Jliorema,
4TO W 6b1J0 cAeaaHo aBTopoM. Oco6oe BHuMaHHE GBIIO OGpAIEHO IpH
3TOM Ha cJjelyloumide JBa pesyJbrata [ioreMa: (A) B BA3KOH XHIKOCTH
HEBO3MOXHBI 0COOble MOBEPXHOCTH HYJEBOro Nopsaka (yAapHble BOJHBI)
1 (B) ocoGrie moBepxHOCTH IepBoro mopsjaka (cM. I. 51) B HeBs3KOH
1€ TIOHPOBOAHOR KHIKOCTH DACHpPOCTPAHSAIOTCS C HbIOTOHOBCKOH CKO-
pocThio 3Byka. Hame ucciaenoBaHHe 3THX pe3yabTaToB NMpPHBENO K CJe-
IyIOIMM BbIBOAAM: 1) B BSI3KOH KHIKOCTH 803MOJCHbL YNAPHBIE BOJHBI,
Ha KOTOPBIX BBLIIOJHSIOTCS OCHOBHblE 3aKOHBI COXpAaHEHHS; 2) ecJH,
0/HaKO, NMOCTYJIHPOBATh, YTO NpH INlepexoje yepe3 oco6ylo MOBEPXHOCTh
B BA3KOH xuukocTH [v]=[T] =10, T0 BO3MOXHBI TOJbKO KOHTAKTHbBIE
pa3phiBbl (IO CYTH Jieaa — 3TO NepBblH peayabraT [iorema); 3) B He-
BASKOH TENJONPOBOIHOH MHIKOCTH OCOOble NMOBEPXHOCTH MOZym pac-
HOPOCTPAHATBCA C HBIOTOHOBCKOH CKOpOCTbio 3BYyka. [logpo6Hoe uajo-
MeHHe 3THX pe3yabTaToB GyneT omy6.aukoBaHo B Journal of Mathe-
matics and Mechanics.
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cayyae MBl MMeeM Neno C ynapHo# BoJHO#t. bes OrpaHu4eHus
OOLIHOCTH MOMHO CYHTaTb, YTO

U;>0, Uy>0; (54.4)

B NPOTHUBHOM CJy4ae Mbl MOr/M Obl MOMEHSITb MECTaMH CTOPOHH 1
M 2 (MHaye roBOps, H3MEHHTb HAnpaBJieHHe HOPMaJH N Ha Mpo-
THBONOJIOXKHOE). ['eoMeTpuueckuit cmbica ycuaosus (54.4) saxiio-
yaeTcs B TOM, YTO XKMIKOCTb BXOLHMT yepe3 CTOPOHY | u BHIXO-
IUT 4epe3 CTOPOHY 2 MOBEPXHOCTH YNAPHOH BOJIHHI.

Tenepb, 00603HauHB yepes V, COCTABJAOLIYI0 BEKTOPAa CKO-
pOCTH V, Jexallyl0 B KacaTeJbHOH NJOCKOCTH IOBEPXHOCTH X,
¥ NpHHRB BO BHUMaHMe noJjoxuteabHocts U; u U, MBI MOXeM
sanucaTh coorHollenyuss (54.1) B GoJsiee CUMMETPUYHOM BHIeE,
a HMMEHHO TaK:

[pU] = O»
[pU?+ p1=0, [v,]=0,
[% U+ I] —0, (54.5)
[S1>0, J

rie /=E- p/p— yleibHas 3HTajbllud. B ycTaHOBUBLIEMCS
IBHXKEHHH (POHT YA4pDHOM BOJIHB TMOKOMTCS M M3 TPETHErO M
yeTBepTOro COOoTHOMeHu#t (54.5) caenyer, uro

[% P+ 1] —0. (54.5a)

CrenoBaTenbHo, ypaBHeHHe DepHy/miM 18  yCTaHOBUBLIETOCS
TeuyeHHs CNpaBelJMBO JNaxe B TOM CJyyae, KOrIa B TeyeHHH
CyLIECTBYIOT yNapHbIE BOJHBI.

[TpencraBaser uHTepec BblieseHHe M3 cucteMu (54.5) coor-
HOLIEHHH MeX 1y TePMOIHHAMHYECKHMH NMepeMeHHBIMH, B KOTOpbIE
ApYyrue nepeMeHHble He BXOIAT. PaccmoTpuM ¢ 3To# ueabio no-
TOK MacChl m 4epe3 IfOBEPXHOCTb YNApHOH BOJIHBI:

m'-'=pIUl=p2U2. (54.6)

Torna u3 NepBOro M ETOPOro cooTHoweHutt (54.5) caenyer, uro
n—p=pUi—pUi=

=m (U —Upy=m? (v, — ) = U U;(p,—ppi  (54.7)
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alecb uepes t 0603HaueH oObeM enlMHUYHOH Macchl. M3 mepsoro,
BTOPOTO U TPETHETO PABEHCTB, Colepxaluxcs B hopmyae (54.7),
CeIyI0T COOTBETCTBEHHO COOTHOLUEHHS

(p2— p1) (o) = U} — U3, (54.8)
Po—P 2
La=h .y, (54.10)
P2 — (1
Haxonen, u3 ¢opmyn (54.8) u (54.5) noayuaem, uro
(Po— p) (o + v)=2(y—I)). (54.11)

dra BaxHast ¢opMy.a Oblia BepBbie moayueHa ['IOrOHHO, OJHAKO
I8 ciydasi COBEpLIEHHOTO rasa oOHa Oblja M3BecTHa ele Pen-
kuHy. Tlpu 3alaHHOM HauaJbLHOM COCTOSIHMUM (p;, T;) COOTHOLIE-
nue (54.11) ompenensier Bce BO3MOXHBIE TepPMOLMHAMUYECKHE
COCTOSIHHA (Py, Ty), KOTOpPBIE MOTYT BO3HMKHYTb IpPH MEpexole
yepe3 ynapHu# ¢poHT. DkBUBaJeHTOM ycaoBus (54.11) sBaserca
COOTHOLUEHHe

P2+ py) (xg— ) =2(E, — E)).

BaxHbeIM CBOHCTBOM yZapHBIX BOJH SBJSETCs TO, YTO OHH
MOTYT BHOCHTb 3aBMUXDEHHOCTb B IepBOHAuaJbHO Ge3BUXpPeBOE
TedeHHe. OOBIYHO 3TO CBOHCTBO CBSI3LIBAIOT C BO3MOXHOCTBHIO
BO3pAacTaHHs SHTPONHUU NPH YCAOBHH, YTO SHEPrus (TOUHEE, SHTAb -
nus TopMoxcenus [) npu nepexone yepes (GpPOHT yIapHOH BOJHHI
He MeHseTcs. Takue pacCyxJeHMsi NPUMEHHMBI TOJbKO B Clyuae
YCTaHOBUBILEroCa IBHXEHHS, ONHAKO B psle MOSBUBUIAXCS He-
1aBHO pa6or!) sToT pesyabrar Obia 0GOGIIEH HAa HEYCTAHOBHB-
IIHecsl IBHMKEHHUS.

Crenyer OTMETHTb MHTepecHyl0 NpocTyio (opMyay, ompe-
LeJiIoLlyI0 3aBUXPEHHOCTb 32 (PPOHTOM YAAapHOH BOJHBEI B CJy-
yae, KOrja MOTOK Mepel BOJIHOH SIBASETCS paBHOMEDHLIM; s
YCTaHOBMBILETOCS TeYeHHus 3Ta opMy/aa uMeeT CAeLyOLUH BuL 2):
= =) grads m; (54.12)

T3

w

YHayes W. D., J. Fluid Mech., 2, 595 (1957); KanwalR.P.,
Arch. Rational Mech. Anal., 1, 225 (1958).

B Lighthill M. J,J. Fluid Mech., 2, 1 (1957); Hayes W. D,,
J. Fluid Mech., 2, 595 (1957).

10 Rawv 11RO
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3lech grady — MOBepXHOCTHBHIH rpaimeHt ¥ m =pU. Jlokasa-
TeJbCTBO 3TO# (OpPMYysaBl HLOBOJLHO TPOMO3JIKO, NMO3TOMY MBI
OrpaHUYUMCS TeM, YTO YKaXKeM HeKOTOphle C/IeACTBHs, BHITEKAI0-
nime u3 paseHctBa (54.12). OueBunHO, BO-NEpBHIX, YTO BeK-
TOp ® HampaB/JeH IO KacaTelJbHOH K IIOBEPXHOCTH pa3pbiBa.
3aMeTHM TaKxke, YTO AJd IJIOCKOTO MM OCeCUMMETPHYHOTO Te-
yenus ¢opmynaa (54.12) npunumaer 6oJee MpocTo#t BuA:

Ca—e)? peqy

P1P2
rie K — KpUBH3HA JIMHWM - pa3pblB4, a U,— KacareibHas CO-
crapisiiomasi ckopoctul). M3 ¢opmyns (54.13) cuaenyer, uro
3aBUXPEHHOCTb 3a (poHTOM Oymer OTIMYHA OT HyJasd B Tex
TOYKAX JMHHM paspbiBa, B KOTOPHIX KpuBH3Ha K =+ 0 u yroa
MexAy KacaTeJbHOH K JIMHMM pa3pbiBa M HanpaB/eHHEM CKOPOCTH
Haberamollero NOTOKa He paBeH w/2. 3aMeTuM, HAKOHel, YTO
Be/JMYMHA 3aBUXPEHHOCTH MMeeT IO OTHOLUEHHI0 K WHTEHCHUB-
HOCTH Ty — Ty YAapHOH BOJHEI BTOPOH MOpPSIOK MAJOCTH, B TO
BpeMd KaK H3MeHeHHe SHTPONUM SBJSETCS BeJHUYMHOH TpeTbero
nopsiKa.

Vayuenne CBOHCTB ynapHOro nepexoia B Te4YeHHH MNPOU3-
POJIHOR HMIeaybHOH wuakocTH Oyier mponomkeHo B m. 56.
B uactHocTd, 6yneT NokasaHO, YTO CKa4OK SHTPOIMH TpH TNepe-
Xole yepe3 yAApHBIA (POHT MMEET MO T; — T, TPETUH NOPAIOK
Masoctd. Taxkum oOpasom, paccMaTpuBas IOCJELOBATENLHOCTD
VIapHBIX BOJIH, HHTEHCHMBHOCTb KOTOPHIX CTPEMHUTCS K HYJIIO,
MBl MMeeM B INpejeJie

lim U} =1im U3 == lim 22—P1 — ¢2,
Pa— P
WHaue roBops, cxopocmb pacnpocmpaxerus cKaixka 0ecKo-
HewHO MQA0H UHMEHCUBHOCMU OMHOCUMEABHO JHCUOKOCMU
8 npedese pasHa cKopocmu 38YKa. DTOT pe3y/bTaT elle pa3d
NOKa3blBaeT NPaBUAbHOCTb BBELEHHOTO paHee ONpeine/eHHs CKO-
pOCTH 3ByKa C.

w =

(54.13)

556. CooT:iomenus Ha paspbiBe B cCJyyae COBEpPIIEHHOTO
rasa. ,H,Jlfl COBEpIIEHHOro rasa ¢ IIOCTOAHHBIMUA YJIEJbHBIMH
TENnJI0eMKOCTAMHU

c? 1
= — =1 _ <.
1—1 1—1 p

) Truesdell C., J. Aeronaut. Sci., 19, 826 (1952).
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D10 Mo3BOJIAET 3amucaTb COOTHOIleHHe [IoroHuo B Gosee yno6-
HOH opme 1):

(ro 157 ) (o = f1 =) = e 65D

Coorrouenue (55.1) npu 3alaHHOM HAYaJLHOM COCTOSHUM (py, )
onpenessieT BCe BO3MOXHbIE = TePMOLMHAMHYECKHE COCTOSHHUS
(Pg, T), KOTOpHIE MOTYT BO3-

HUKHYTb NpPH Nepexolie vepes y=p/p:s

NOBEPXHOCTb L yAapHOH
BoJHbl. Jlerko BHIeTh, uTO |
COBOKYIIHOCTb KOHEUHBIX CO-
CTOSIHUA (pg, Ty) B INIOCKOCTH
(p. ©) obpasyerT paBHOOOUHYIO
runep6osay € aCUMNTOTaMH

\
\

\

\
\
\

\

1—1
p=— .{_|,_1p1'

=1 l

FEa P
dra KpuUBas Ha3bIBAeTCA KpuU-
soii  [w20Huo0. Ycaosue
S, > S, BbIeaseT Ty uwacThb
runepOOJIbl, KOTOpas JIEKHUT % |
BHIILIE TOYKH (p,, T;), CJIelo- - / Z x=1/7T,
BaTeJ/JbHO, Acumnmomer

T=

1—1
11 <n<ny Puc. 12. Kpusas orouuo n agua-
6ata aas 7="T[/s. Ha pucyHke u3so-
+1 6pakeHbl TaKKe aCHMOTOTH KPHBOH
P < pp < l——lwpl;‘ [oronuo.
1 kpuBas ['rorouno (6x — 1)(6y - 1) =235,
— ——anuabara xlsy=1,

nJin

TakuM  00pasoM, BeJHYHMHa
CKauyKa INVIOTHOCTH NpH Tmepe-
X0Je Yepe3 yLapHYI0 BOJIHY orpaHuyeHa csepxy. Ha puc. 12 noka-
saHbl amuabata ¥ kpusas [IOrOHHO, MPOXOAAIIUE Yepe3 TOYKY

1) CoorHomeHnue [Ioronno 1 COBEpIIEHHOTO Ta3a MOMXET GHITh
3amMCaHO TaKke B Caepyloumux (opMax:
_&_=(T+1)P2‘—(T_1)91 Pr—P1 _ P2+ P
G+Doa—0—De " p2—ps retp

12*
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(P, v); B TOuKe (py, T;) 9TM KpUBble HMEIOT KacaHue BTOPOro
nopsaka.

Ecau 3anaHbl COCTOsIHME XUAKOCTH Teped (GPOHTOM yaapHOR
BOJHB M BeJHYMHA CKOPOCTH pacnpocTpaHeHus paspuisa G, TO
COCTOsIHHE 32 (POHTOM omnpejenseTcs MOJHOCTbIO. B uacTHOCTH,
BBOIA. ,O0THOCUTEJbHEE uucaa Maxa“

M, =U,fc;, My=U,/c,,

MH B CJy4Yae COBEpILIEHHOro rasa noJydaeMm

Upy—Uy  w—w 2 1—M

U, Ty 1+1 M% ’
Py—DPr 2 M2 1

P x+1( i—1),
T,—T, _ 2(—1 (yM{+1)(M]—1) (55.2)

T, G+ 12 M} '

M? 1
1_M§= 2‘{1 2 ’
S (M =1)

JLOCTaTOYHO [0Ka3aTh MNepBOEe M3 ITHX COOTHOWIeHu#, mocse
9TOr0 BCe OCTa/JbHble TNPOBEPSIOTCA MPOCTO. B cuay paBeHCTB
(54.9) u (54.6)

py—py=m2(ty — ) = ypMi(1 —/r));  (55.3)

HEeTPYIHO YyOeIuTbCcs B TOM, YTO, HCKJIOYMB U3 STOTO ypaBHe-
HUSl BeNUYMHY po/p,— 1 npu nomouwwn ypaBHeHus (55.1), mul
NOJy4YuM MepBOe M3 cooTHouweHu# (55.2).

[Tpupalienve SHTPONMUU MDHU NMepexoje yepe3 yIapHbiA (pPOHT
onpezneasercs ¢GpopmyJo#

Se=51 _joq (_;;_T) (‘_2)’. (55.4)

Cy T

Heckoabko B OpyroM BHIE MOXHO 3aMMCaThb 3TO COOTHOLIEHHE
B C/lyuae yCTaHOBUBLIErocs ABHKeHus. VI3 ypasHeHus (54.5a) cre-
IyeT, 4TO DHTAMbMKUSA TOPMOXKEHUS nepel GPOHTOM YAapHOH BOJIHEI
TaKOBa Xe, KaK M 3a ee (POHTOM, a 3TO B CBOIO Ouepelb O3Ha-
YyaeT PaBEHCTBO TeMMepaTyp TOPMOKEHHUs Mepel GPOHTOM y1dpHOU
BOJHB U 33 ee ¢poHTOM. [IpuHuMasg BO BHUMAHHUE, YTO IHTPO-



55. Cayuail cosepuennozo 2asa 181

nusl MOCTOSAHHA BIOJb JUHUH TOKA, MBI nonayvyaeM OTCrAa COOT-
HOILIEHHE
1— —-
pf%_(z?oz ’(%)‘_(ﬂm)l ! (55.5)
el \Pa Ty Po ’ '

rie BeMMYUHB ¢ MHIeKCOM O OTHOCATCH K MOKOSLIENCS KULKOCTH.
YuutbiBag cooTHoureHue (55.5), MB MOXeM 3anucaTb Tenepb
¢dopmyny (55.4) B crenywoweM Buie:

S, —S; =& log Lo, (55.6)
Po2

B cuay ycaosust (54.5a) u ¢opmynn [ == ¢y — | kpuruyeckas
CKOPOCTb ¢, U KpHTHYeCKas SHTanbnus /, Takxe He MEHSIIOTCA
npu nepexole uepe3 yAapHb# ¢poHT. [ToaTOMy npuBeneHHbBIE
Bbillle PACCYXIEHHs CJyXKaT ONHOBPEMEHHO IOKa3aTelbCTBOM
CleIyiolielf LEemOoYKd paBeHCTB, KOTOpas 4YacTO OKa3hbBAaeTcs
NoJIe3HOM:

Po Pt Pa __ Pa_ Qui (55.7)
Poz Po2 Px2 Pa2 Qi2 )

BenuunHa 3TOrO0 OTHOLIEHUs] NpHBeleHa B NOCJAefHeM CToJ6Le
Ta6a. 1 (em. m. 37).

Hakoneu, Tak kak pof/p; > 1, uucio Maxa M; IOXHO OHITH
6oJblie enuHUUB [cM. BTOpoe ypaBHenue (55.2)]. DTo o3Hauaer,
yro U;> ¢y, T. e. UTO OMHOCUMENbHAR HOPMAALHAA CKO-
pocmb nomoxka neped @Gpormom. YOapHOL 80aHbL O0ablLe
cxopocmu 38yxa. C npyro# ctopons, My, < 1 u, clenoBaTelibHO,
OMHOCUMEAbHAS HOPMAALHASL CKOPOCMb 34 YOaAPHbLM PPOH-
mon MeHvwe cxopocmu 38yka'l). Kak Gynmer nokasaHo B cie-
IyiolieM IyHKTe, 9TH CBOHCTBA yAAapHOro ()POHTa COXPAHSIOTCS
M B Cly4yae IBMMCEHHS NPOU3BOJBHOrO rasa. Ins ycTaHoBuBLIe-
rocs noroka u3 nepBoro ypaBHeHus (55.2) u ypaBHenus Bep-
HYJIIM CJefyeT, uTO

: —1 ;.2 2 2
"’1n?’2n=U1U2=—;{—_|_—1U1+Y—+-—1-6’1=
—1—=1 % N2 A—1 o
_-{+1(qmax_vt)_q*—-{+]vt‘

) OTu yTBepXIEHHS JAIOT HEKOTOPYI0 HHGOpMAUHIO O CTPOEHHH
yzapuoro ¢ponra; cM. [21], cTp. 303.
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dra uHTepecHas ¢opmyna Oblja BnepBhe noJyuyeHa I[lpaHatiem.
Eciu noBepXHOCTb paspeiBa OpTOTrOHaJlbHA HanpaBJeHHIO NMOTOKA,
To ¢opMyaa [IpanaTas cBOAMTCS K MNPOCTOMY COOTHOLIEHUIO:

g, = Cz~

56. OcHOBHbIE CBOHCTBA YyJapHoro mnepexoaa. B 3Tom
nyHkTe OyLyT YCTaHOBJEHBI YeThipe BaXKHLIX pesyJbTaTa OTHO-
CUTENBbHO CBOWCTB COCTOAHMH rasa mepel ynapHo# BOJHOH U 3a
ee (pPOHTOM.

1. Ilpupawernue sumponuu 8 yoapHom nepexode umeem
mpemuii nOpsAoOK MAAOCMU NO OMHOULEHUIO K UHMEHCU8-
Hocmu pa3puisa (T4 — Ty).

II. B yoapHoii 804ne npoucxodum cocamue 2a3a, m. e.
Py > P T <7

III. HopmasrsHnas cocmasasouwas CKOpPOCHMU HOMOKA
OMHOCUMEAbHO YOAPHO20 HPOHMA ABASLEMCSA C8EPX3IBYKO-
804 neped pormom u 0038YK080L 3a POHMOM.

IV. Ilapamempo. medvernuss neped @HPOHMOM YOAPHOL
80AHbL UL 8AUMUHG OMHOCUMEAbHOU HOPMAAbHOU ckopocmu U,
NOAHOCMbIO ORPeOeAsIOM 3HAUEHUS NAPAMEMPO8 MedeHus
30 Hro4momn YOapHol B0AHbL.

Lt cOBepLIEHHOTO rasa C MOCTOSIHHBIMU YIe/qbHBIMH TEII0-
eMKOCTIMM cnpaBeluBocTb cBotictB II—IV  Obina  mokasaHa
B MpejblAyllleM nyHKTe. VIHTepecHo, YTO 3T ke CBOUCTBA BbI-
MOJIHSIOTCS U AJs MPOU3BOJBLHOI'O asa Npu AOBOJNbHO LIMPOKHX
NPeLNno/IOXeHUAX TePMOAHHAMUYECKOrO XapaxTepal). TouHee, Mbl
norpe6yeM, 4YTOOHI

1) mepmodunamuuecroe cocmosarnue Z 2a3a onpedess-
A0Cb eOUHCMBEHHULM 00pa30m Beaudiurnamu O0a8AeHUS U
yoearnoz20 00sena,

2) umeau mecmo HepageHcmsa?)

(%g_)s <0 (%%)s > 0.

) 310 0606umenue npunanaexut . Bére u I'. Beitmo; cM. pabory
Beitna [Wey!l H., Comm. Pure Appl. Math.,2, 103 (1949)]. Heckoabko
C PYruX MO3MLMH pe3yabTaThl JaHHOrO mnaparpada u3ZOXeHbl B He-
naBHo ony0ankoBanHoi pab6ote Kaysna [Cow an R. D, J. Fluid Mech.,
3, 531 (1938)].

2) JTH TNIPEANOJNOXKEHUS Yyiue Oblin CHOPMYJIMPOBAHBI HAMH NPHU
H3JI0OEHUH  OOLMX TEePMOIMHAMHYECKHX MNPHHUMIOB; CM. YpPaBHEHHS
(30.7) u (37.6).



56. Ocrosnubie csoicTea ydaprozo nepexoda 183

[[Ipeanosaraercs TaKxe, 4YTO BCE TOUKM MEPBOTO KBajapaHra
NJIOCKOCTH (p, T) ONpene/siOT BO3MOXHble TepMOAMHAMMYCCKIE
cocrosinus. Ecan ycaoBus 1 4 2 He BBINOJHAWTCS BO BCEM KBaj-
paHTe, Hal{ paccyxieHus OYAYT cCrpaBelnBbl (C HE3HAUUTEb-
HLIMU H3MeHeHUusMU) B MOOOH 8oinyx.0d 001aCTH, B KOTODOH’
9TH YCJOBUS MMEIT MeCTO.]
[Tpexnae uem nepefitn k 10- 4p

Ka3aTeabCTBY cBoficTB I—IV, Mbl R
3aMeTHM, YTO B HAlIUX INpeino-
JIOXKEHUAX ainadaThl B MJIOCKOCTH AV

(p, T) npencTasafoT coO00H Bbl-
NyKJble MOHOTOHHO YOLIBalolIMe
kpusble (puc. 13). boaee toro,
MOXHO GblJIO OBl MOKA3aTb, YTO Zg
u3 ycaosuit 1 u 2 cieayer, 4to
BejnunHa (0S/0p), BCIOLY HMeeT Aduabams
OJIMH M TOT e 3HaK. Mpl Oyrem
npeanonarats AJA Onpene/eH-
HOCTH, 4YTO
(g-g) >0,  (56.1) T
Puc. 13. Annabarel B IuI0-
Ha TNpaKTHKe, KAk TpaBUao, cKOCTH  (P,7).
MMeeT MeCTO HMEHHO 3TOT CJyuai.
[MaBecTHO JMIIL HECKOJLKO TPUMEPOB, KOTJAa HMeeT MeCTO
oOpaTHOoe HepaBeHCTBO; HanboJsee HHTEPSCHBIM M3 HUX SBJSETCS
Boja npu Temneparypax Hwxke —-4°C. Cayuait Takoro oGpar-
HOT'O HepaBEeHCTBA MOYTH He TpebyeT [OMOJHUTEIbHBIX pacCyxie-
Huit.] B cuny nepaBencrna (56.1) anmabarthl, COOTBETCTBYIOlLME
6O/IbIIMM 3HAYEHUSIM SHTPONUM, PACNOJIOKEHB B INIOCKOCTH (P, T)
Bbillle M IpaBee, 4eM aauabaTel, COOTBETCTBYIOLLHE MEHbIIMM
3HAUEHUAM SHTPOMUHU.

Z, \;u

HokasarteabcTBo cBo#icTB I—IV. PaccMoTpum ¢yHk-

1110

H(p, )=2(—1)—(p—ppE—+1) (56.2)
rae (py, ) — HekoTopas ghurcuposanHas TO4YKa. JIerko BUIeTS,
yTo KpuBas [IOrOHHO §), COOTBETCTBYIOWAS COCTOSIHUIO Z; =
=(py, Ty), TNpeacraB/seT cOOOH reoMeTpuyeckoe MecTO TOYeK
miockoct (p, 1), Aas kortopwx H =0. Jlioboe cocroauue
Zy=(py, Ty), KOTOPOE MOKET GBITb NOCTHIHYTO M3 COCTOSIHUS Z;
npu yrapHOM Nepexoje, LOJKHO JexaTb Ha §). M3 coorHoiue-
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Hus dl =TdS —dp caenyer, uro nuddepeHunan obyHxuuu
H(p, <) umeer BUI

dH=2TdS —[(p— p)dc—+ (v, —7)dp].  (56.3)

Tak kak Ha kpuBo#t Tltoronuo di{==0, TO u3 COOTHOWIEHUA
(66.3) curenyer uto

dS=0 (srom &) B Touxke Z,.

BBenst B paccmorpenue BTOpOH M Tperuit nuddeperunans GyHk-
uud H W BHUKCIMB UX 3HAY4PHWe B TOuKe Z;, HafileM, 4TO

d?S =0, 2TdS=dpd* —dud?p

Broab § B Touke Z,. BribpaB B KauecTBe He3aBUCHMOH Imepe-
MeHHOR T, Mbl mouayuuM dS =d?S=0 u d38 >0 naa dr < ).
Takum oOpasom, yrtBepxieHue 1 mokasauo l).

O06o3HauuM uepes
—_P—p

T— T

r

yraoso#t ko3douuMeHT npaMo#t, coenuHsiomweit Toukn Z; u Z.
C yuerom sTOro oG6O3HaueHus opmyay (56.3) MoxHo 3amnu-
caTb TaK:

dH =2TdS + (v, — v)2dr. (56.4)

B cuny Buinykaoctd anumabarel Y, mpoxonsueit uepes Z;, yriao-
BOH KO3dduLUHMeHT 7 BO3pacTaeT Npu NepeMelyeHUd BAOJb KpHU-
soit ¥ cuesa nanpaso. U3 dopmy.sl (56.4) teneps ciaenyer, 4to

dH > 0 npu nepemeltenuu Baoab Y c/aesa Hanpaso.

Tak kak H=0 B Touke Z;, 3T0 o3Hauaer, uto /{ < 0 Ha Bepx-
et vactu A u H >0 Ha ee HmkHeH uyactu (cM. puc. 13).
Ecnu o6o3naunth yepe3 R ayu r==const, npoxonsiu#t uepes
TouKy Z;, TO BiOMb R Mbl umeeM dH =2TdS.

Paccmotpum ayd R, xoropui#t umeer ¢ U TOMLKO onHy
obmyto Touky Z,. Toraa B cuay HepaBeHctBa (56.1) npu nsu-
keHun Broab R u3 Toukw Z; muddepenunan dS Gymer Bce

) B neficTBuTeabHOCTH BIOAb KpuBOH Iloronno mas S — S, umeer
MECTO CJefyloliee pasioXxeHHe:

1 0%p
S=Si=—17 (ﬁr—z)s'z;(T'_T)a+
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BpeMsi uMeTb Jau0O 3HAK ToC, JMOO 3HAK MHUHYC (B 3aBMCH-.
MOCTH OT TOTO, Bbille MM Huxe Y JeKHUT paccMaTpuUBaeMbift
namu Jayd). Tax kak dH = 2TdS, Tako#t nyu He MOXeT HMeTb
OTJMYHBIX OT Z; TOoyek, B Koropeix H =0. Ilyctb Tenepb
ayu R nepecexaer anuabary U B Touke Z,, Jjexalie#f Ha Bepx-
Het wactu . B cuiIy BBINYKJIOCTH aanabaThl M3 reOMeTPHYECKHX
cooGpaxceHu#l OYeBMIHO, UTO TPH JBUNKEHMH BIOJIb R u3
TOUKM Z; 3HaueHHe S CHAuaja yBeJIMWHBAETCS — HA OTpe3Ke OT
TOYkM Z; 10 TOukM Z; (cM. puc. 13), —a 3aTeM yMeHbluaercs.
Tak xax dH=2TdS, 1o npu aswxenuu sroab R u3 Toukn Z,
BeJquuMHa I Takxke CHayana YBEJIMUYMBAETCH, a 3aTeM YMeHb-
waercs. Ho B Touke Z,, Kak yxe Obl10o ykasano, H < 0, n,
cienoBatenbHO, Ha R cyllecTByeT eNMHCTBEHHas  Jiexaiuas
Mexny Z, u Z, Touka Z,, B koropo#t H=0. Iurponud
B 9TOH TOUKe, OYeBHIHO, GOJbIIE SHTPOMUH B TOuke Z;.

Hakonen, ecau R nepecekaer anuabGaty U B ee HUXKHEH uacTH,
TO M3 TeX e CoobpaxeHuH ciuenyer, uTo Ha N He MOKET OHTH
GoJsee onHOH Touku, rae H = 0. Takas Touka Z OyzeT Jexarb
nuxce Y (nanomuum, uro H > 0 Ha Huwxue# wactu ), u, cae-
LOBaTeNbHO, B 3TOH Touke S < Si.

Takum o6pa3oM, Mbl NMOKasaju, 4YTO KpuBas [1OroHHO mnpen-
craBisieT co60ff KpuBYI0 6Ge3 Touek caMomepecedyeHHs, MPOXOAs-
mylo yepe3d Touky Z;, npuueM S > S; Ha BepxHe#t uacTH 3TOH
kpuBofi 1 S <.§; Ha ee HkHe#t vactH. M3 nsaTOro CcoOTHOlIe-
Hus (54.5) caepyer, uTO NpU YLAPHOM Iepexone U3 COCTOs-
Huf Z; nepel (GPOHTOM MOTyT OBbITb AOCTHTHYTHl TOJbKO Te
COCTOsSIHMS Z, KOTOpble pacnoJIOXeHbl Ha BepXHeH 4acTH Kpu-
Boit T'ioronno. Tak kaxk Ha 3ToH uacTu xpuso#t p > p; u t < 1,
yrBepxaenue II nokasawHo.

Ilna nokasateabctBa yTBepxaenus III samerum (cm. puc. 13),
YTO A/ YNApHOTO Mepexoja M3 COCTOSHMA Z; B COCTOfiHHE Z,
JOJKHBEI BHINOJHSATBCA CJAENyIOLIHEe HepaBeHCTBA:

op op
(W)s 'z, <r< (—07)5 ’z,‘ (56.5)
Tak xax (dp[ot)g=— p%? n [cM. ypaBHenue (54.9)]
r=—m?=— p2U2,

U3 IBYX HepaBeHCTB (56.5) clenyeT COOTBETCTBEHHO, UTO ¢y > Uy
u U;>c¢;, 1. e 4YTO BeJHYMHA HOPMabHOH COCTaBJAIOLIEH
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OTHOCUTE/IbHOH CKOPOCTH Nepel CKayKoM 60Jiblile CKOPOCTH 3BYK4,
a 32 CKAaYKOM MeHblle CKOPOCTH 3BYKa.

Hakoneu, ecau 3amanbl COCTOAHME Mepej CKaykoM Z; U HOp-
MaabHas cocTasagowas U, OTHOCUTEIbHON CKOPOCTH, TO IS ONpe-
IeJeHUs! COCTOSHHUSA 32 CKAUKOM HYXHO Ha{TH TOUKY Mepeceyenus
BepXHe#i yacTh Kpuso#t Tloronuo u ayda R ¢ yriaoseiM kosd-
duumentom r = — p2U2, Jlerko BuAeTh, uTo npu ycaosun U, > ¢,

(ectu 3TO yCJIOBHE He BHINOJHAETCH, TO CKAYOK HEBO3MOXNEH)
3Ta TOYKa onpelensercd o00xo3nauro. Beauunna U, Haxonurcs
nocjae storo no gopmyne Uy = (p;U)) 1.

B 3axJ/oueHne 3aMeTHM, YTO 7 MOHOTOFHO yOwBaer (mo a6co-
JIOTHOH# BeJUYMHE MOHOTOHHO BO3pacTaeT), Korna Z IBHKETCH
N0 BepxHe# yacTy KpuBOH ['IOrOHMO B HAnpaB/eHUH OT TOUKH Z.
Kpome Toro, B cuay coorHouenus (56.4) mnpu yMeHblueHuu r
BeqnynHa S yBeauuusaerca. TakuM o06pasoM, npu 3a0aHHOM
MepMOOUHAMULECKOM COCMOAHUL neped GPOHmMom yoap-
HOU 80AHbL O0abtum 3Haenuam U, omsewarom npu nepe-
X00e uepe3 pa3pels 60sbuue udmenenus snmponuu. Hanpu-
Mep, MpupalleHde SHTPONMM HAa OTOllejllell YyAapHOH BoOJHe,
BO3HHKAIOLEH P TI0JIeTe CO CBEPX3BYKOBOH CKOPOCTHIO, AOCTH-
raeT MakCUMyMa Ha UEHTPAaJbHON JIMHUK TOKA M MOHOTOHHO
yOuIBaeT npu yAajJeHuH OT STOH JMHMM BLOJb (PpOHTA.

57. YpapHweiii caofi. B peanbHBIX rasax NpOXOKIeHHEe
YaCTULB! 4Yepe3 YAapHBIH GPOHT NpenctaB/sieT cOO0H He MIHOBEH-
HBIl TIpOllecC, B KOTOPOM COCTOSIHME YaCTHLbl MEHSEeTCS CKauKoM
U3 COCTOAHMS Tepel (QPOHTOM B HOBOE COCTOSHHE 3d (PPOHTOM,
a ObICTpHIH mepexol M3 OJHOTO COCTOSHHS B JAPYroe B HEKO-
TOpO#t y3koi o6sacTH, uaM yIapHom caoe. B arto#t ob6aactu
IBMXKEHHE He MOXeT OBITb ONUCAHO YypPaBHEHUAMM ABHIKEHUS
uleaqbHON KUAKOCTH, H, CJIeJOBAaTeNbHO, BO3HMKAIOT HEKOTOpHIE
COMHEHHS OTHOCUTEJbHO CIPaBeLJMBOCTH NpPEeLbIAYLIEro BEIBOAA
coorHouenuit Penkuna—I'oronno. B cuiy atoro Bonpoc o cTpyk-
Type YIapHOro cJOsi MNpeLCTaB/seT 3HAUMTEeNbHBIH HHTEpec H
€My TOCBSLIAIOTCS MHOrOYMCIEHHblEe HCCaAenoBaHus. Llayuenue
YAAPHOTO CJO0Sl TMO3BOJsET TIJyOie TNOHATb NPUPOLY YAAPHBIX
BOJIH, JaeT HeKOTOPYI0 MH(OPMALMIO O TOJLIHHE YAAPHOrO CJ0s
¥ TNpHBOIMT K ©oisee 0OOCHOBAHHOMY BBHIBOLY COOTHOLUEHUH
Penkuna — 'oronno.  Kpome TOro, cpaBHUBas MOJyYeHHbIE
pesynbTaThl € OKCMEPHUMEHTOM, MbI MOXEM BbIACHUTb TPaHHILBI
npumenuMocTd ypaBHenu#t Hasbe — Crokca. M3 coobpaxcenuft
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MaTeMaTHYeCKOro XapakTepa 3alaua paccMaTpuBajacb B OCHOB-
HOM [1J9 TpocTefllero cJyuyas OJHOMEPHOrO yCTaHOBUBLIEroCs
IBUMEHUS, ONHAKO Jlaxe B ITOM I[pocTefilieM cJjyuae Mpo-
ABJAIOTCS XAPAKTEPHblE UePThl IBUXKEHUH TUTA YAAPHOTO PaspbiBa.

3anaua O CTPYKType YAapHOIO paspbiBa B OLHOMEpPHOM Teue-
HUM BKJIOYaeT B ce0s C/edylollMe [Ba OCHORBHBEIX BOHpOCa:
BONPOC O CYLULECTBOBAHMU TAKUX pelleHUH ypaBHeHUH IBUNKEHHS

u

N

S

Puc. 14. Mpoduas ckopocTu B ymapHOM
cJoe.

BABKOM MKUIKOCTH, KOTOpble HOCAT XapakTep ,ObLICTPOro u3Me-
HeHuss“ (mpo¢u/ip CKOPOCTH, HANpUMEp, NOJDKEH UMeTb BHI,
nokasaHHbif Ha puc. 14), u Bompoc omucaHust npocuias ynap-
HOM BOJIHBI, B OCOOEGHHOCTM ee INMPUHBL. [lepBEIfi U3 3TUX
BOIPOCOB 10C/e NOBOJILHO Oe3ycreliHOH MomnbiTKU Pases 1) Obia
peured B paGorax Museca 2) u JIxusibapra 3). Bropo#t Bomnpoc —
KOJIMYECTBEHHAs XapaKTepUCTUKA TMpOodu/sa — CBI3aH C BeCbMa
CIOXKHBIMM pacyeTamu M, TakuM o0OpasoM, BBIXOLMT 3a PaMKH
9TOH CTaThu.

Tak kak npuBeJeHHbIE HMM¥E PAacCyXJEHHs OCHOBAHbl Ha ypaBHe-
HUSIX MEXaHMKH CIUIOMIHOH cpejipl, OyneT He JHUIHUM O3HAKOMHTBCS
C TeMH BO3PAXKEHUSIMH, KOTOPble BHICKA3bIBAIOTCS MO MOBOJAY MpPHMEHHU-
MOCTH 3TUX ypaBHeHuil. [lepBoe Bo3paxeHHe 3aKJIOUAETCS B TOM, UTO
TOJIMHA YJaPHOTO CJOS MMeeT MOPSAIOK HEeCKOAbKHX IJHH CBOGOJHOrO
npoGera MoJexy.a H, CJeJOBaTeAbHO, NPUOJINKEHHUs, MPUHATHIE B Mexa-

" Rayleigh, Proc. Roy. Soc. Lond., Ser. A, 84, 247 (1910);
cM. Takxke crathlo Taftmopa [Taylor G. I, Proc. Roy. Soc. Lond.,
Ser. A, 84, 371 (1910)].

?) Mises R, J. Aeronaut. Sci., 17, 551 (1950). llas ciayuas Tpex-
MEpHBIX TeueHHH 3anaua 06 yjapHOM cJoe paccMaTpHBajiach B paboTe
Jlanpopra [Ludford G, Quart. Appl. Math., 10, 1 (1952))].

%) Gilbarg D., Amer. J. Math., 73, 256 (1951).
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HHKE CIUIOMHBIX CPE€ll, aNpHOPH HENpPHMEHHUMBI !); BTOPOE — B TOM, YTO
IAsi TOJIIMHBI yAapPHOTO CJOS JaeTCs 3aHHKEHHAas OLEHKAa (CJAELYET u3
nepBoro BospaxceHus). Bropoe BospameHne MOJHOCTBIO CHATO paboTOMH
Jxun6apra u Ilaoayuuu 2), KoTOpble NMOKa3aJjH, 4TO B CAyyae, Koria
BEJIMYHHA BSA3KOCTH 3aBHCHT OT TEMIEpaTypbl H Cpeja CYMTaeTcs
TENJIONPOBOJHOR — BiMsiHHE 3THX (DaKTOPOB B NpEIbILYIUIHX HCCAENO0-
BaHUAX YUHTHIBAaJAOCh TOJAbKO YacCTHYHO, — ypaBHenus Hasbe — Crokca
JaIoT OIEHKY TOJIUIMHBI yJIaPHOTO CJ0s, KOTOpas COrJacyercst ¢ 9KCIepH-
MEHTOM CTOJb € XOpOIIO, KaK M KuHeTHueckas Teopus 3). Hakouen,
nepBoe BO3paxceHHe mocJje 6oJjee TIAaTEeNbHOIO aHalAH3a TaKXKe elBa Jau
MOXHO CYHTaTb ybenuTeabHbM *). [TosToMy MBI He BHIHM NPHUYMH 15
OTKa3a OT METOJOB MEXaHHKH CILIOIMHBLIX Cpel NMpH M3YYEHHH yAap-
HOTO CJOsl.

MaremaTtnueckas TeOpusi yaapHoro cJjos B TOH Me€pe, B KOTO-
pOﬂ OHAa OXBATbiBA€TCS MEXAaHUKOH CIJIOUWIHBIX cpen, OCHOBaHa
Ha YpaBHEHHUAX OJHOMEPHOro YCTaHOBMBLIEroCs JBUXKEHUS rasa,
4 MMEHHO Ha CJelYIOLIUX YpaBHEHUAX:

d
—E (pll) == 0,
du daT
i = d;x s 87.1)
dE du dq

P = Tox g — ax

[cM.  ypaBHenus (5.4), (6.7) u (33.4)]. K aTuM ypaBHeHuAM
HYXHO TNPHUCOeJMHUTb ABA COOTHOLIEHHS:

, d daT
To=—p+0+2)r g=—x3-, (7.2

1) Haubonee coBpemeHHOe OGOCHOBaHHE 3TOro 3dpdexTa MOMKHO
HaliTH B KHHIax [39]!), crp. 130, u [QBlj ctp. 550. :

?) Gilbarg D, Paolucci D. J. Rational Mech. Anal., 2,
617 (1953).

8% Sherman F. S, NACA Tech. Note 3298, 1955; cm. Takxe
nopo6HOe HCCAeNOBaHHE SKCIEPHMEHTAIbHHX JaHHBIX B paore Ilar-
TepcoHa [32], ra. 4.

4) Maker u Crioapt [Puckett A. E, Stewart H. J, Quart.
Appl. Math., 7, 457 (1950)] ycraHoBmau, 4TO ypaBHenus HaBbe —
CTOKCa HEMPHMEHHMbl JHIIb B TeX HCKAOUMTENbHBIX CJAYy4asiX, KOria
Ta3 CHJBHO paspexeH W GOJbIIYI0 POJb HrpaloT s(G¢eKTs AHCCOUHALHH
M KOHNEHCALlMM MJH KOIJa OYeHb BBICOKA TEMNEpaTypa TOPMOXEHHs.
MnTepecHbl Takxe 3ameuanus TpyCleaaa MO NMOBOAY OTHOCHTENbHOH
NPUMEHMMOCTH METOJOB MEXaHWKH CIUIOWIHBIX CpPEeA H KUHeTHye-
ckoi Teopun [J. Rational Mech. Anal. 2, 678 (1954); 5, 55 (1956)].

i
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koropble O6yayT 0OOCHOBaHBI B pasjele, KacalolleMcs ABHXKEeHUs
BA3KMX kuakocTe# (n. 61 u n. 63). YpaBuenus (57.1) Jserko
MHTErpHPYIOTCH; BOCNOJb30BaBLIKCL (opmynamu (57.2), pesyib-
TaThl 9TOr0 HMHTErPUPOBAaHUA MOXHO NPEACTaBHTb CJELYIOLIUM
o6pasom:

pu=m (67.3)
u

O+ 2) S =p+m@u—a),

x%:m[E—%(u—-a)“’—i—b],
rie a, b u m nocrosHHbie. B cuay cootHowenus (57.3) ¢yHk-
wiw p=p(, T) v E=E(p, T) MOXHO paccMaTpuBaTb Kak
u3BeCTHhle (yHkuun ot # u T.

TeueHue, COOTBETCTBYyIOllee peuieHuio #=u(x), I =T(x)
cucTeMbl ypaBHeHufl (57.4), HasblBaeTCca YOQPHbLM CLOEM, €CIH
npu X, CTpeMslleMcs COOTBETCTBEHHO K X co, Touka Z (u, T)
CTPEMUTC K KOHEYHBIM Tpele]bHbIM  ToukaM Z,(uy, Ty)
u Zy(uy, Tp), npuueM uy < ;. Jlerko Bumertb, 4to HeoGxonu-
MbIM YCJOBMEM CYLICCTBOBAHHMS peLIeHH BHAA YAAapHOTO CJOS
apagercs obpauieHHe B HYyJb BeJHYHH B NPaBBIX YacTAX Ypas-
HeHu#t (57.4) npu NOACTAaHOBKE B HUX MNpeJesbHbIX 3HaueHuf,
T. €. BbINOJHEHHe CJelYIOLUX YCJIOBHH: -

(57.4)

Pl = pollg =1,
P+ muy = py + muy=am, (57.5)
1 1
E, ——2—(111 —a)Y=E,— -2—(u2—a)2=b.

OTH yca0BKA SKBUBANEHTHBI yca0BUAM Penkuna—TIoronno (54.5);
cle0BaTeNbHO, YOapHul ci0d, coedunsowuli 0sa cocmos-
Rus Z, u Zy MOJcEm CYU,eCm808ams mMoOAbKO 8 MOM CAY-
wae, koz0a Z, u Z, ABAAIOMCS OONYCMUMBMYL HAYLANbHBLM
U KOHEYHbLM COCMOAHUAMU COOMBEMCMBEHHO 0458 YOQPHOZ0
nepexoda 8 HeKOMOPOM meHeHuu uleasvHol swcudKocmu,
uMmeouel me e YPABHEHUS COCMOAHUS, 4MO U OQAHHAS
gicudxocms. OO6paTHO, eciM cocTosHus Z; U Z, YLOBJETBO-
pstorT ycaosuaM Penkuna — Iloronuo, T0 ynapHbift cao#t, coenu-
HAlOLUHK cocTosHua Z; u Z, OnNpelenseTcs pellieHHeM ypas-
HeHu#t (57.4), npuyeM mnOCTOsHHble @, O W m Haxomarcs us
cootHoureHu#t (57.5).
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HeTpyaHO TOKa3aThb, cilellys OMMCAHHOM BhillE CXeMe pelie-
HUA 3aJaud, UYTO CKOPOCMb PACAPOCMPAHEHUA OeCKOHewHO
caa6020 YOAPHO2O CAOS  OMHOCUMeAbHO  08udCyujelics
agcudxkocmu cosnadaem co CKOpocmvio 38yKa c. IDTOT (axT
enle pas MOATBEPKAAeT KOPPEKTHOCTb NPUHATOTO OMNpelelieHus
CKOPOCTH 3ByKa C.

Hauunass ¢ 3TOro Mecta, Mbl OTPaHHYMMCA DPacCMOTPEHHEM
cayyasi COBEPILIEHHOrO rasa C IOCTOSIHHBIMM YAeJbHBIMU Temao-
emkocTamu !). YpaBHenus (57.4) npuHMMAalOT TOTAa BUA

du AT .
(57.6)
x%—_—m [ch——%(u —a)Q—b].
[T ypaBHeHus IOMyCKAalOT TOYHOE pelleHHe Npu
w042
T

JleficTBUTe/ILHO, YMHOXMUB nepBoe ypaBHeHue (57.6) Ha u u
CJIOXHUB €ro CO BTOPHIM ypaBHEHHEeM, Mbl HaileM, yTo

()\—{—qu)d;lx(cpT—{— % ”Q)Zm(cpT—{—-;—uQ——%aQ—b);

CJ/IelOBATENBHO, CYILECTBYET YAaCTHOE pelleHue
cpT—{—»%u?:%a?—*—b:const. (57.7)

HckmounB Ttenepb u3 nepBoro ypasHenus (57.6) semuuuny T,
NOJNYYUM
du (u—uy) (b — uy)

" au Lu—w)e—u,y)

(A 2p) ix const -
[Tocnennee ypaBHEHME HHTErpUpyeTCsi B 3aMKHYTOM BHIE B TOM
clyyae, KOrja BeJHYMHA A— 2p NMOCTOSIHHA, U JOMYCKAeT 4u-
ClIeHHOe UHTEerpupoBaHue 2) B TOM ciyuae, koraa A—+2p = f(T).]

) UccaenoBaHue AJsi MPOM3BONBLHOTO rada MOXHO HAHWTH B CTaTbe
Joxun6apra, ykasaHHOH B upuMmevanuu 3 Ha cTp. 187.

2y Thomas L. H, J. Chem. Phys., 12, 449 (1944); Mopay-
xoB M, Jlu66wu I, c6. Mexanura, Ne 1, 22 (1950); Mises R,
J. Aeronaut. Sci., 17, 551 (1950); Meieprod JI., c6. Mexanura,
Ne 6 (10), 39 (1951); Puckett A. E,, Stewart H.J, Quart. Appl.
Math., 7, 457 (1953).
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Tloxawxem cefiuac, cienys pabore [xuabapral), uro dusn
3a0aHNbLX 0ONYCMUMBLX KOHEUHOLX cocmoanul Z, u Zy cyue-
cmeyem eOuncmsenHoe pewernue ypasHenud (57.6) suda
yoapHO20 CA04.

C sTo#t uenblo pacCMOTPUM B MJIOCKOCTH Z(u T) mnone Ha-
npaBJieHu#t, COOTBETCTBYIOIEe CHCTeMe AuddepeHuranbHbIX ypaB-

T

g a u
Puc. 15. Ilone uHTerpaibHBIX KPUBBHIX
M ylapHas KpuBas B ILIOCKOCTH Z.

nenu#t (57.6). Kondurypauus sroro no.s noxasaHa Ha puc. 15,
HauepyeHHble XKUPHBIMU JIMHUAMU NMapaboJibl onpenesioTcss ypas-
HeHUAMH

L N=2L4u—a=0,
M@, T)=c,T — (4 —a} —b=0.

Jlerko BuieTb, 4TO 3TH NapaboJbl MepecekaTcs B TOukax Z; u Z,.
3ajaug 3akmai04yaeTcs B OTbICKAHMM MHTerpa/bHOH KpuBO# (,ymap-
HOM nyHUK), coepuHsIowWel ocobble ToukH Z; U Z, cucTeMbl (57.6).
st BplicHeHUsl XapakTepa MOJisi HanpaBJeHUH BOIM3M STHX TOUEK
HYXHO HCCJEL0BaTb KOPHM XapaKTePUCTHUECKOrO YpaBHeHUs

1 oL 1 oL
A F2u ou A F2uw oT -
1 oM Lom | =0 (57.8)
% ou « oT

Herpyaso npopepuTh, 4TO KBagparHoe ypaBHenue (57.8) umeer
B TOUKax Z, M Z, lelCTBUTe/NbHBIE KOPHM, NMpPUYEM B TOuke Z,

) Cm. npuMevanue 3 Ha ctp. 187,
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006a KODHS MMEIOT OJMH M TOT e 3HaK, a B TOuKe Z, — pas-
auyHble 3Haku. Takum oOpasoM, nepBas M3 3TUX TOYEK INpel-
craBisier coboft ysea, a Bropas — cepnol). M3 kapTuHbl moJs
Hampas/JeHu#, MOKa3aHHO# Ha puc. 15, cielyeT, 4TO KpuBag,
BXONflLAs B TOYKY Z, C/leBa, He MOXeET Mepeceyb NMpH ee Npo-
JOJ/KeHUM BNpaBO HU oAHOH u3 kpuBnx L =0, M =0. 3to0
O3Ha4yaeT, YTO YyKa3aHHAas KpHUBas NomaleT INPH CBOeM MNpPOAOJ-
xeHun B Touky Z;. CyllecTBOBaHHE YAapHOro CJOs, OTBEYalo-
IIEr0 KOHEYHHIM COCTOSHUAM Z; U Z,, TeM CaMbiM JOKAa3aHO.
EnMHCTBEHHOCTb TaKOrO pelleHUst [NOKa3biBaeTCd aHAaJOTMUHBIMH
paccyxIeHUsMH.

(3ameTuM, Y4TO OMNUCAaHHBLI{ BHIIEe METOA [AaeT BO3MOXHOCTh
YUCJEHHOrO pacyeTa yaapHoro npoduas; cM. pabory Jxuabapra
n [Taosnyyun.)

Ocraercst MPOBEPUTh TOJBKO, YTO MPH MaJbX 3HAYEHUAX X
1 A+ 2p npoduab yaapHOro cjos MMeeT CKOJb YrOAHO Y3KYI0
obJacTh mepexoia U Ty XKe KauyeCTBEHHYIO CTPYKTYpY, UTO U
npoduib, nokasaHusit Ha puc. 14. He ocranaBamBasicb Ha ¢op-
MaJbHOM 1OKa3aTe/lbCTBE STOrO (hakTa, Mbl NpuBeneM Te c000-
paxeHust, KOTOpbie NMOKA3BIBAIOT CyLleCcTBO Aesna. Haunem ¢ Toro,
YTO MOHOTOHHOe YOblBaHHe BeJMYMHBl # OYEBHIHO, TaK KaK
du/dx < 0BoBcex TOYKax yaapHO# kpuBo#. [TpeanooxumM Tenepsb,
YTO MBI XOTHM, 4TOOHI, ckaxem, 909 uH3MeHEeHUs BeJUUUHBl X
NPOUCXOIUIO HA MHTepBaje NPOTHKEHHOCTbIO MeHbiie &. MHaue
roBOpsi, Mbl XOTHM, YTOOH ,yAapHas KpuBas“ npoxonuaa 60.b-
IIYI0 4acTb PacCTOSHUS Mexny Z; ¥ Z, NpH MaioM (MeHblIe &)
uameHenuu x, M3 Buma cucreMbl (57.6) iCHO, YTO STOrO MOXKHO
LOGUTBCS, CHeaB A—f 2p M x JOCTATOYHO MAJBIMU He3aBUCHMO
OT TOrO, SIBJASIOTCS JM OHU TMOCTOSHHBIMH.

IanbHefiiiee uccnenoBaHue ypasHenu# (57.6) ynpouaercs
npu 3ameHe o= u?. TeoMeTpuyeckas HHTepHpETALUs MOJYYEH-
HOTO ypaBHeHHMs MO3BOJIAET BbIBECTH NPOCTHE M BECbMa MOJE3-
Hble HepaBeHCTBA JJs OLEHKH TOJIUUHEL YAapHOTO CA0sl (CM.
pabory Museca). LLlupoku#t Kpyr BOMpocCOB, CBSI3aHHBI# C y@ap-
HBIM C/IOeM, H3y4eH C (U3HYeCKOH TOUKM 3peHuss B ONyGJHKO-
BaHHOW HenaBHO paGore Jladrxuiana?).

" Konauurtou E. A, Jlesuncou H, Teopus o6uixHOBEH-
HBiX nuddepenunansbubix ypasuenuit, MJI, 1958, ra. 15

%) Lighthill M. J, Surveys in Applied Mechanics, Cam-
bridge, 1956, crp. 250.
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BA3KME HHUAHOCTH

§ 1. OcHoBHBIE ypaBHEHHS JBHIKEHHS BA3KOH KHIKOCTH

58. Tensop HanpskeHuit, BekTop HanpskeHu#t t, OMUCHIBAIO-
mu# HeHcTBHe BHYTPEHHMX CHJ HAa BbIIEJIEHHYI0 NMOBEPXHOCTD,
npeicTaBisieTcsi, KaK MOKa3aHO B M. 6, B Buie

t=n-T,

rie T=T(X, f)— TeH30p HampsikeHu#, a N — €INHNUYHBI}K Bek-
TOp HOpPMajH K paccMaTpuBaeMoft NMOBepXHOCTH. BBejpenue TeH-
30pa HanpsKeHWH B ypaBHeHHs [BHXKEHHSI HMeeT CBOeH LEJbIo
yueT peakliu#t, BOSHUKAIOWIMX B cpele B MpOLECCe ee ABHKEHHUd.
YcraHaBauBas cBsfidb MexAy TeHsopoM T M IpyruMu KuHeMaTH-
YeCKMMH M TePMOILMHAMUYECKUMH TEePEMEHHBIMH, Mbl TEM CaMbIM
onpefesseM U KjaaccuduuupyeM THUN CPelbl, HAMPUMED XUAKOCTb,
ynpyras cpena, mJacTuyeckas cpesa M T. A. Takoe coorHolue-
HUe Mexny TeH30poM T M ipyruMu nepeMeHHbIMM HOCHT HasBaHHue
onpedessiowezo ypasnenus. [IpuMepoM Onpelensionero ypas-
HEHHS MOXET CJIYXHTb, B yacTHocTH, ypaBHenue T = — pl, ycra-
HaB/IMBAIOLLlEE YKA3aHHOe COOTBETCTBHE B Clyyae HleajabHOM
MHIKOCTH.

B cuaenyomux nyHkrax OyLyT BbiBeleHbl ONpefelsioline
ypaBHEHHUs, TPUMEHHMble K MKHIKOCTAM, B KOTODBIX CYLIeCTBEH-
HYI0 pOJb HrpaloT KacaTelbHble HanpskeHus. [IpuMensembii
agecb Merton Geper cBoe Hayaso or paGor Crokcal) u Byccu-
Hecka ?). JlanbHefiliee passuTHEe 3TOTO MeToAa B HCCJ/eJOBAHHAX

) Stokes G. Trans. Cambridge Phil. Soc., 8, 287 (1845);
Papers, 1, cp. 75—129.
2 Boussinesq J., J.. Math. Pures Appl, (2), 13, 377 (1868).

13 3ak. 1160
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Paitnepa!), Pusauna 2) u Tpycienna ) npuseno k onpefessiomum
ypaBHeHussM oOllero BHA4, BKJOYalOUMM B ce0d B KauecTse
YacTHOro cayudasi kJaaccuueckuit sakoH Komwu — Ilyaccona u oxpa-
THIBAIOIMM BCE. M3BECTHble THUNBl HeNpepbiBHOX cpelbl. Dol
3HAYUTEJbHO YCOBEPIUEHCTBOBAH TaKKe BbIBOA OMNpele/sIomuX
ypaBHeHu#t. B nepsoM mnaparpage 3TOH r.iaBhl yCTaHaB/JMBaeTCA
yeTKas CHCTeMa YCJAOBHH, KOTOPHIM JOJ/KHO YNOBJETBOPATH IO-
BelleHHe KUIKOCTH Npu ee Jedopmauuax. B kauecTBe mpsMoro
CJENCTBUS ITOH CHCTEMBI aKCHOM MBI IOJyYaeM ONpeleJsioline
ypaBHenusi. IlpocTora JOrMYeckoff CTPYKTYpHl BBIBOJA Onpefe-
JSI0IMX ypaBHEHHH MO3BOJAET NPH 3TOM raylxe NOHATb Mare-
MaTHYECKYIO CTOPOHY Bonpoca 00 onpejieqeHHH NOHATUS KHAKOCTH.
Teopusi, TMOCTPOEHHass Ha OCHOBE YKa3aHHOH CXeMbl paccyxje-
HUH, YUYUTHIBaeT HeMuHelHble 9¢deKTh BA3KOCTH, KOTOPbie MOTYT
urpath GOJBLIYIO POJIb B HEKOTOPHIX CJOMHBIX ClyyasdX, TaKuXx,
KaK MCCJ/eJOBaHHEe YILapHOrO CJOsi, MOrPAaHUYHOrO CJ0s M ToJe-
TOB Ha GOJbIIUX BBICOTAX.

Bce Hamu paccyxieHuss He BBIXOJAT 3a PaMKM MeXaHMKH
CIUIOIIHBIX cpel. MoJekyasipHas NpUpoja MXUAKOCTEH U rasoB
Ip4 STOM B pacyeT He NpPHHUMaeTCd. DTO MOXET, KOHEUHO,
B HEKOTOPHIX CJyuasiX BbI3BaTb COMHEHHS B NPHUMEHHUMOCTH TeO-
puu. Takue COMHEHHS BO3HHMKAIOT, HampuMep, B NpPUMEHUMOCTH
ypasuenu#t Hasbe — CTOKca K M3yyeHHIO MNOJETOB Ha OOJBIIMX
BBHICOTAX WM K M3YYEHHIO YIAPHOTO CJOS B CBSI3M C TeM, YTO
cpeanss AauHa CBOGOAHOTO npoGera MOJEKYJ SBJAAETCS B STHUX
C/yyassx BEJMYMHOH TOTO ke NOPSAKa, YTO U XapaKTepHHIH pas-
Mep. OnHako BOMpPOC pellaeTcs B KOHLE KOHLOB He yOeiuTenb-
HOCTbIO NOBOJOB, a CpaBHEHHEM pe3yJbTaTOB TEOPHH C 3KCIe-
pumentoM. Ilpu TakoM cpaBHeHMH OKAa3bIBA€TCH, YTO ypPaBHEHHA
Hapbe — Crokca JaloT XOpollue pe3yabTaThl B YKa3aHHBIX. BbllLE
U B NoJOOHEIX cJayuasx. Jlo6aBMM, uyTO Npu BEOOpE MEXA1y
KUHETHUYeCKOH Teopuefl M Teopuei CNIOLIHBIX Cpel OCHOBHBIM
(akTOpOM fB/ISETCS MPOCTOTAa M CTPOHHOCTH MOC/edHeH TeopuH,

659. Iocryaars Crokca. Jxopax Croxc B cBoeH 3aMeua-
TeJbHOH paboTe, onyGJMKOBAHHOM uM B BoapacTe 26 Jjer, pan

" Reiner M. Amer. J. Math., 67, 350 (1945).

fy Rivlin R. S., Nature, 160, 611 (1947); Proc. Roy. Soc.
Lond., Ser. A, 193, 260 (1948).

% Truesdell C. J. Math. Pures Appl. (9), 29, 215 (1950);
9), 30, 111 (1951); J. Rational Mech. Anal., 1, 125 (1952); 2, 593 (1953).
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crelyiollee ONpelelieHre MOHATHIO WUAKOCTH 1): ,PasHOCTb Mex Ly
IaBJIeHHeM B IBMxKYLuefics MXUIKOCTH HA IJIOCKOCTb, MPOBEIEH-
Hylo B Touke P B mo6OM 3alaHHOM HampaBJeHWM, H OJUHa-
KOBBIM JUIS BCEX HampaBJeHUH JaB/eHueM, KOTOpOoe Cyuie-
cTBOBaNO Obl, ecau Obl KUIKOCTb B OKPECTHOCTH TOukM P Ha-
XOLUJACh B COCTOSIHUM OTHOCUTEJBHOTO PpABHOBECUS, 3dBUCHT
TOJNbKO OT OTHOCHTENbHOTO [BUXKEHHS MKUIKOCTH B HeNocpen-
CTBeHHOH OJM30CTH OT TOYKM P; Ha BeJUYUHY YIOMSHYTOrO
BHIILle [aBJEHHS He OKAa3blBAeT BJIMAHUS OTHOCHTEJNbHOE IBUXKE-
HUe, BHI3BAHHOE BpALIEHHEM XKUIKOCTU.* HecMOTps Ha Kaxyyocs
pacn/bBYaTOCTb 3TONO OMpENeseHHs, B HeM OTPaMeHa CYLIHOCTb
NOHATHA KUAKOCTH. Pabotast ¢ sTuM ompeleneHueM, Crokc ¢op-
MyJaupyeT cBoM uied Oosee ueTKO. B uyacTHOCTH, MX MOXHO
BEIPA3UTh CcJelylollelf cucTeMO# MOCTYRaToB.

1. Tensop T ssasnemcs Henpepul8Hol PyHKyUel men3opa
degpopmayuu D u He 3asucum om 0pyzux KUHEMAMULECKUX
nepementoLx.

2. Tenzop T wne 3a8ucum sIBHO om noAONCEeHus mouxu P
8 npocmpancmse (0OHOPOGHOCMb RO NPOCMPAHCMBEHHBLM
nepemenHslM).

3. B npocmpancmee Hem UCKAIOYUMEAbHOLX HANDPAB.Ae-
Huil (u3o0mponHocmo).

4, Ilpu D=0 menzop T onpedersiemcs coomrouenuem
T=—pl

KoHeuHo, BO3MOXHBI (2 B HEKOTOpPHIX CJAydasx ¥ Keja-
TeJbHBl %)) Jpyrue CUCTEMBl MOCTYJNaTOB, HO [IJS HCCHAENO-
BaHUM, H3JaraeMblX B NAHHOH cTaTbe, U MOYTH MAJA BCEX COB-
PEeMEHHBbIX NMPUJIOKEHUH TuAPOJMHAMUKY BIIOJHE NOCTATOYHO Mpen-
nonoxenutt Crokca. Cpeny, onpenensioliye ypaBHeHdss KOTODPOH
YAOBJETBOPAIT CHOPMVIHPOBAHHON BbIIE CHCTeMe NOCTYJAAaTOB,
Mbl Oy1eM Has3blBaTb CMOKCO80U JHCUOKOCMBIO.

Maremaruyeckass GopMynMpoBKa NepBHX JABYX MOCTYJaTOB
JlaeTCsi MPOCTHIM COOTHOLIEHHEM:

T = f (D). (59.1)

) Stokes G., Papers, 1, ctp. 75—129.

2y Truesdell C, J. Rational Mech. Anal, 1, 125 (1952);
Noll W., J. Rational Mech. Anal., 4, 1 (1955). WUurtepecroii ocobeH-
HOCTbI0 paboTthl Hoaaa aBAfETCH TLIATEAbHOE MCC/IENOBAHHE NMOHATHA
H30TPOMHOCTH.

1%
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VcioBHe HM3OTPOMHOCTH BhIPAXaeTcs TPeGOBaHUEM, UTOOH A
1060 MaTpuLbl S OPTOrOHa/JbHOrO NpPeoOpasoBAHUS BBHIMOMHA-
JIOCb paBeHCTBO

STS '=7(SDS™Y). (59.2)

OTO paBeHCTBO O3HAYaeT, YTO HH B MPOCTPAHCTBE, HU B Cpele
He CYILLEeCTBYET UCKJIOUHTEeNbHBIX HANpaBJAeHUH, UIM, HHAYE TOBOPH,
yTO 3ajaHHas JedopMauus HE3aBUCUMO OT €e OPUEHTALUU BEI-
3LIBA€T ONHM M Te e HanpskeHus. TouHee, paBeHCTBO (59.2)
O3HAYaeT HWHBAPUAHTHOCTb COOTHOIeHus (59.1) OTHOCHTENLHO
BCEX OPTOrOHAJbHBIX MpeoOpasdoBaHUM CUCTEMBl KOOPIHMHAT.

Tenzop T, oueBUIHO, HAOMKEH 3aBUCETb OT TEPMOJMHAMU-
YeCKOr0 COCTOSHUSI KHMAKOCTH; 3Ta 3aBUCHMMOCTb He OBlJIa Oro-
BOpeHa BhHIIIE IO TOH MNpUYMHE, 4YTO B JAaHHHIH MOMEHT Hac
MHTepecyeT JMullb 3aBUCUMOCTb T OT TeHdopa nedopmauutt D.

Mb mokaxem cefuac, 4TO BBINMCAHHAs BBHILE CUCTeMa IO-
CTYJ1IaTOB NPUBOAMT K NpOCTOH GopMyJe I/ TeH30opa Hampsike-
HU#, a uMeHHO K (opMmyJe

T =al 48D+ 7D? (59.3)
rie a, B u 7 — ckanapHble QYHKUUU TVIaBHBIX WUHBADUAHTOB TeH=-

3opa D, T. e.
a=a(l,ILIII) u T n

3ameuanue. TnaBHble WHBAPUAHTHI MOXKHO OINpPENENUTL KaK
K03 duLUKeHTH NPU pasnoxenunu onpegeautens D (\) = det(A\l—D)
Mo CTemeHs M A

D) =M —I T\ —IIL (59.4)

U3 onpeneneHus BHITEKaeT, B YAaCTHOCTH, 4TO [=SpurD=
=div v=0. Xapakrepucruueckue uuciaa d,, d,, d, MaTpuus D
ABASIOTCS KOPHAMHU ypaBHeHus D (\) = 0; B cua1y CHMMETPHYHOCTH
marpuusl Ddy, dy v d; aBAAIOTCA NEHCTBUTEJbHBIMU YHCJIAMH.
SICHO, 4YTO XapakTepuCTHYeCKHe uucaa MaTpuubl D sBasiorcs
(GYHKUMAMH ee TJIaBHBIX - MHBAPUAHTOB.

duxcupyd ¢ynkuuun a, 8 M Y, MB TOJYYaeM KUAKOCTb
C oOnpeneNeHHHIM XapakTepoM BSI3BKMX HampsikeHu#t. Hampumep,
ecau Mbl BhiOepeMm ¢yHkumu o, 8 M 7 Tak, uToOH 3aBucUMOCTb T
or D Obiia JMHeHHOH, TO NpHAEM K KJACCHYECKOMY 3aKOHY
BaskocTd Komu — ITyaccona. Huxe (cm. m. 65) 6Gyner paso6paHo
HECKOJbKO MpPUMEpPOB8, B KOTOPHIX 3aBUCHMOCTb (59.3) uMeer He-
JUHEHHBIR Xapakrep.
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IokazateabcTBo dopMyan (59.3)1). ITokaxeM cHa-
yana, 4TO IJaBHble HanpasJeHHs: TeHsopa T COBNAaialOT C TraaB-
HBIMH HanpasJ/eHUAMH TeHsopa D unm, uHave rosops, uto J060e
opTOroHa/abHOe nmpeoGpasoBaHue, npuBoisuiee Marpuny D k aua-
FOHaJbHOMY BHIY, NPUBOAHUT MATpHULY T Takxe K IHaroHaab-
HOMy BuAy. JIeHCTBHTEJbHO, NpEANOJOXHM, YTO MaTpuua D
npHuBeleHa K BUAY

d, 0 0
D=|0 d, 0
0 0 d,

u uyro Matpuua T mnpeoGpasoBanach NpU 3TOM B MaTpHIly T.

Toraa u3 cootHomenntt (59.1) u (59.2) Buitexaer, uto T = f (D).
Jlerko BHIETb, YTO OPTOroHa/lbHOE Npeobpa3oBaHHe KOOPAMHAT

1 0 0
S=(0 —1 0
0 0 —1

He Mensier Marpuny D. Caenosarenso, o6pamasich cHOBa K op-
MyaaM (59.1) u (59.2), nosnyyaeM

STS '=f(SDS™)=/fD)=T. (59.5)
Takum obpasoM, npu npeo6pa3oBaHud S MaTpuua T TaKxe co-
XpaHseT CBOH npexuu#t BuA. IIpocToif moicyeT NMokasblBaeT, YTO
B 3TOM CJyyae NOJKHBI BBHIMOJHATLCA YCIOBUA [y ==f3=="1ty ==

=t =0u t23=t—32_—_0. Wrax, mMbl gokasanu, yto marpuua T
MMeeT IMaroHajlbHyl0 ¢opMmy, T. e. uTO

t, 0 0
T=[0 ¢t 0.
0 0 ¢

C reoMerpuyeckolt -TOYKM 3peHUs TpeobpasoBaHUe S MOKHO
paccmarpuBaTh Kak NOBOPOT CHCTeMBl koopauHat Ha 180° Bok-

1) 3a uckJIOUEHHEM B3aKJIOUMTENbHOH YaCTH J0Ka3aTeNbCTBA, MBI
caelyeM u3AIHOMY MeTony OpukceHa u Puauna [Ericksen J. L,
Rivlin R. S, J. Rational Mech. Anal., 4, 323 (1955), B oco6eHHOCTH
§ 30). B xpyroi#t paGore 3pukcena [J. Washington Acad. Sci., 44,
33 (1954)] paccMOTpeHBl pasiMuHbie OTpaHMYEHHs, KOTOPblE HaK/Aaibl-
BAOT HA KO3QQHUUUEHTHl a, B M | Te HAM HHBIE (U3UYECCKHE YCIOBHSA.
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pyr ocu x;. Ypasuenne (59.5) moxaseiBaer, uro Marpuua T
CHMMETPHYHA OTHOCHTEJbHO 3TOH OCH.

Tak xak MaTpuua T sBJseTCs AMaroHanbHOM, XapaKTEpUCTH-
yeckne yucaa T aBasioTcs QyHKuuAMH OT dy, dy U ds, T. €.

ty=1,(@ dy dy), i=1, 2, 3 (59.6)

[MpexnonoxuM CHayana, YTO XapaKTepUCTHUECKHE 4YHCIA Ma-
Tpuubl D pasamuHel Mexn1y coOoH; Torza Mel MoxeM BbIOpaTh
MHOXHTENH a, B M | TaK, uTO

t,=a—+Bd,+1d;, i=1,2, 3. (59.7)
IleticteutenpHo, ypaBHenus (59.7) MOXHO paccMaTpuBaThb Kak

CHCTEMY JHMHeHHbIX ypaBHeHH# oTHOCHTenbHO a, § u 7. Torza
onpelenuTeb, COCTABJIeHHBH U3 KO3((GHUIUEHTOB 3TOH CHCTEMBI,

1 d d
A=\l dy d}|=(d—dy)(dy—ds)(ds—d)+0
1 ds d3
W, coraacHo mpasuay Kpawmepa,
t ody d
a=1lts dy df- (59.8)
ts ds dj

AnanornuHeiM 00pa3oM BBIpakaloTCs MHOXHTeaAH B u y. dru
MHOXHUTENH ABJAIOTCS HENPephHBHHIMH (QYHKUHAMH £, u d;, a ¢,
B CBOI0O Ouepelb HempephiBEO 3aBucAT OT d;. CienoBaTebHo,
B Cl/yyae pA3JMUHBIX XapAKTEPHCTHYECKMX YACEN MATpHUb D
MHOXHTENH o, § M 7 SBJISIOTCS HeNPEPHIBHBIMU (QYHKUUAMH ITHX
XapaKTepUCTHYECKHX UHCell.

B kauectBe chenyiollero 1ara 3aMeTuM, 4TO Jio0as nepe-
CTaHOBKa uucCea d; NMPUBOJMT K aHAJOTHYHOMH nepecTaHOBKe M-
cel £, [3TO clelyeT M3 OPTOTOHAJLHOCTH YKA3aHHOrO npeoGpa-
30BaHUs W M3 cooTHoweHus (59.2), B cuny KoTOporo Marpuua T
U3MeHseTca Tak ke, kak Mmarpuua D]. Herpynno yGemutbes,
No/b3yaCh 3THM 3aMeuyaHMeM, UTO NepecTaHOBKAa uucen d; ocra-
Baser o, B M Y Ge3 usMenenus. Takum o6pasoM, MHOdCumMeau a,
B u 1 ssaawmcs cummempuunoimu @dynxyuanu d; 1o
03H@uaer, 4T0 &, § W 7| 3aBUCAT TOJbKO OT TpeX IVIABHHIX HHBA-
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puautoB: O, II u Il (B cnpaBennuBoCcTH 3TOr0 yTBepKIEHUS
JerKO yOeauTbCs, BCIOMHHMB, YTO uHCAA d; SIBASIOTCS KOPHAMH
MHOTOY/NeHa ¢ kod¢pduuuentamu O, II u III). Takum obGpasom,
MBI [1OKA3aiH, YTO B Clyyae pa3JIHYHHIX XaPAKTEPUCTHUECKHX
uncen Marpuusl D mmoocumesu o, B u y ssasgomcs 00Ho-
SHAUHbLML HenpepolBHoLMY BYRKGUAMU 2LQA8HUX UHBAPUAH-
mos D. Bosspaliasich K MarpuyHbIM OGO3HAYEHUSIM, MBI NOJY-
yaeM BMecto cucTeMul (59.7) ypasHeHue

T =al- BD + D2,

KOTOpOE B TOYHOCTH ~COBHamaer ¢ ypasHenueM (59.3), koropoe
cBsa3biBaeT ucxonubie Matpuusl T u D.

OcraeTcsl 10Ka3aTb CNpaBelJUBOCTb InpencTaBaeHus: (59.3)
B Clyyae IBYX HJH TPeX pPAaBHBIX XapAKTEPUCTHUECKHX YHCel

Marpuubl D. [lepecTaBuB paBHBlE XapaKTepUCTHYECKHE U#CJa

Marpuusl D, HeTpymHO yGeauThcsi, MOAOOHO TOMY, KaK 3TO GBHLIO
CIeNaHO Bblllle, YTO COOTBETCTBYIOIUME XapaKTepUCTHUECKUE

uyucna matpuubl T Takxe cosmansaior. M3 Tex e coobpaxeHuft,
KOTOpHIe mpuBend K ypasHenuaM (59.7), caemyer, uTo B caydae
IBYX DPaBHBIX XapaKTePUCTHUECKHUX YUCe]

T =oal+ 8D,

a B cayuae Tpex paBHbIX uucea T =al. Tak kak sTu dopMmyant
takxe uMeloT BUA (59.3), NOKa3aTenbCTBO 3aBEpPLIEHO.

[TpuBeneHHOE N0KA3aTENbCTBO He NAeT TapaHTHH HelpephiB-
HOCTH 0, B M Y NpH COBMAaJZEHMH XAPAKTEPUCTHUECKUX HHUCEN
MaTpuubl D, 4TO oOCTaBaser BhevaTeHHE HEKOTOPOH Hesasep-
ureHHOCTH. Ecau npeanonoxuts 3asucuMocts T = f (D) mpusicos
HenmpepuiBHO AH(depeHunpyeMoil, TO MOXHO CPaBHUTEJLHO
NPOCTO TOKAa3aTh, YTO YKA3aHHAS HEMPEPHIBHOCTb MMEET MeCTO.
[TocKOABKY STOT pe3yibTaT HaM B Ja/ibHeliieM He MOHamoGuTCs,
110Ka3aTeNbCTBO ero OyAeT OMmyLIeHO.

Ecau k nocrynaram Crokca n06aBuTh yCI10BHe NuHEHHON 3aBHU-
CHMOCTH KOMMOHeHT Marpuusl T oT KommoHeHT Marpuus D,
TO npexncrasieHue (59.3) npuUHUMaeT BHUL

T = (— p+18)1+4 2uD. (59.9)

OTOT pesyabTaT, KaK BHISICHATCS HHXKe, SBJAAETCS CJAENCTBUEM
oOwe#t TeopeMmbl, KoTopas Oymer nokasaHa B 1. 60, oxHaKo
ApeACTaB/AsgeT HHTepec M JpYroe, 3HauuTeJbHO GoJiee HPOCTOE
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IOKa3aTeJbCTBO, B OCHOBHOM HE CBfI3aHHOE C TNPEABIAYLINMH
pacCyxIeHHIMH.

B cuay uyerseproro nocrynara CTOKCa M THIOTE3H O JU-
HefiHo#t 3aBucumoctd ¢; ot d; dopmyan (59.6) momxuHb umersb
cjaenyomui Bun:

ty=ad)+ aydy+ azd;— p,
ty==bd; + bydy+ bydys — p,
ty== ¢1d;+ Coly + C3d3— p-

KoadduuneHTs 3THX BhIpaxKeHHRt He 3aBUCAT, KOHeuyHO, OT D.
Tak Kak H3MEHEHMIO HyMepauMd d; NO/KHO OTBEYaTb AHAJOTHY-
HOe H3MeHEHHe HyMepauuu £f;, TO UMKJHYeCKas INepecTaHOBKa
(2, 3, 1) npuBOAMT K yCJOBHAM

ay=by=1c3 ay=0by=c¢, ay=0b=¢,

AuanornynsiM 06pasoM, NoJb3ysich nepecranoBkoft (2, 1, 3),
HAXOIUM @, ==0b;. Takum 00pasoM, Mbl HMeeM

Gg=a3=>b=by=c,=cy=\ a;=by=c3=A+ 2,

u npencrasienue (59.9) nokasaHo.

B cienyloolieM nyHkTe Mb 3aliMeMCs aHaJu30M TNOHATHA 1a-
BJEHUS XHUIKOCTH, INOCJE Yerc B 3aKJIUEHUH pasfena O KUM-
KOCTsX, ynoBJeTBOpsiiowux nocrynaram Crokca, GyleT paccMo-
‘TPEH HWHTEPECHBI TpUMEpP HOAUHOMUAALHOL 3ABUCUMOCMU
KOMIIOHEHT Ti/ TEH30pa HanpskKeHUH OT KOMIOHEHT Dtj TeH30pa
JaedopMaLmit.

59a, JaBJaenue, a9 CXKHMaeMbIX KHAKOCTEH 1aBJieHHe
'ABJISETCS] BIIOJNHE ONpeleqeHHON TepMOAMHAMUYECKON nepeMeHHOH.
310 mo3BOJIieT HaM Tepenucath ypaBHeHue (59.3) B Bume

T=(—p-+o)I+4 D+ D2 (59.10)
rie p — TepMOIMHAMMYECKOe NaBjeHue, a a*=a— p. B coor-
BETCTBUM C yeTBepThIM noctynaroM CTokca BequuuHa a* NOJKHA
obpamwarbcst B Hyab npu D=0. CpaBnuB Ttenepb ¢opMy.n
(59.10) u (34.1), noayuuM COOTHOIUEHHE

V=01 ED - 7D,
"CBA3bIBAIOLIEE TEH30p BA3KOCTH C TEH3O0DPOM JlCCl)OpMaLLHH.

B NPOTUBONOJOKHOCTb CJaYyUadl0 CXHHUMAeMbIX KUIKOCTEH, nud
‘HecHcumaemblx KUAKOCTEM JaB/ieHHE, KaK YxKe O0TMEUYaN0Ch
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B n. 33, He ssasemcs TepMONMHAMUYECKOH mNepeMeHHOH H
oCTaercsl MOKa HeomnpejeldeHHbIM !). Mbl MOXKeM, Clel0BaTe/bHO,
BBeCTH JI000€ ONpele/ieHHe IaBJAEeHUs, He NPOTHBOpeyallee yer-
peproMy nocrysaary Crokca. OxkoHuaTeqbHBIH BHIGOp 3TOrO
onpejeseHHss He WrpaeT CyNeCTBEHHOH pOJIM, TaK Kak Cleiyer
MOMHUTb, YTO BBEJeHHOE TAKUM 00pasoM B TUAPOJMHAMHYECKUE
ypaBHeHHs 3}, AaBjleHue“ He 00f3aTe/bHO AOJ/KHO COBMAnaTh € MO-
Ka3dHUEeM H3MEPUTE/BHBIX MPUOOPOB; HA CAMOM Jeje ST MOKa-
3aHMsl JAIOT HAM OOBIYHO BEJMYMHY OJHOH M3 KOMIOHEHT TeH-
30pa HanpsiKeHHH. ‘

B cuny chenaHHbX Bbille 3aMeyaHu#t BHIOOD oOmpeneseHus
JaBJieHUsl eCTEeCTBEHHO MOJYUHUTL TpeGOBaHHIO, YTOOL ypaBHe-
HUs [BHKEHUs uMeau Haubousee npocToit BUA. MBI ompenenum
naBjeHde p Kak kosdduuueHt a B popmyae (59.3) ¢ o6paTHbIM
3HaKOM. OJTO TNPHUBOJUT K CJENYIOLIEeMYy BEIPAaXEHHIO 1Js TeH30pa
HaNpsKeHUH Hecocumaemol KUAKOCTU:

T=— pl 4D+ yD2 (59.11)

3aMeTMM, UYTO BBEJEHHOe OIlpeje/ieHHe [AABJEHUs COrJdCOBAHO
¢ ycaosueMm, uro npu D=0 Beauuuna T npunumaer suHaueHue
T=—pl

Hexoropeie aproprl (Hanmpumep, Jlam6 [8]) ompenendioT aa-
BJeHUe MHaye, a UMeHHO moJjaraioT p = —1/; Spur T. T0 onpe-
JeJieHde BIIOJIHE KOPPEKTHO, HO BbIpaXeHue NJs TeH30pa Hamps-
wenutt T umeer B 3TOM cJjyuyae GoJjee C/IOKHBI Bua. B Haure#t
cratbe Mbl OyneM HaswiBath — !/, Spur T cpednum dasrenuen

1 0003HAuyaTh ero yepes p. PasHOCTb MexAay HaBJeHHEM H Cpel-
HUM JaBJeHUeM M8 Hec)KUMaeMOH JKUAKOCTH HETPYAHO HahTu
u3 ¢dopmynrr (59.11) B crenyioueM Buie:

3(p—p)=1D:D.

Mbt BuaMM, TakuM 00pasoM, 4TO p==p TOTIa H TOJbKO TOr.1a,
korza 7==0, T. e. coBmajeHHe NaBJeHHS U CPeIHEro AaBJeHHUs
SIBJISIETCS XapaKTepHbHIM TNpPU3HAKOM KBa3WJMHEHHOR 3aBUCHMOCTH
TeH30pa HanpsiKeHu# oT TeHsopa Aedopmauuit. B wacTHOCTH,
B paMKaX KJAacCHYeCKOH TeOpHH JMUHeHHON BA3KOCTH DasuyHe

) DTa HeONmpejeJEeHHOCTh HMEEeT MeCTO, KOHEYHO, TOJAbKO Mif
8A3KUX WHUAKOCTEH.
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MeXAy p M p ucuesaer M 00a onpeieneHus AABJCHHA, p == —a,
u p=—1,Spur T, 1alOT B TOYHOCTH OJHO H TO e 3HAUCHHE.
Mbl nmopuepKUBaeM H3JOXKEHHBIE BHIIE OOCTOATENLCTBA NOTOMY,
YTO YacTO BCTPEYACTCS HENOCTATOYHO SICHOE NOHMMAaHHWe YCJ0B-
HOCTHM TOHSITHSl IABJEHHS B CJydae HeCXKHMaeMOH XHIKOCTH.

60. MosHOMHANbHASA 3aBUCHMOCTD. B npeabiaylLieM nMyHKTe
610 yCTaHOBJEHO, 4YTO HauboJee OOWMA BHA 3aBUCHMOCTH Ha-
npsokeHu#t or AedopMalud, COrjacywowuics ¢ I1oCTynaTaMu
Crokca, naerca dopmyao#t (59.10) wam dopmynot (59.11).
Bxonsumue B 3tH  ¢opMyasl koadduunents af, § u y npen-
CTaBAA0T COGOH NpOu3BOJbHBIE (QYHKUMM TJIaBHBIX MHBAapPUAHTOB
marpuubl D M TepMOnMHAMMYECKMX TepeMeHHHX. Jlas Toro
yToOBl MOXHO OBIJIO MNOJYYHTb pe3yJbTaThl, NpPeACTaBJSIOLINE
MHTEepeC JJs TUAPOJAMHAMHKM, YKa3aHHY0 3aBHCUMOCTb CJle-
IyeT KOHKpPEeTU3UpOBaThb; B NPOTHBHOM CJjyyae IpH UCCJIENOBa-
HuM JI0OBIX 3a7ay, KpoMe HauboJ/ee 3jJeMeHTapHbIX, BO3HUKJN Obl
HeNpeoao/MMble TPYAHOCTH. [1paKTHUeCKH YHUBE PCANbHBIM SBJISETCS
BoI6OD noauromuassrol sasucumoctd T or D.

Haunbonee BawHBI#i ¥ HanboJsee yacTO BCTpevamoluics ciay-
yaf auHedHo# 3aBucumoctn T oT D Owia yxe pazobpaH B m. 59.
CaenyouymM No BaxHOCTH SABJISETCS CJyyalt KBajpaTHYHON 3aBH-
cumocty T or D. Tax kax usBapuantbl ©, Il u Il sBasworcs
GYHKUMAME NEepBOro, BTOPOTO M TpPeTbero MNoOpsAKa COOTBET-
CTBEHHO OT KOMMNOHeHT D, TO KBaJApaTHUYHYIO 3aBUCHMOCTb MOXHO
NOJYYHTh TPOCTO, KOHKpeTusupys cdopmyas (59.10) u (59.11)
caenyowuM 06pasom:

(—p+10NO24 NI 14 (2p —+ 2p'0) D -+ 4vD?
T= (mnst cxxMMaeMOM KHUAKOCTH),

— pl+ 2pD + 4vD? (mast HeC)MMaeMOR WUAKOCTH).
(60.1)

AuanornuHeiM 00pa3oM MOXHO 3amucaTh M 3aBHCUMOCTH Gosee
BBLICOKOT0 mopsiika. IIpu 3TOM BO3HHKaeT BONPOC, ABJAIOTCA JIH
npencrasienus (60.1) u ux aHasoru Oosee BLICOKOrO NOpsAKa
HauGoaee o00wumu TpeLCTaBIeHUAMH. Mpl mokaxem ceHuac,
YTO CNpaBej/MBa CJAEAYIOLIAad OCHOBHAasg TeopeMa:

Haubouxee o6ujee onpedesswouee ypasrerue, Y008.4emso-
paowee c@HOpMYAUPOBAHHLLM Bbue nocmysamam Cmoxca
L maxoe, 4MO KOMNOHEHMb., MEH30PA HANPANCCHUI TU
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ABASAIOMCA NOAUHOMAMU cmenenu N om KOMNOHERM MmeH-
sopa Oegpopmayuii D,;;, uneem 8ud

T=(—p—+Pyl+ P,D— P,D? (60.2)
ede P,, k=0, 1, 2, npedcmasasiom co60l MHo204LeHbL OM
eqasueix unsapuanmos D, npuwem secl) muozouwsena P,
He npesoiuaem N —Fk. B caywae cocumaemol scudkocmu

MHO2owaeH Py Oosocen umemb c80600HbLE HAaeH, pasHuil
HyA10; 8 cayiae Hecocumaemol scudkocmu Py=02).

IlokasarteabcTBO. JLOCTATOUHO MOKas3aTh, uTO Koz(-
¢dumeHT o, Bxoaswuit B dopmyay (59.10), umeer Bux MHOrO-
yneHa Py Bul K03hQUUMEHTOB 3 M | yCTaHABJAMBAETCH BIIOJIHE
AHAJOTHYHO. 3aMeTUM CHauaJa, YTO B NPHHATHIX HAMU TPEANO-
noxenusx ¢yukuuu f; B ¢dopmyse (59.6) DoMKHB uMeTb BUJ
MHOT'OY/IEHOB CTerieHH He Bhille /N (OpTOroHa/lbHOe Ipeofpaso-
BaHME He MOXT M3MEHUTb XapakTepa NOJHHOMHAJIbLHOM 3aBuCH-
Moctu). CienoBaresbHO, ONpeleuTeNb, CTOSLKA B YUC/IMTENe
dopmyae (59.8) nns xoddouuMeHTa @, ABJAETCS NO MEPEMEH-
HBIM d; MHOrouneHoM creneHu He Bhime N 3. Tak kak aTor
onpeneaureab oOpawaerca B Hyab npu dy=d, (U3 d;=d,
BLHITEKAeT, 4TO ¢ =1,), a Takxe INpu dy=d; u d;y=d,, MH
BUIMM IIOCJEe COKpauleHus Ha A== (d; —d,)(dy —d,)(d;—d)),
YTO o fABJAETCS MHOTOYIEHOM IO TNepeMeHHLIM d; CTeneHu He
Bhie N,

Ho, xax OblJIO NOKa3aHO Bbile, & SBJASETCS CHMMETPHUHOMH
GbyHkuuMeR d;, moSTOMy B CHJIy HM3BECTHOH TeopeMbl aareGphid)

) Ons toro uTo6bl MOACYMTATL BEC MHOrOUJNEHa P, HYXHO HaHTH

MaKCHMyM BecoB R -2} 3m ero uneno OF[I/III™,

?) Jra TeopeMa, CHOpMYyIUPOBaHHAs C PA3JIHYHOH CTENEHbIO O6I-
HOCTH, MPHUBOJAMTCS BO MHOrHX paborax. YacTHbil cayuail auHedHOR
3aBHCHMOCTH Obl1 HcciaenoBaH Crokcom. MHrepec k o6meit moauno-
MuanbHOH 3aBucumocTH T or D BosHuK 3HauuTENbHO mo3jHee: Qop-
myna (60.2) mosBunach BmepBbie B paGorax Paiinepa u PuBauua (cwm.
npumeuanus 1 u2 Ha crp. 194).IlepBoe cTporoe, HO Iajleko He MPOCTOE
J0Ka3aTeqbCTBO TEOPEMbl NPUHAANEXUT PHBIHHY M JpuKCceHy (HA 3Ty
pa6oty Mbl ccoiianuch Bbime B I, 39 u 41). IlpuBeneHHoe Hamu
JI0Ka3aTeabCTBO 3HAYHTENbHO Npomle H Gojee eCTECTBEHHO; HEKOTOpbIE
Hled 3TOr0 JOKa3aTeJbCTBa NpHHamaewar J. Kanabu.

Teopema nomyckaer o6oOmeHue Ha cayuall aHaIMTHYECKOH 3aBH-
cumoctd T or D; poap MHorouneHoB P Gyiyr urpartb NmpH 3TOM aHa-
JQUTHYECKHE (YHKIHU JIaBHBIX HHBApHAHTOB.

) Bau nep Bapnen B. Jl, Cospemennas aare6pa, 'MTTJI,
1947, wacts 1, § 26.
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0. MMEeT BUJ MHOTOuJeHa Beca He Bhllle N OT IVIaBHBIX HHBapHaH-
ToB D. B cootBercTBuM ¢ moctysiaToM 4 cBOOOAHHIA u/ieH 3TOro
MHOTOUJIEHA JOJ/KEH OBITb paBeH — p, CJAELOBATEIbHO, a*=0o - p
ABJIAETCA MHOTOU/EHOM 6e3 CBOGOLHOrO uJeHa, 4To U TpeboBa-
JI0Cb  10Ka3aTh.

Ha ocnose mMeTonoB Teopun pasmepHocteft Tpycaenn!) namen
XapaxkTep 3aBUCHMMOCTH KO3((QULHEHTOB MHOrOueHOB P, oOT
TEPMOJMHAMHYECKUX NepPeMeHHbIX.

61. Kaaccuueckas ruapoamHamuka, YpasHeuuss HaBoe —
Crokca, Tak kak Tensop JAedopmauuu, BooGlle roBOpPS, OYEHb
MaJ MO CPaBHEHMIO, CKaxeM, C BEJHYMHOH OTHOUIEHHS Xapak-
TePHOH CKOPOCTH M XapaKTEePHOH IJIMHBI, €CTeCTBEHHO MNPHUHATH
runoresy o JuHefiHocTH coortHoweHuss Mexay T u D. Cuaenyer
NOAUYEPKHYTh TUIOTETHUYECKHH XapaKTep 3TOrO MNPEANOJOKEHHS:
€ro Heab3sl HH BBIBECTH M3 IKCNEPUMEHTa, HU CTPOro 06OCHO-
Bathb. CorsacoBanue pesy/bTaTOB, NOJYYEHHHX Ha OCHOBE MpH-
HATOH TUNOTE3bl, C DKCHEPUMEHTOM SIBJSETCS, KOHEUHO, LOBOJLOM
B NOJb3y NpHMEHEHHS TUIOTE3bl M Halllef Bepel B ee crpa-
BEIJIMBOCTb, HO He GoJiee TOTO.

[Tpumensss pesyibraT, NpUBEIEHHHIH B KOHUe N, 59, Mhul
NoJyyaeM W3 THIOTE3bl O JUHEHHOH 3aBUCUMOCTH KJAaCCHYeCKHe
onpeje siolIue ypaBHeHUs:

T { (— p+28)14-2pD (B8 CxMMaeMON KUIAKOCTH),
- — pl-+2pD (87151 HECXKMMAEMOH KHUAKOCTH).
(61.1)

B cayuae cxxkuMmaeMO#t MKHAKOCTH p-— TepMOLHHAMMYECKOE MHaB-
aenne, @ =divv, a A u p— cKaqapHbie (QYHKUUM TepMOIHMHA-
YeCKMX MNepeMeHHHX. B ciayuae HecxknmMaeMoH IKMIKOCTH p
ABASETCS OIHOH U3 OCHOBHBIX [JIHHAMMYECKHX MepPeMEeHHHIX,
a p 3dBHCHT TOJMLKO OT TEMNEpATypH 2).

Baxubi#t Bonpoc 0 XapakTepe 3aBUCUMOCTH KO3(HUUMEHTOB
BABKOCTH OT TE€PMOAMHAMHUYECKMX NEepPEeMEHHHIX JeTajJbHO HCCJie-

1) Cm. pabotnl Tpycreana, ykasaHHele B nmpuMeuanuu 3 Ha cTp. 194.

?) VpaBHenue (61.1) 6bi10 npuBeneHo BrepBbie B pa6ote [lyaccona
[Poisson S.-D., J. Ecole Polytech., 13, Cah. 20, 1 (1831)]. B noayues-
HOM HEeCKOJbKO paHee Koumn onpenessiomeM ypaBHEHHH He ObLT yuTeH
unen —pl. JaapHeHmas JuTepaTypa NO 5TOMY BONpPOCY YKasdaHa
B pa6ore [2] n B cratbe Tpycpeana [Truesdell C., J. Rational
Mech. Anal., 1, 126 (1952)].
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nosaH B kHure Yenmena u Kayaunra [34], ra. 9—121). [puauu-
NUabHAs CTOPOHA CXEMBbl pACCYKAEHHHt KMHETHYeCKOH TeopuH,
NPUBOJALIUX K COOTHOLIEHHIO P~ T", 6bina paccmorpena Tpyc-
IeJIJIOM; UM ke OblJO MpOBeleHO HCC/IeJOBAHHE BOMPOCA C TOYKH
3peHHs TeOPHH Pa3MepHOCTH 2). YKa3aHHbIEe UCCIENOBAHUS U IKCIIE-
pUMEHTa/bHbe JaHHble MOKA3bIBAIOT, YTO B JHOBOJBHO WIMPOKOM
nuanasoHe Ko3(QUUUEHTH BA3KOCTH MPAKTHYECKH HE 3ABUCAT OT
naBjenns u ¢dopmyna p~T™ paer xopoulee MNpPuUBIMKEHHE.
K sromy Bompocy MH ellle BepHeMCS B CJELYIOIIEM MYHKTe.

dyHKUHMS OMCCHMALMKM, COOTBETCTBYIOLIas 3akoHy Kouu —
[Tyaccouna (61.1), umeer BUL

AB2—+ 20D : D (mrs cxuMaeMOH KMAKOCTH),

2pD:D (ans HecxkHMaeMOH KuAKOCTH).
(61.2)

Ycnosue @ > 0, BeBedeHHOe B M. 34, HaK/aIbIBAeT HEKOTODBIE
OrpaHuueHHs Ha BequunmHl A u p. B cayuae Hecxkumaemoft
*KHIKOCTH, B YAaCTHOCTH, M3 3TOTO YCJAOBUA caenyeT, uto g > 0.
llJIﬂ CXKUMAeMOH KHUAKOCTU, KaK TNMOKAa3bIBAIOT HenocpeiaCTBEeHHbIE
BBIUUC/EHUSd, HUMeeT MeCTO COOTHOLIeHHe

30 = (3h+2) 82+ 2 [(d; — dy)* + (dy— d*+ (d3— d))];

caenosareabHo, ycaosue @ >0 npas awoboro D BunmoaHsercs
B TOM U TOJbKO B TOM CJyyae, Koria

p>0, 3h42u>0

Bemuunna 3A—-2p BXomMT Takxe B (QOPMYJIY IS PasHOCTH
MeX1y IaBJIeHHeM U CpelHHM NaBJeHHeM B CKMMaeMOH KUIKOCTH:

3(p—p)=(@r+2p)- 6. (61.3)

Y pasuenun Hasve — Cmoxca ®). YpaBHeHUs IMHAMUKH, KO-
TOpble MOJYYaloTCs U3 OCHOBHBIX ypaBHeHHH (6.7) npu momoiuu

<I>=V:D={

1) B pa6ore Koyna u Xaptpu [Phil. Trans. Roy. Soc. Lond., A,
241, 282 (1948)] paccmoTpeHb 3KCNEpHMEHTaJbHblE JaHHbIEe 1Js BO3-
LyXa; MOXHO OOpaTUTbCA TaKke K ONyGJMKOBAHHOH HelaBHO paboTe
Jlxxuamopa (Gilmore F. R, Rand. Corp. Mem. RM-1543, Santa
Monica, 1955).

2) Truesdell C., Z. Physik, 131, 273 (1952); cM. Takxe paboThl
yxaaaHHble B NPUMEYaHUH 3 Ha CTp. 94.

8 Navier C. L. M. H,, Mem. Acad. Sci. Inst. France (2), 6,
289 (1827); pabora matmupoBana 1822 r., Stokes G., Papers, 1,
ctp. 75—129. HaBbe paccmarpuBad TOMBKO HECHHMAEMbIE KHIKOCTH.
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3axoHa Komwn — [lyaccona, HocaT HasBauue ypasHenu# Hasbe —
Crokca. Mexnay ciyuaeM CMMaeMOH W HeC)KMMaeMOH KUIKOCTH
HMEEeTCsl HEKOTOpO€ pasjuuue, a MMEHHO

JJI CXXUMAaeMOH XKUIKOCTH
P % = pf — grad p4- grad A8) 4-div (2pD);  (61.4)

IJs1 HEeCXKUMAEeMON XKHUIKOCTH

p%‘ti = pf — grad p + div (2uD). (61.5)

dopmanbuo ypaseenne (61.5) momyuaercs u3 ypasHenus (61.4),
ecau noJoxuts @ =divv=0. 3OTo He 03HayaeT, OIHAKO, YTO
ypasnenue (61.5) siBasieTcss wacTHBHIM caydaeM ypaBHenus (61.4),
TaK KaK TOHATHE [aBJEHHWS HMMeeT CYLIEeCTBEHHO pas/HYHBIR
CMBICJI B CJyuYasX CXHMaeMo#t M HecxumaeMod xuukoctu. Ilpu
NOCTOSIHHLIX A ¥ p ypaBHenus (61.4) u (61.5) npunumaior 607ee
NpoCTOH BUA M 3aNHCHIBAIOTCS TaK:

IJ CXKUMaeMOH KHUIKOCTHU
d
poF = pf—grad p+(\+4-p) grad @ pV2v,  (61.6)
LJIS HeCXMMaeMOH MXHMIKCCTH
p —‘% = pf— grad p 4 pV?v. (61.7)

Jas Toro 4toGbl MMETb BO3MOXHOCTb 3alUCaThb YpaBHEHHS
Hasbe — CroKCa B NpOU3BOJbLHON OPTOrOHAJbHOH CHCTEME KO-
OpPIMHAT, HAM HYXHO Ha#TH COOTBETCTBYIOLHE (OPMYJbl IS
yckopenust, aas O wu aas V2v. dopMmyan aas a u O Gbum
nosyueHsl panee (cM. m. 12), a dopmyab 0Js JanaacuaHa npoue
BCEr0 HalTH, BOCNOJb3OBABIIUCH TOXAECTBOM

V2v =grad 6 —rot w;

ynen grad © yno6HO OCTaBAsiTH Haxe B Clydyae HeCKMMaeMOH
MUIAKOCTH, TaK KaK TpPHU STOM MPOMCXOIMUT COKPALIEHHE HEKO-
TOPOro YMCJa YIEHOB pasioxeHus rotw. KomnouenTs TeHsopa
Hanpsokenu#t (61.1) B oOumell KpuUBOJMHEHHOH CcHCTeMe KOOpAHU-
HaT onpejensioTcs GopMyJicMu

Tik = (— P + )\9) 8;; + Q}LDik.
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rae dlog h
D k Og i
0x’+ !
171 dvi h 2 ovk
Diy— L[9% | (fe)? 00" .
k 2 [Oxk +(ht) Oxi] (k1)

B uyacTHOM ciyyae UHJIMHAPHYECKOH CHCTeMBl KOODIMHAT
BhipaxeHus g a, O u o npusenefint B m. 12. Tloassysck
METOLOM, Ppas3BHUTBHIM B M. 11, MOXHO TNOJAYYuTb CleAyioLiue
Bblpa)l(eHPlﬂ;

1 0 e
(grad 8), =~ 5 (r8) — — =
1 0 (. ov, Oy | 0%, 1 dvy, v,
—FW(’“JF)JM orol T Orer T a8 T

1 0
(grad 8)9 = 7750 (r@) =

. 1 azvr 1 0200 02 vz 1 0‘0,-
= oror T 7 o0 +r 00z T 7 0
10 7] ov, 02yuy 0%y,
(grad 8), = + 5, (r8) = rdr(r 02)+r 30z T oz
n
2 Oduy v,
(Vo) = 80, — 25 55 — 77
2 dv v
(V2V){) —_ A‘v) ‘I— —L '—‘—r_g‘n

l o (. 0 1 o2 0?
2 —_ __ —_ —_— —_—
(V¥),=Av,, A= 7 or ( 0r)+ 72 002 - 922 °

~~ ~~
Hakownen, o6o3Hauus uepe3 rr, r u T. 4. QusMyeckue KOMMO-
HEHTBHl TEH30pa HANpsKEeHUH, Mbl TMOMYYHM

;;=—p+)\9+29&. 7r=—p+18 4 2p %2,
-~ (10v Jdvy ™ Ove 1 ov
ro= (roe""‘—_‘r‘)' bz = ( + 7 z)

. dv, ov,
zr=p (W + dz)
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Ypasuenus (61.6) u (61.7) B cepuyecko#t cucreMe KOOpPIMHAT
paccMoTpeHbl noapo6Ho B kHure [36], § 39—41.

62. CoornomeHue Ctokca. B paGore, Ha KOTOpYIO Mbl
yxe ccolnamuch B m. 58, Crokc npuBoauT j1Ba cooOpaeHus
R MOATBEPXKIEHUE COOTHOILEHHS .,

3\ 2p =0 (62.1)

MeX Iy Ko3b@HIHeHTaMH BABKOCTH CXUMaeMOH BS3KOH KUAKOCTH.
KopoTtko roBops, sTH cooOpaxceHHs CBOIATCA K TOMY, 4YTO
ecau Obl ycaoBue (62.1) He GBIJIO+BHIMOJNHEHO, TO JaXe B Cjayyae
OIHOPOJHOTO pacUIMPeHHsl IUCCUTALHMS M PAa3HOCTb MeXIy HaBie-
HHEM M CpelIHUM JaBjeHueM OBbLIH Obl OTJMYHBL OT HyJs [CM.
¢dopmyny (61.3)]. IpyruM, u Bo3MOxHO O6oJiee yOeIuTeJbHBIM,
JIOBOJOM MOXET CJIYXKUTb KHHeTHYeckas Teopus MakcBesna I
ONHOATOMHHIX Tra30B, KOTOpas npuBoIuT k dopmyne (62.1).
Aprymentauuss CTOKCa B HAcCTOsilEe BpeMs KaxeTca HeyGenm-
TenbHOM; mpaBna, u caM CroKc mnosiHee ykasbiBana!l), yTO OH
HUKOrja He OblM MNOJIHOCTBIO yBepeH B CHpPaBeIJIMBOCTH 3TOrO
cooTHomeHus. YTo KacaeTca KuHeTHYecko# Teopunm Makc-
BeJJIa, TO, Kak nokasan Tpycnean?), B ee OCHOBE JEKUT Mpei-
MIOJIOXKEeHUe, PaBHOCHJAbHOE COOTHOMIeHHI0 (62.1).

[pu xenaHHH K BOMPOCY O CHpPaBelJHBOCTH cooTHomenus (62.1)
MOXHO OhiI0 6b MoJOATH ¢ 604ee 06mux nosunuii. TouHee, MOXHO OTKa-
3aTbCs OT (EHOMEHOJNOTHUECKOrO NMOAX0Na, HCIOJAb30BAHHOIO B II. 58 1 59,
M paccMaTpuBaTh BMECTO 3TOrO BHYTpEHHeE CTPOEHHE KHAKOCTH . NpH
Goapmux HampsikeHusix. Ilpy TakoM moxxome mpocras TepMOJHHAMH-
yeckas TEOpHs, H3JOKEHHas B [J. 4, 6blla Gb yKe HeClpaBejuBa M
MOXXHO OBJIO Obl NONMBITATBCH TEM HJIH HHBIM CHOCO60M CKOMIIEHCH-
pOBaTb HEBA3KY B TEPMOJHHAMHUECKOM YDAaBHEHHHM COCTOSIHHSA 33 CYET
KOMIIOHEHT TEH30pa BA3KOCTH. B cuJy cka3aHHOro oueBHIHO, UTO C 3TOH
TOYKH 3DEHHs BONPOC O CHPaBENJIMBOCTH cooTHomeHus (62.1) tepser
BCAKUE CMBICIL

O6paiiasich K 3KCIEPUMEHTY, MBI CTaJKHBaeMC C cepbes-
HBIMH TPYIHOCTSMH. DTO BUIHO XOTs Obl M3 TOTO, YTO B JIOOOM
SKCMepUMeHTe /s ONpeje/eHns A Heo6XOLMMO BO3HHKAIOT fBJIe-
HUS, CONpPOBONAAOUMecs OGOJbLINM YBeJHYeHHEM O, B CBs3H
C yeM BCTaeT BONPOC O NpPMMEHUMOCTH 3aKOHA JMHeHHOH 3aBH-
CHMOCTH TEH30pa HampshkeHu#t OT TeH3opa nedopMauuit. OCHOBHI-

) Stokes G., Papers, 3, crp. 136—137,
2) Truesdell C, Z. Physik, 131, 273 (1952).



63. TenaonposoOHocTb 209

BaAchb Ha paboTax, B KOTOPHIX pPacCMaTPUBAJIUCh SKCEPHUMEeH-
TaJbHble NaHHBE !), MOXHO yTBepkJAaTh CJjelylolee: NJs OILHO-
ATOMHBIX Ta30B COOTHOLIeHHe (62.1) BHIMOJHSETCS C AOCTATOY-
HOHl CTeneHbl0 TOYHOCTH; C HLPYroH CTODOHHI, IJf XKHUIKOCTER M
MHOTO4TOMHBIX Ta30B Ko3d¢uumeHT A >0 MO}KeT HHOTZA BO
MHOIO pa3 NPeBOCXOAUTb NO BeJuuHHe KoO3b¢uuuedt p. Hau-
6oJiee 4acTO BCTpevaioluecs 3HAaYeHHs NMEePeMeHHHX A U | NpH-
BeleHbl B KHure Yemmena u Kaysaunra [34] u B pabotax, Ha
KOTOpble MBIl TOJbKO YTO CCHIIAMHUCD.

3aMeTuM, 4YTO B TeX Cayyadax, Koria 3¢¢exT CKUMAeMOCTU
HE3HAYMTEJIEH, BEJMYUHA A He MOXeT ObiTb, KOHEYHO, GOJbIIOH.

63. TenjonpoBogHOCTb. I TOro uToGbl CHCTEMAa ypaBHe-
HHH KJaCCHYeCKONR MeXaHMKH KUIAKOCTH OblIa NMOJIHOH, Heo0Xo-
IMMO BBIPAa3UTb BEKTOpP NOTOKA Tem/ia ¢ 4Yepe3 MeXaHHYyeCKue U
TepMOJMHAMUYECKHe TepeMeHHble. Mbl OyleM HMCXONUTb U3
OOBIYHOTO NpPEeANOJIOKEHUS, UYTO ( HA8AAeMCA U30MPONHOU
dyHryueli om z2paduesma memnepamyps. U mepmoOuUHa-
MudecKux nepemernsix. BoaMOXHBI, KOHEUHO, U 60Jjiee CNOKHBIE
CHTYyaluH, B KOTOPBIX MpPOLECCH TeNJONPOBOLHOCTH BHI3BIBAIOTCS
nedopmauusiMu (1 Haob6opor) 2). OMHAKO BO BCEX PacCMOTPEH-
HBIX A0 HACTOALIErO0 BpeMeHH CJyYyasx TNpPUHATOE HaMH TNpel-
NOJOXEHHE He HYKIAJOCh B YTOYHEHHH.

W3 yciaoBuss M3OTPONHOCTH, KaK HETPYIHO BUAETHb, BHITEKAET,
yro BekTOpH ( M grad T no/mkHbl ObHITH NapajielbHbl, OTKYAa
crenyer 3akon HeloTona — dypee

q=—=xgrad T, (63.1)

rae x — ckanapHas ¢yukuua |grad T| u  TepMOAMHAMHYECKHX
nepeMennbix. TepMmoauHamuyeckoe yciaosue (34.4) BKioyaer
B. ceb TpeGoBaHue, YTOOB MHOXMUTENb ¥ OB HEOTPHULATENEH.
Bua ¢yukuuu » BhiOupaercs B 3aBUCHMOCTH OT XapakTepa pac-
CMaTpMBaeMO# 3a1ay¥M Ha OCHOBE SKCNEPUMEHTA M KMHETUUECKOH
Teopud. Yawe Bcero mouawsyioTcs ¢opmynoit (cM. [34], ra. 13)

—“éﬂ = const, (63.2)

) Tisza L., Phys. Rev., 61, 531 (1942); Lieberman L.,
Phys. Rev., 75, 1415; 76, 440 (1950); Kapum C., Poseuxen JI,
c6. Mexanuxa, Ne 2 (18), 83 (1953). Cm. taxxke crarbhio Tpycreuna
[Truesdell C., Proc. Roy. Soc. Lond. Ser. A, 226, 55 (195H)1.

2) Cm. npumeyaHue 2 Ha ctp. 199,

14 3ak. 1160
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KOTOpas COBMECTHMA C MPHHHMaeMbiM OOBIYHO NpEANOJIOXKEHHEM,
YTO BEJNMYMHBI %, § H C, MOCTOAHHb. HeoGxomumbiM ycaoBueM

cnpaBelJUBOCTH GopMyJbl (63.2) BaseTCs HE3aBUCHMOCTb % O1
|grad T'|. [lna cOBeplLIEHHOro rasa C MOCTOSHHBIMU YIEJIbHBIMA
TEeMJOEMKOCTAMH BeJIMYMHA OTHOWIeHHus (63.2) BeiOupaeTcs ciaenyio-
wuM obpasom:

ptcp_2
% 3

1,—

v 7 0

T U 72

COOTBETCTBEHHO B CJyyafAX OJHOATOMHHIX TIa30B, ABYXaTOMHBIX
rasoB W BO3AyXa. BesuumuHa pc,/x HOCUT HasBanue 4ucaa [Ipand-

mAs; BNOCIENCTBUM Mbl BCTPETUMCS C 3STOH BeJMYMHOH TMIpH
MCC/IeI0BaHMH BONPOCAa O NIMHAMHYECKOM MOLOOHMH TeuyeHUH# Temo-
NMPOBONHON XHUIKOCTH.

[MoncrauB Buipaxcenue (63.1) B ypaBueHue suepruu (34.3),
MBI {10/Ty4UM

p _‘fitﬁ — @ —div (x grad T). (63.3)

910 ypaBHeHue BMecTe C ypaBHeHuamu Hasbe — Crokca, ypas-
HeHHeM Hepa3pBIBHOCTH UM TePMOIWHAMHYECKHMU YDaBHEHHUAMH
€OCTOsIHMA 00pasyeT CHCTEMYy YpaBHEHHH, Ha KOTOpPOH OCHOBaHa
KJaccuyeckass TuApoinMHaMuka. TaK Kak MIOLOTBOPHOE HCCJENO-
BaHHe 3TOH cucCTeMB B ee oOuleM BHIe elBa JH BO3MONHO,
ToyHee OblMO Obl CKa3aTb, YTO KJAacCHYeCKas THIPOILHHAMHUKA
HMeeT [eJO C Pa3/MMYHBIMK YacTHBIMH CJyYasMH YKasaHHOH cu-
CTeMBl.

64. I'panuuHble ycJaoBusA. PaccMoTpuM Temeps Te nuHaMmu-
YEeCKHMe YCJIOBHS, KOTOpDble NO/KHBI BBINOJHATBCH HA FpaHuue
xuikoctd. Ha cBOGOLHOM TNOBEPXHOCTH WJIM Ha BHYTpeHHeH
ﬂOBerHOCTPl pasne.rla ILByx pa3JIH'-lHHX WKULKOCTEH BHINNOJIHAETCA,
Kak 3aMerun Jlam6, yc/oBHe HenmpepHIBHOCTH BEKTOpAa Hampsie-
Hu#t. Bompoc o IOCTaTOYHOCTH STOrO YCJIOBUS IJs HENpephiB-
HOCTH MOJIi CKOPOCTe#f npu mepexone yepe3 CBOGOINHYIO MOBepX-
HOCTb HJIM TOBEPXHOCTb pa3fie]a OCTaeTCs TNOKAa OTKPHITHIM,
OIHAaKO HCCAeIOBAHHE PA3/MYHBIX YACTHBIX CJy4yaeB MOKA3HIBAeT,
YTO YTBEPAHMTEJbHHI#l OTBET KaXeTCs NMpPaBLONOLOGHBIM.

CnoxHee OOGCTOMT 1es0 C YCJIOBUSAMH, KOTOpblEe JOJDKHEI
BbIHOJIHﬂTbCH Ha TBepllbIX yqacn{ax rpammm; 310eCb MBI CTAJKH=-
BaeMcs C HEKOTOphIMH mporuBopeuusiMu. CTOKC mpuiepKubaics



64. T'panuutsie ycaosus 211

TOH TOUKM 3peHHs !), YTO KUAKOCTb NPUIHUINAET K TBEPAOMY Tely,
TaK KaK B NPOTHBHOM CJydyae CHJa COMPOTHBJEHHsS MPOCKATb3bI-
BAHHMIO IBYX COCEJHHX CJOEB XHIKOCTH NO/MxHa Obia Obl mpe-
BOCXOIHTb CHJY TNPOCKA/Jb3bIBAHHS CJO0Sl XUIKOCTH HAL TBEPIBIM
Te/0M B GECKOHEYHOE YHCIO Pas. DKCIEPHMEHTHI C KaNHIJISAPHBIM
BHCKOSMMETPOM MOKa3bIBAIOT, YTO N0 KpaiiHe#t Mepe Ljs KHIKO-
cTeft mpH OOGHYHBIX YCJIOBHAX pacxon yObiBaer OyeHb ObICTPO,
NpUMEPHO KAaK paiMyc B YeTBEpPTOH CTemeHH. DTO yKasbiBaeT
Ha TO, YTO TpHJHMNAHME NEHCTBHTEJbHO HMeeT MecTo. XOTq yOe-
IMTEJbHOCTh YKAa3aHHBIX (AaKTOB He BHI3BIBAET COMHEHHH, OHH
MMEIOT MeCTO TOJbKO TpH  HE3HAUYHTEJbHBHIX KAacCaTeJbHbIX
HANpAXKEHUAX M He OYeHb HHM3KMX NaBJeHHAX. OueBMAHO, HampH-
Mep, YTO yCJIOBHE MPUJIUNAHHA HENPUMEHHUMO NPH UBYYEHHH TOJe-
TOB Ha GOJbLIMX BHICOTAX 2).

Ilna ob6bacHeHus HabJa0faeMblX NpPH SKCNEPUMEHTAX ABJIEHUMH
Mbl UMeeM, BO-NEPBBIX, KJACCHYECKOe YC/JIOBHE MPH/UNAHHUSA

Av=0 Ha TBepAHX TpaHHIAX, (64.1)

rie Av 0603HauaeT pasHOCTb MEXIY CKOPOCTbIO XHAKOCTH H
CKOPOCTbI0O TpaHuubl. BMecto ycnosua (64.1) npennaraauce
pasauuHble YCJAOBHMSI NMPOCKA/Tb3bIBAHHA, W3 KOTOPHIX HaMOGO.bLUMMH
HHTepeC MpelCTaBlsdeT Clelpylolee:

Av, =0, Av,=kt, (64.2)

(uHIexchl n W ¢ 0603HaYalOT COOTBETCTBEHHO HOPMAJBHYI H
KacaTe/bHYI0 COCTaBJsiolKe). DTOT eCTeCTBEHHbI C PusnyecKoHt
TOYKM 3peHHs 3dKOH HAXONHMT MOATBepMKIEHHE B KMHETHYECKOM
teopud. Ecam B ¢opmynax (64.2) kosdpduiument & asagercs
nepeMeHHOH BeJHYMHOH, 3aBuCAle#t OT TEPMOIMHAMUYECKOrO
COCTOAHMA (B YACTHOCTH, €CIM R paBeH. HyJIO BHe 00.1aCTH HH3-
KMX naBjeHuft), To. popmyasl (64.2) moryr BkmOuaTh B Cels
ycaoBue TpuaunaHus. Ham Kaxercs eCTeCTBeHHBIM 0000uieHHe
ycaosus (64.2) nyreM BBemeHus ,ko3dduuueHta TpeHua“ kg
NpH MajblX TaHTeHUHAJbHbIX HANPAKEHHAX M BHICOKHMX NaBJEHHAX
Takoe 0000uieHHOe ycaoBHe OyNeT CBOIMUTbCA K YCJIOBUIO MpH- -
JuNaHus, a B MPOTUBONMOJOXHOM TpeleJbHOM Clydyae — K yCJo-

1) Cm. npumeuanue 1 Ha ctp. 195.
?) Iaup Cwa-caup, ¢6. [asoBas aunamuka, HJI, 1950,
ctp. 310—340.

1 Ak
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suio (64.2). TouHee, MBI moJsaraem
0 mpu k|t | <kt

K= k—k, npu  kt,|> k|,

tn
t

rie & u k; — HEKOTODLIe MOJOXHTENbHEIE MOCTOSHHBIE, H MpH-
HHMaeM B KayecTBe TPaHUYHOrO YCJOBHUS

A"Un - 0’ AVt=Ktt. (64.3)

B Hacrtosiee BpeMsi ellie He NMPOBEPEHO, HACKOJbKO XOPOILIO
5TH .COOTHOILEHHS COTJIACYIOTCS C SKCMepuMeHTaMu. Pasiuunbie
Ipyrue rpaHuyHble YCJIOBMS OBbLIM MpenJoxeHsl B pabotax Makc-
Bessa, Jllorema, Knyiacena, a rakxe Yanra u Yaenbeka. Kpu-
THYeckuit 0630p MCC/IeNOBaHUH MO STOMY BOIPOCY MOXHO HaHTH
B paGorax Betirmena [2], wacts I, § 1.2, 1.7, 3.2, Tpycaenna?)
u Ilatrepcona ([32], ra. B).

B ocraBumeifics yacTH 5TOH CTaTbU B KauyecTse CTaHAAapPTHOTO
rPaHMYHOrO YCJOBHS Mb NpuHHUMaeM yciosue (64.1). Herpyano
M0Ka3aThb, YTO NpPU STOM MPENNOJOKEHHH BEKTOp 3aBUXPEHHOCTH
HampaBJieH MO KacaTeJbHOH K HeMmOABUXKHOH creHKe. B camoM
nene, no teopeMe Crokca

fw-nda=§v-a'x=0,
8

c

rie §— Npou3BOJbHAasg TNJOWAJKA HAa CTeHKE, OrpaHHYeHHas
koutypom c¢. CuenoBatenbHo, Ha creHke © -n=0. Hcxoxns
M3 KJacCuuecKOro 3axkoHa Bsiskoctu (64.1), Bepkep anasnoruu-
HBIMM  PAacCyXIEHHAMH TIOKasan?), 4YTO BEKTOD HampsnKeHui

) Truesdell C., J. Rational Mech. Anal., 1, 125 (1952),

oco6enHo § 79.
2) Berker R, C. R. Acad. Sci., Paris, 232, 148 (1951). [loka-

3aTeJbCTBO DepKepa HAET MO CJeAYILIEMy MyTH: MBI HMeeM
§v><dx=-f(n><V)><vda=f(n9+ % an—n~D) da

(cM. [48], ctp. 72), u Tak Kak CTOAI{ME c/AeBa HHTErpal paBeH HyJIO
. 1
Ha HEMOIBMXHOH CTeHKe, BeauunHa nd - 5 O X n—n-D raxxe pas-

Ha HyJ0. Bocmonb3oBaBmMCH STHM, Jerko npeoGpasoBaTh (opmyy
=n.-T=(—p+20)n42un-D k Buny (64.4).
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HMeeT Ha HENOJBMXKHOM CTEHKe cJelyloliee BHIpa)KeHHEe:

[—p+(4+2p)B]n—+p(w X n)

(s CKMMaeMOH JKUAKOCTH),

— pn—-p(0 X n)
(nas Hec)KMMaeMOR IKMIKOCTH).
(64.4)

B cuny sTMX (OpMyJ KacaTe/JbHble HANpSXKEHHs 3aBUCAT TOJLKO
OT MECTHOM 3aBUXPEHHOCTH, TOrJa KaK HOPMajbHBHIE HaNpPSXEHHUs
3aBHCAT OT JaBjeHHs W BeauyuHsl O = div v. 3amerum, uToO
B C/yuyae CXKMMaeMOH XXHMIKOCTH BeJHYHHA HOPMAJbHOTO Hamps-

XKEHUus omauxaemcs OT CpeAHEro NaBJIEHUA p; TOYHEE, MEXNy
HOpMAaJbHBIM HanpsiKeHuemM p,, NABJEHHEM XKUIKOCTH p W -Cpel-

HHM JaBJIECHUEM p HMEET MeCTO C-’Ie,ﬂ,lelU.ee COOTHOLUEHue:
Pa=p—0—+2p)8=p—4,p8. (64.5)

65. JlomosHenne. YacTHble pemieHHsi ypaBHeHHH C HelH-
HelHO# BA3KOCTbIO. I TOro utoObl KayeCTBEHHO OLIEHMTDb
pOJIb HeJMMHEHHBIX 4JIeHOB B ¢opMmyse (59.3), mpolue Bcero Boc-
NOJb30BATbCA YACTHBHIMH PEIeHUSIMH YpaBHEeHHMs IBHMeHHd. Mbl
paccMOTpUM 3jech 1Ba NPOCTHIX NMpPUMEPA ABIXEHMH HecxkuMae-
MOH JKHIKOCTH; NepBblf M3 HHUX Obla TILATEJbHO M3YyYeH Pusiu-
Hom !). [lpu sTOM OyzeT BHIICHEHO OCHOBHOE Da3JMUME MEeXLy
TEOpUAMH JIMHEHHOM ¥ HeJMHERHOM BSA3KOCTH, a HMEHHO NpH
yueTe HeJMHEHHBIX YJIEHOB BSIBKOCTH B CJIOMCTOM TE€YeHHH MOTYT
CYLUEeCTBOBaTb HOPMaJbHble HamnpsiKeHHs.

1. Ilpamoruneiinoe caoucmoe mexerue. TIpennosoNUM,
yto u==ky, v=w =0, rae & —nocrosuHas. Torza B cuiay
coorHolueHust (59.3) TeHsop HampsikeHu#t T umeer BuI

010 100
T—=— pl+ 5Bk 100 |4+r7r2(010], (65.1)
000 000

rine
p=mLmlm=p@,—vma®n1=1@_—mmny

) Rivlin R. S, Proc. Roy. Soc. Lond., Ser. A, 193, 260
(1948); Proc. Cambridge Phil. Soc., 45, 88 (1949).
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W3 npencraBienus (65.1) ciepyer, B YaCTHOCTH, YTO YAeJbHOE
CONpPOTHBJIEHHE Txy ABJIAETCA 4YeTHOH dyHkuMeR CKOPOCTH mpo-
ckaiab3biBaHust k. Tak Kak B paccMaTpuBaeMOM TeYeHHH YCKOpe-
HHe paBHO HYyJIO, AHMHaMHyeckue ypaBHeHus (6.7) 3amuchiBaIoTCA
B BHJE

—_ 9 0 (1 .o\, 9 (1 ]
0=—32+ (3 1)+ 35 (z B)
_9p 0 (1N, 0 (1
0=— 5+ 35 (1 1)+ 35 (7 84):
Ecnu npeanonoxuth Temepb, uTo § M 7 He 3aBHCAT OT TeMme-

paTyphl, To ypaBHeHus (65.2) uMeloT npocroe peleHue: p = const
H

(65.2)

— 1k?
Tyy-—-—p-"— —2——.

CreloBaTenbHO, N4 CYLIECTBOBAHHMS CJIOMCTOrO TeUeHHs Mexay
IBYMSl TJOCKHMH OECKOHEUHBLIMH TUIACTHHKAMH, KPOMEe CHIbI,
BHI3bIBAIOIet MpPOCKaMb3blBaHHE, M 1aBJAEHUs, HeOOXOAMMO 1O-
NOJIHUTe/IbHOE HaNpsKeHWe, HanpaB/eHHOe MO HOpMaJd K IJa-
CTHHKaM M TNPONOPLHOHAIbHOE K8a0pamy CKOPOCTH NPOCKA/b-
3bIBAHMA. ITOT HECKOJbKO HEOXHIAHHBIH pesy/ibTaT HOCUT
HasBaHHe 3¢¢exta IloftnTUHrA.

Ecan B o06nacTd TeueHHss TeMmepaTypa He TNOCTOSIHHA, TO
pewene p==const He ynoBaeTBOpsieTr cuctreme (65.2) u masa
9¢}peKTUBHOTO NOCTPOEHUS pellieHUs HYXKHO BHOPATb KOHKPETHYIO
3aBHCHMOCTb 8 M 7 OT NABJEHH W TeMIepaTyphl.

2. Teuwenue ITya3eian. TIpeanosokuM, 4TO B LMAHHIpHYE-
CKOH cucTeMe KOOpAHMHAT r, 0, 2 IABMXeHHe 3aNHCHIBAETCA B BUAE

v, =1v=0, v,=w=w((), 0ra,

npuueM w(a)=0. B stoM cayuae T onpenensercs ¢dhopmyaoh
(cm. m. 61)

001 100
T=—pl4+4pw [000]4++1w?(000],
100 001

=il 4o . rmrlo 4 20
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YpasHenns asmxenua (12.3) ¢ yuerom c¢opmyan (12.9) sa-
MUCHBAIOTCA CIeLyIOWUM 00pasoM:

p 10 0w B
or ~ 4r or [ryer ]'— 9z =0 65.9
op 1 [rBw’] - w o7 —0 (65.3)
0z~ 2r Or 0z~ 7

Ecmu kos¢pduunentsl B 1 | He 34BHCAT OT TeMIepaTyph M JLa-
BJEHHS, TO MBI MOXEM MOJY4YdTh pellleHHe TpeOGyemMoro BHIA,
T0JIOXKHUB

p=Cz+4 f(r), C=const. (65.4)

JleficTBUTENbHO, MOJCTAHOBKA 3TOFO BHIPAXXEHUS 1J1 p B NepBoe
ypaBHenue (65.3) npuBOIMT K CielyiolleMy OOHIKHOBEHHOMY
InuddepeHLHaTbHOMY ypaBHEHHIO AJa Npoduas CKOpocTefi:

Bw’' =Cr, (65.5)
a 3aTeM M3 NepBOro0 YpPaBHEHH MH NOJYYHM
1 d
f(r):f Zr—TI['F [r'rw’Q] dr. (65.6)

[Morox Maccul IR Bhipaxaercs npu aToM (opmyJoh
a a
—4pfwda=—7tp fwd (r2)=1tpCfr3B'1dr. (65.7)
0 0

(Tlpu yuere cuabl Tsxectd B popMmyne (65.4) kosdppuuuent C
Hano 3aMeHuts Ha C —pg.)

B uyactHoM caydae kBaaparuuHoi sasucumoctd T ot D
ko3douunentsl B M | NOCTOAHHB (TaK Kak paccMaTpHBaeTcs
TeueHHe HeC:KUMaeMOH xuakoctn), [Tonaras B = 2p u unHTerpupys
ypaBHeHue (65.5), Mbl NPUXOAMM K KJIACCHYECKUM (OpMyJaM
I/ CKOPOCTH

C
W= i (r2,_ az)
U TNOTOKa Macchl
— ®C
=g @ (65.8)

3aMeTuM, 4YTO pacnpeleleHHe NABJEHUs MO CeyeHHI0 TPYObl He
Gyser npu STOM NOCTOSHHBIM. L1 GoJee NEeTAaIbHOrO HCENENO0-
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BaHU CJAEICTBUH 3TOrO pesyJpTaTa Mbl MPEANOJIONKHUM, 4YTO
KUIKOCTb BhHITEKAaeT W3 TPyOKM B BO3AYX INpH JaBJICHUH p.
Torza Ha BHIXOZHOE CedyeHHe C BHellHeH CTOpPOHH Oyner neH-
ctBoBaTh cuaa wa?p, Tak Kak
~ ~ 1 C2
= =—Cz— —1—r2— n
zz=rr 2 3 const,
TO U3 YCJAOBUS PpABEHCTBA CHJ, AEeHCTBYIOLIMX HAa BHIXOIHOE
ceyenne 2==0 cHapyXu U H3HYTpH, INOJyYaeTCs CJEAYIOlUIEE
COOTHOLIEHHE:
a
~
nalpy=—m fzzd(r?)=
0

= 7C? , 2
— wa? . const.

6 o2 a*-4-mna? - const
TakuMm oOpasom, cuia P, ¢ KOTOPOH KMIKOCTb IeHCTByeT Ha
eIMHUYHYI0 IUIOLIANKY CTeHKH, paBHa

1 9C*

1 2 TP

Ecan BBectu Benuuuny I'= IM/ra%, pasHyio 06beMy muakocTH,
NpOTeKaloled 3a eIMHULY BpeMeHH uepes EAUHHLY MJOLIALU
fonepevyHoOro cevenus, To u3 dopmyan (65.8) caexyer, uto

C = 8uI'/a2.

[MoacraBuB 3TO BHIpaXceHWe B BHIMHCAHHOE BbIIE ypaBHEHUE,
NO/MYYuM HMHTEPECHYI0 ¢opMyy:

P=—7r|,_,=Cz+

P — —_
e =82+, (65.9)

KOTOpas MOXeT CJAYXHTb TEOpPeTHYeCKHM OODbACHEeHHeM Habmo-
JaBuierocs MeppuHITOHOM ) pacuiupeHnss NMOTOKA ¥ BBIXOIHOTO

Puc. 16. Ucreuenue xuaxoctn u3 BHCKO3HMETpa
MaJjoro auamerpa (mo MeppuHITOHY).

oTBepcTUs BucKosuMerpa (puc. 16). JeHcTBUTENLHO, B COOTBET-
crBuM ¢ (opmysoft (65.9) pasHOCTb NaBNEHUR y BHIXOZHOTO

) Merrington A. C., Nature, 152, 663 (1943).
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orsepctus 2=0 noaoxutensbHa npu 7 > 0, Tak 4TO OOHapy-
#eHHbIE MeppuHITOHOM 3ddekT Merko OOBICHAETCS BJIMAHHEM
NOJNOXUTEIbHOR KBaapaTtuuHo#t mobGasku B dopmynae (59.3).
CnpasenauBocTb ¢opmy/s (65.9) 'MOXKHO TpoBepuTb 3KCIepH-
MEHTaJbHO, OMNpeless BeNMUMHY u3MeHeHHs P BLOJb TPYOKH
npu pa3nuuHbIX 3Hayenusix I'; oxHOBpemeHHO 3TO Ha/0 GHl Ha-
NeXHO ONpeje/leHHYI0 BeanunHy kosdduuuenra y. Ilpu BHmOJ-
HEHHH TAaKOTO SKCNepUMeHTa HanGoAbLIui 3deKT oMmKeH Ha-
600aTbcs, KaK MOXHO 3aMeTuTh u3 Qopmyar (65.9), npu
6oJbLIMX 3HAYEHMAX MOTOKA MAacChH M MaJHX paguycax TpyGKd,
npuyeM Xapakrep usMeHeHusi P He 0o.dicen 3asucems om OAuHbL
mpybxku (Meppunrron neficTBUTeNbHO HaGJI0an yBeaUYEHHE
MOKa3aHHOTO Ha pHuc. 16 pacluupenus nmoTOKa NMpH pocTe Ha-
npskeHU# M MOTOKA Macchl).

B pabGorax PuBiuHa, Ha KOTOpble MBI YXKe CCBHIIANMCHL B Ha-
yaje 3TOro NyHKTa, OBJIO MCC/IeLOBAHO TakKxke TedueHue Kysrra;
9TO HcC/aenoBaHue 3iech onyueHo. Joxuabapr u ITaomyyuu 1)
paccCMOTpead pelleHMe THNA YIApHOrO CJAOf [JS KHAKOCTH
C HeJHHeHHOH BS3KOCTHIO.

§ 2. dunamuueckoe nomo6ue

B caenyomux Huxe nmyHkTax OyAyT BbiBeleHbl HeOOXOLMMbIe
YCIOBMS  JMHAMHYECKOrO mnoxoOus ABYX TeueHUH  BSI3KOH
KUIKOCTH. Mbl npuHMMaeM JuHeHHBIH 3aKOH 3aBUCHMOCTH Ha-
npsxenuft ot aedopmanuii, HO He mNpexnosaraeM BS3KOCTb M
TEIJIONPOBOJHOCTD MOCTOSHHEIMH 2), Ciyuau cxkumaeMoH M He-
CXKMMaeMO# XHIKOCTH YIOOHO paccCMaTpHBATL OTAEJbHO.

66. C:xnmaemble BA3KHE HAKOCTH. JIBa TeueHHUS SBJSIOTCH
JUHAMHUYECKHU HOﬂOﬁHbIMl/l, €CJMU OHU CBAABAHLI COOTHOILUEHUAMU

v=Uv, p=Rp’, p=P~Pp, (66.1)
x=Dx/, t=(D/U)¢t' (66.2)

') Gilbarg D, Paolucci D. J. Rational Mech. Anal., 2,
617 (1953). .

%) OGhiuHO npexmoaaraercs, 410 KO3(PUUHEHTH BABKOCTH AHGO
AIBIAIOTCA MOCTOSHHBIMH, JHOO MPONOPLHOHAJBHBLI aGCOMOTHONH TeMme-
patype B HekoTopoit crenmend. ITocnexylomuil aHanu3 mOKasbiBaeT, uTo
TNIPEANOJNOKEHHS TaKOrO POJA ABAAIOTCH HEOOXOOUMbLMIL B TOM CMBICTE,
YTO Ge3 9THX CBONHCTB HEBOSMOXKHO TOUHOE XHHAMHUYECKOE IOAOGHE.
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(cM. m. 36). Mbl craBuM cBOelt 3anaueli BLIACHEHHE TeX CBOHCTB
IByX NHHAMMYECKH NOMOOGHEIX TedueHWH, KOTOpHIE CIELYIOT U3 CO+
otHowlenu#t (66.1) u (66.2); Tak kKak npu 3TOM NpHAETCA MNPO-
fenatb Goabmylo paboTy, 4YMTaTeNb, KOTOPOTO HHTEPECYIOT
TOJNbKO OKOHYaTe/JbHEIE pe3y/AbTaThl, MOXeT OOpaTHTbCA Cpasy
K yTBEPXKIEHHIO, CHOPMYyTUPOBAHHOMY Ha cTp. 221.

YpaBHeHue "Hepa3PHIBHOCTH He HaK/AafblBAeT HHUKAKMX Orpa-
HUYeHU# Ha BeJMYMHB KOS(PQUUMEHTOB NMOJOOHA, TaK YTO MHI
nepexoxum cpasy k ypasHeHnuio Hasbe — Crokca (61.4). ITpe-
HeOperas JelCTBHEM BHEIUHMX CHJ, MBl TNOCJE NONCTAHOBKH
B 3TO ypaBHeHHe BhlpaxceHu#t (66.1) u (66.2) momyuaem

RUp’ % =—-7P}grad’ p'—|——;— [kgrad’@’—{— 2u.div' D’ +
oA o\
-+ 0’ (W grad’ p’ +797 grad’ p') +
+2|)'.( 5’;, grad’ p'—}——g:—, grad’ p')]. (66.3)
IMpeanonaraercd, 4To KO3(AULUMEHTH A U P 3aBUCAT TOJBKO
OT TepMOJMHAMHYeCKUX IepeMeHHHX M O =divv. (B uacTHOM
Cilyyae MOCTOSIHHHIX KO3(dHUIMEeHTOB BA3KOCTH Y/EHB, CTOALIME
BO BTOpPO# W TpeTbeH CTpOkax ypasHeHus (66.3), oGpamaiorcs
B Hyab.) PaccMoTpum Tenepb ceMelictBo KpuBhX C B NpOCTpaH-
ctBe X', onmpemenseMHX ypaBHeHusmu p’ == const, p’ = const.
Bnosb mo6Goft M3 3TMX KpHBHIX ypasHeHue (66.3) umeer Bun
8

2 af;=0,

i=1

rie @, — NOCTOsHHbIE, a E; — BEKTOpHbIE NEpeMeHHble; B YacT-
HOCTH, @, ==RU, § =p’dv’/dt, ay= P|U, &, =grad’ p’ u 1. 1.
B cuny Toro, uto ,moMeueHHOe IITPUXAMU“ TeueHHE yLOBJETBO-
pser ypasHenuio Hasbe — Crokca, Mbl BLOJIb KpuBHX C HMeeM

TaKxKe 8

2 b, =0,

i=1
rie by=by=1, by=—N u 1. 1. U3 3THX ABYX ypaBHeHuft
caenyer, uto a;/b; = const =RU,

RU?P =1 (66.4)
i

RUD ==L (66.5)
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(9tn paccyxJeHHs TEPSIT CBOK CHJIy, €C/JH NepeMeHHble §; He
HE3aBUCUMBI Ha KpuBbiX C; NMpHUMepPOM MOXET CJIYXHTb IUIOCKOe
TeyeHHe. B TaKuX c/ayyasx Mbl MOXeM, OJHAKO, MOJYYHTb YKa-
3aHHbBIE pe3y/bTaThl, He BBONS B paccMoTpeHHe kpusbie C u
NPeNNON0KHUB, YTO KO3(HULHEHTH! BA3SKOCTH NMOCTOSHHB HJH 4TO
A, p==const - p™p™.)

K coorHowmennio (66.4) Mbl BepHeMcsi jajee, mocJe BHISCHe-
HUs JPYTUX HeOOXOIMMBIX YCIOBMH JMHaMMYeCKOro nopobus.
Yro kacaercs coortHoueHus (66.5), To ero ciencTBheM sBJseTCS
yTBepXIEHUE: OmHKOUerue My u mecmroe wucso Peiinoavoca
Re =pql/p. Ooroxcnel npunumams pasrbie 3HA4eHUs 8 coom-
semcmeyowux moyKax 08yx OuHamusecKu nodo6Hux meye-
ruli. Yepes I 3mecr o603HaYeH HEKOTOPHIH XapakTepHbIlt pa3-
Mep (reoMerTpuueckH nonoOHHIX) oGuacreit Teuenus. Cuaenyer
NOJAYEPKHYTb, YTO STOT pe3yJbTaT JOKa3aH NpPH NepPeMEerHbX
k03¢ duumenTaX BA3KOCTH H He3aBUCUMO OT cooTHowenus CTokca.

M3 cootHomenntt (66.5) cnenyer Takxe, uTo OTHOLIeHHe {/p’
He 3aBUCHT OT p’; MOSTOMY

v (Pp’) __w(P)
p(p) T (1)’

Hpu €CTeCTBEHHOM Hpe,H.HOJIO)KeHHPl 0o C‘l'lpaBe,HJIl/lBOCTH STOI‘O
COOTHOIIEHHS IS MoObX 3sHaueHH#t P Mbl NOAydYaeM OTCiOAa
(P __w(Pp) __ e(p).

)y T e T @

TakuM 006pasoM,
p (Pp’)=const - p(P)p.(p')

H, - CIeJ0BATEJbHO, |~ p™1). AHanmormunniM 06pasoM NoJjyyaem
COOTHOLIeHHe 1~ p”, TaK YTO OKOHYaTeJbHO P == const. p™p”.
Tak kak B cuiy cootHomwenus (66.5) p/p’ =AM, T0 cnpasex-
JUBA CJEAYIOlIas TeopeMa: 0.5 moz20 4mobul Gvial 803MONCHL
Ounamuvecky no0oGHble medeHuss 08YX CHUMAEMbLX HCUOKO-
cmell npu npou3sosvrblx 3HaueHusx R u P, Heo6xoduno,
umobe. Ko3ggpuyuenmos 8A3KOCMU KANHCOOH U3 SMUX HUOKO-
cmeli umesu 8ud

A, p=const - p™p" (66.6)

¢ 00HuMu u memu e nocmoanHsmu m u n. Kpome mozo,
omrnouenus Ny 045 smux scudxocmeli 00A%HCHEL cOBRAdamb.

1) Cwm. npumeuanue 2 Ha crp. 107,



220 T'a. 7. Baskue scudkocru

JanbHeltimee Hcclen0oBaHUE OCHOBAHO Ha NpennooxKeHuu,
4YTO ypaBHEHHE COCTOAHHA XKHUAKOCTU SIBJAAETCA YDAaBHEHHEM CO-
CTOsIHUSA COBEPIIEHHOI0 rasa 1)

p=&pT, E=E(T). (66.7)
Hs ypasnenuit (66.1) u (66.7) crenyer, uro

r=2 2 r=1r, (66.8)

NOC/eHee PABEHCTBO CHYXHUT IJs ONpeneneHus KO3 QuiUeHTa
nopo6ua T,. IToacraBus Bulpaxenus (66.1), (66.2), (66.7) u
(66.8) B ypaBHeHue SHepruu (63.3.), NOJyYUM

RTyc0’ dt, L Ppe = (—xe"‘+2pD:D')+
T, o v 1, [O% r o 0% r ot
+5¢7 [xV T’ + grad'T (dp’ grad’ p’ + 3 grad p)], (66.9)

rae ¢, =dE[dT. Eciu no aHanoruu ¢ npeibIylEMH paccyxiae-
HUSMM BBECTH B PacCMOTpeHHe ceMelcTBO kpusbix C, TO, cielys
yKa3aHHOM CcXeMe, HeTPYAHO TOJYYHTb, UYTO

RTo(c—f’)=P n RUD(Z—?)=1,. (66.10)
Cy v

Toraa u3 cootHowennit (66.8) u (66.10) mrr umeem R'c, = Re,.

Tak xak R=c,—c, 9TO O3Hauaer, yro Y ==7’; APYrUMH

CIOBaMH, OTHOLIEHHE yIe/bHbIX TEIJIOEMKOCTe# 1js 0GOMX ras3oB
JNOMKHO OBITb ONHMM M TeM e B COOTBETCTBYIOLUMX TOYKAX
tedeHu#t. Ha ocnoBanum sroro paseHcTBa, coortHolleHus (66.5)
M BTOpOro coorHouweHus (66.10) Mer 3ax/i04aeM, 4TO YHCJIO
IMpanaras

0 = pCpfx

JO/MXKHO OBITb OOJHUM U TEM X€ B COOTBeTCTBYlO].U.HX TOYKaXx
TeueHu#t. Haxonew,

¢k R (66.11)
STV P
BosBpawasce k ycaosuio (66.4) u cpaBuuBag ero ¢ COOTHOLIe-
HueM (66.11), MBI BUIMM, YTO MeCTHbE yhcaa Maxa HOJKHBI
COBMaaaTb B COOTBGTCTBYIOLU,HX TOYKAX TEYEeHHH.

1) 3ametuM, 4TO YZACNbHbIE TENMAOCMKOCTH He Npednonazaiomcs
NOCTOAHHBIMH,
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Ecan BO3MOXHBI JIHHAMHYECKH TOJOOHEIE TeueHUs HIBYX
rasoB INpH TNpPOM3BOJLHHX 3HaueHUHAX R u P, T0 BeauMuyuHbB |
¥ 7' LOMKHB ObITb NMOCTOSHHBIMH. Hapsiny c¢ 9TuM nOCTOAHHEL
c, ¥ c; M BHIMOJIHAETCS yC/I0BHE % == const - p™p”, Takum obpa-
20M, TNOABOJA MTOT MPOBENEHHOMY BLIILE HCCIENOBAHUIO, MBI
MOXeM CPopMyaHpOBaTh CIELYIOILYI0O TEOpeMy.

Ecau 08a cosepuennsix 203G ¢ OMAUMHBMU OM HYAA
Koagppuyuenmanu 8A3KOCMU U MENAORPOBOOHOCMU HAXO-
oamca 8 OuHamuuecku noOOGHOM O8uNCeHUW, MO MeCmHbe
yucaa Peiinoavdca u mecmuve wucaa Maxa paswo 8 co-
omgemcmsayouux moukax mevenuii. Kpome mozo, 8 coom-
BEMCMBYIOUWUX MOLKAX DABHOL OMHOULEHUS YOeNbHOLX Menso-
emrocmel Y, omuowexnus Koapduyuenmos sazxocmu Aw
u wucsa Ilpanomas o.

Ecsau Ounamunecku nodoOrsie O08udcerus 08yxX marxux
20308 BO3MOJCHbL NpU NPOU3BOAbHbLX 3HaueHusx R u P,
mo 018 KaxHc0020 u3 2308

B, A, x=const - pmp#

c 00HuMu w memu e nocmosnusimu m u n. Kpome mozo,
omHoweRus Yoervnox mensoemxocmesi u wucaa ITpanoman
o6oux 2a308 NOCMOAHKHL U PABHYL.

CrenyeT OTMETHTb, YTO XOT C(OPMYJIHPOBaHHEIE B TeOpeMe
YCIOBHS ABJIAIOTCS NOBOJILHO ECTKHUMH, Tasbl, C KOTOPHIMU MHI
MMeeM 1eJ0 B MPAaKTHYECKMX 3ajayax, MM, KaK NpaBuIo, yIno-
BJIETBOPAIOT.

[Ipu Gonee neTalbHOM M3YYEHHM BONMpPOCAa O JHHAMUYECKOM
nojo6HH HYXHO YYMTBIBATL BJIMSHME TPaHMYHBEIX ycjaoBu#. [pu
pelleHnd BO3HHMKAIOIIMX TNPH 9TOM CJOXHBIX 3ajay IJOLOTBOp-
HBIMM OKasHBAalOTCA METONbl TeOpUM pasMepHocTelt. OpHako
BO BCEX TeX CJyuasdX, KOria MOJHOe HCCJeNOBaHHE HE TpOoBe-
IEHO, HYXHO HMMeTb B BUAY CHeJaHHOE B Nn. 36 3aMeyaHHe OTHO-
CHTEJBHO BO3MOXHOH HEKOPPEKTHOCTH BHLIBOJOB. TEOPUH pas-
MepHOCTeH.

67. Jnnamunueckoe mnoao6uHe; Hec)KHMaembie BfA3KHE
WHUAKOCTH. [l HECXKUMaeMbIX . )KMIKOCTeH# BONpPOCH HMHaMHye-
CKOro nojoCus SIBJAAIOTCA CYIECTBEHHO 6OJee CHOXKHBLIMH B, CUIY
TOrO, YTO TepPMONMHAMHKA HECXKHMAEeMBIX XHIKOCTeH u3yueHa
BHAYMTENBbHO XYXKe, 4eM TepMOIuHaMuKa rasos. Tak Kak jaaBJje-
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HHE ONpeleJeHO Temnepb TOJbKO C TOYHOCTHIO IO aIJIHTMBHOM
NocTOsHHOR, yciaoBue (66.1) cienyer BUIOWSMEHHTb M 3amuCaTh
TaK:

p=Pp’ - const.

Torna npH NOCTOSHHOM KO3ddHLHeHTe BA3KOCTH JErKO NOKa3aTh,
4YTO B COOMBEMCMBYIOUUX MOYKAX OUHQMuYecKU NOOOGHbLX
mevenuli pasHo. Mecmrule wucaa Peiinoavdca. JanbHeftuine
pesyJ/bTaThl CBA3aHH C TPYAHO MPOBEpAEMbIMH MPEANOJIOKEHHUAMU

T=T,I" u E=FT.

IIpu 3THX NpPENNOJIOKEHHAX YCTAHABJMBAETCH, aHAJOTHYHO TOMY,
Kak 5TO OBbLIO CIEeJaHO BhILE, YTO AJ KaXIOH M3 KHAKOCTeH
KO3 (GHUUEHTE BA3KOCTH M TEIIONPOBOAHOCTH NOJKHB HMETb
BUJL

p, x=const - T™

U uto ,uyucaa [IpaHaTas“ pR/x paBHEI B COOTBETCTBYIOLIMX
Toykax o6oux TeueHu#t. MccaenoBaHue BIMSHHS CHJIBI TSHECTH
MOXHO Ha#itu B pab6ore DBupkroda [17].

§ 3. Hecxkumaembie BASKHE MHIAKOCTH

Nanee ™Mb OyleM paccMaTpuBaTb HeCXKHMaeMble BSI3KME
XUAKOCTH C JIMHEHHOH 3aBUCUMOCTBIO HANpsKEHHH OT Aedopmanuit

1 OyleM MpeanoJaraTb, YTO KO3(hQULHEHT BA3KOCTH |t NOCTOSHEH,
TaK KAaK B NPOTHUBHOM CJyyae BO3HMKAIOT 3HAYMTEJbHEHIE Mare-
MaTHYeCKHe TPYIHOCTH. IDTO NPenNoJoXKeHHe XOpOIIo COrJja-
CyeTcd C SKCNepHMEeHTaJbHBIMH JaHHHIMM MO KpaliHe#i Mepe B Tex
ciyyasX, KOTJa M3MeHeHHe TeMmepaTypel B 00JacTH TedyeHHs
He OYeHb BeJHKO. ByneM npexmonaraTh Takse, YTO MOJe BHeLl-
HUX CHJ MOTEeHLMaJbHO, T. e. yTo f=— grad .

Teopus cxHUMAaeMbIX B3KHX XHAKOCTeR He moayyu/a ocoboro
PasBUTHA, 33 HCKJIOYEHHEM aKyCTHYECKOTO NPHOJMNKEHHS U Teo-
pun norpanuyHoro caos (cM. T. XI uw VIII nanHo# SDuumkiaone-
IuM), ¥ TIOITOMY 31eChb M3JjaraTbcsi He Oyner.

ChenyeT ynoMsiHyTb, OLHAKO, HEKOTOpHie W3BECTHHIE TOYHbIE
peleHus, B OCOGEHHOCTH pellieHHe THNA YAapPHOro c/1os (CM. 1. §7),.
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NIpOCTHle NPUMepHl CIOHCTHIX TewyeHud Minunrsopral) u uccre-
IoBaHMe 3ajaud Pajes, npuBeleHHoe B paGoTe Xoyapra?).

68. YpaBHeHHs ABHKEHHsS. YPABHEHUSIMH ABHKEHUS HECIKU-
MaeMO# BfI3BKOH XHUIKOCTH ABJAAIOTCS YpaBHeHHE HEPA3pPbLIBHOCTU

divv=0 (68.1)
u ypasHeHne HaBbe — Crokca
d
p gF = —grad (p+p2) +pV2v. (68.2)
Tak KaKk B CUAYy ypaBHeHHs HEPa3PHIBHOCTH MBI HMeeM
Viv = —rot w, (68.3)

TO, yuuThiBass ToxnZectBo (17.1), MH MoxdteM 3amucaTb ypaBHe-
nue Hapbe — Crokca B ciepyiolieM Buje:

%%—}—va:—gTadH—vrotm, (68.4)

rie H=1/,g+ p/p+Q u v=ypfp. B nanbuetiueM HaMm npu-
neTcs He pas oGpaumiatbcsi K ypasHenuio sHepruu (9.1). Ilpu
CIeJaHHBLIX TNPeLNONOKEHUSX HEeTPYIHO 3aMeTHTb, 4o T:D =
=2pD:D=®, rae O — pynkuusa guccunauud, BBeIEeHHas
B n. 61. CrenoBatenbHO, ypaBHeHMe SHEPrHU B CJyuae HECHKH-
MaeMo#f BfIBKOH XXMIKOCTH MOXHO 3amKCcaTb TaK:

%(zq-u):sﬁ:-vda—f@dv; (68.5)
[ B

(usuyeckas MHTEPNpeTauus pPasJUYHBLIX 4YJIEHOB 3TOr0 ypaBHe-
Husi oueBufHa. Jlasnee, ypasHeHue (63.3) 1s TeMmepaTypel B CJy-
yae BA3KOM HeC)KHMaeMOH MMIAKOCTM HMeeT CJeAyloluHi BUA:

pey = @ v (68.6)

3leCb MpeAnoJaraercs, 4To ¢, M x MOCTOSHHBIL Tak Kak TeM-
nepatypa He Bxoautr B ypaBHenus (68.1) u (68.2) (npenmona-
raeTcsi Bce BpeMs, YTO P MOCTOSIHHO), ypaBHeHue (68.6) moxer

HIllingworth C. R, Proc. Cambridge Phil. Soc., 46, 469
(1950). [JasbHeiimee HccaegoBaHue maockoro TeueHus Kysrtra mpuse-
jgeHo B [23], cTp. 362—367.

2) Howarth L. Quart. J. Mech. Appl. Math., 4, 157 (1951).
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MOHA106HTHCA TOJMbLKO [1JIS ONpelelieHHsl pACIpefesieHUs TeMIe-
patypel B XHIKOCTH. Bompoc o pacnpeleneHud TeMnepaTtyphl
NOYTH He OCBEUleH B JUTepaType, 3a HUCKJIOUEHHEM TeXHHYe-
CKUX NpHJIOXeHHH!), W Mbl He GyZeM 3aTparuBath ero B 9TOH
craThe. ’

3anuch nNpUBEJEHHEIX BHIle YpPaBHEHUH B CHUCTeMe KPHBO-
JUHEHHHIX KOODAMHAT HE MNpeNCTaBJaAeT TPYyAd, e€CJd BOCHOJb-
30BaTbCsl OOIIMMM MeTONAMH, YKa3aHHLIMU B m. 61.

69. 3aBuXpeHHOCTb. XapakTepHOH 4epTOH ABHKEHUH BA3KOH
XKUAKOCTH SIBJAETCA HajqMuMe 3aBUXPEHHOCTH. B aTOM nyHkTe
OyayT BbISICHEHB TNPHYUHBL - BO3HUKHOBEHHS 3aBUXPEHHOCTH U
paccMOTpeHHl ypaBHeHHs, OMUCHIBAIOLIME ee pacrnpejeneHue.

Heso3noocrnocms Oe3guxpesoix meuenuii. Ilone ckopo-
creft v=grad¢, Kak Jerko BHIeTb, YLOBJIETBOPSIET ypaBHe-
Huam (68.1) u (68.2), ecau ¢ — pyHKuusa rapMonnyeckas. TaKuM
o6pa3oM, Ge3BUXpeBOe ABHXKEHHE HECHKUMAEMOH BABKOH XUAKOCTH
IBJSETCA AMHAMHYECKH BO3MOXHBIM. HecMoTpsi Ha 31O, B neit-
CTBUTEJPHOCTH TaKOe JIBHXXEHHE He MOXKeT GBITb OCYILUECTBIEHO.
IMpuuunHa 3aki0yaeTcs B cneuuduKe TPAHHUYHBIX YCJIOBUR A5
BSBKOH UAKOCTH: HAa TBEPABIX I'PAHUYHBIX NOBEPXHOCTAX LOJKHO
BHIMOJHATBCSA yCAOBMe mnpuaunanus (cM. n. 64). 1o yc/oBHe,
KaKk Mbl 3HaeM (cM. M. 23), He OCYIECTBUMO Npu Ge3BUXPEBHIX
IBUXKEHUAX HecxumaeMolt xkunkoctu. (CkasaHHOe BhIllie HH B Koeft
‘Mepe He NMpPOTUBOPEYUT TEOPHH TMOTPAHUYHOrO CJIOS, B KOTOPOH
TeyeHHe BHe NMOTPAHUYHOrO CJIOS NpepnosaraeTcsi Ge3BUXPEBHIM;
3aBUXPEHHOCTb TeYeHHs BHE MOrPAaHUYHOrO CJOf, KOHEYyHO, Cylle-
CTByeT, HO OHAa HACTOJIbKO Maja, YTO C TOYKH 3peHus TNpak-
THYECKHX NPHJIOXKEHHH STO TeyeHHe BIIOJHE MOXHO pacCMaTpu-
BaTb KaK Oe3BHUXpeBOe.)

B HexoTOphIX cay4asx, BONpeKkH o6memy npaBuay, 6e3BHXpeBoe
JBHXEHHE BA3KOH MUIKOCTH SBASIETCH BO3MOMHBIM. [IpuMepoM Moxer
CIYXHTb TeYeHHe C MOTEHLHAIOM ¢ = A/r (BUXpb) B 006JaCTH, BHelIHei
110 OTHOMLICHMIO K BpaIaloIeMycsi KPYroBOMY LMJHHIDPY; A Bbi6Upaercs
‘TaK, 4TOObl Ha CTEHKe LMJHMHIpDA BBINOJHSJIOCH YCJOBHE IPHJIHIAHHUS.
CocTaBUTb, NMOJHBIH IepeyeHb TAKMX HCKJIIOUMTENbHBIX  CJIyYaes,
MO-BUAHMOMY, HEBO3MOMHO, OJHAaKO MOXHO C YBEPEHHOCTbIO CKa3aTb,
4TO MX HEMHOrO.

) Cwm. cratbio CkBaiipa [39], . 2, a Taxxe kuury Xoaaa [HallN. A,
The thermodinamics of fluid flow, New York, 1951].
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Pacnpeoesenue 3asuxpernrnocmu. OCHOBHBIM YpaBHEHHEM
Iaga pacnpenesieHus 3aBUXPEHHOCTH 4BJAETCA CJelyloliee ypas-

HeHue:
dv

=
KOTOpOe JIerKO MOJYuHTh MpHMeHeHHeM omneparopa rot K ypaBe
Henuio (68.4). Ecim B npaBo#t 4YacTH STOTO ypaBHeHHs] OTCYT-
cTBOBaX OBl BTOpOH 4Y/JeH, TO pacmpelieleHUe 3aBUXPEHHOCTH
B BfIBKOM KMIKOCTH yIOBJeTBOPSI0 Obl TeopeMaM [esbMroJbua.
Hannune 9TOro ujeHa MNOKAa3biBAeT, OJHAKO, YTO Malble H3Me=
HeHUs! 3aBUXPEHHOCTH B 06JIaCTH TeyeHHs B OOLLeM C/yyae BEI3bi-
BAIOT Oughghy3uiy 3aBUXpeHHOCTH. PaccyxIeHus Takoro poja
NpPUBOIAT K CJELyIOlleMy TNpaKTHYeCKH BaXHOMY pe3y/abTaTy:
308UXPEHHOCMb He MOJCem UHUYUUDPOBAMbCS 80 BHYM peH-
Hux mouxkax obasacmu meueHus B8A3KOE HecHUMAEMOU
HCUOKOCMU, MAK 4MO RPULUHOL NOSABACHUS 3A8UXPEHHOCMY
asagemcs ee Ouddy3us ¢ 2PAHUMHHBLX nosepxXHOocmed.
B peanbHBIX KUIKOCTAX CYIUECTBEHHO OTJIMYHASI OT Hy/s 3aBH-
XPeHHOCTb HabmonaeTcs TOJMbKO B TeX YacTAX KUIAKOCTH, KOTO-
pble MpoxonaT OMM3KO OT TBEPABLIX TPAHUL; SPKUM NPUMEPOM
MOXeT CJYXHUTb CIyTHOE TeyeHHe, KOTOpOe BO3HHKAaeT 32 KOpPMOH
Kopab/nss M 3aBUXPEHHOCTb KOTOPOr0 MOPOXIAEeTCs TOJbKO
B CJOSIX BOIH, TNPOXONSAIIMX B HENOCPeINCTBEHHOH GJH30CTH OT
GoproB. Ha sTOM e mnpuMepe MOXHO MpPOCJeNMTb 3aTyXaHue
BUXpet B BO3MylLleHHO# 30He BcJelcTBHe BaskocTH. Cdopmy-
JIMPOBAHHbBI/ BHILIIE Pe3y/IbTAT MOXHO NMOJYYHTb TaKKe, HUCCIeLys
CKOpOCTb HM3MEHEeHMS LMPKYISLUM BLOJMb 3aMKHyTOH Kpusoit ©.
B cuny ypasHenuft (25.1) u (68.2) Mbl uMmeem

d
E§v.dx=§a.dx=va2\fda,
e & €

=uw - grad v 4+ vW2o, (69.1)

alech uepesa © 0603HaueHa INPOU3BOJbHA MOBEPXHOCTb, HATA-
HyTas Ha Kkpusylo €. B ciyyae NJIOCKOr0 TeueHMss YypasHe-
Hue (69.1) cBomuTCA K IPOCTOMY ypaBHEHHIO

29 — o, (69.2)

HAMOMUHAIOLIEMY ypPaBHeHHe TemJIonpoBogHOCTH. [loayyeHHas
aHa/NOTHA C TIOTOKOM TelJa CHAYXKHT yOeluTeNbHEIM CBHIETE/be
CTBOM IU(dY3ud 3aBUXPEHHOCTH ¢ TPAHUYHBIX TNOBepXHOCTeH
BHYTpb 00/acTH TeyeHUA,

15 3ak. 1160
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I[Tpumepn. MHTepecHO mNpOC/JenUTb NPOLECCH BOBHHUKHO-
BEHHSl M 3aTyXaHH BHUXPEBBHIX BO3MYILUEHHH B BASKOH XUIKOCTH
Ha NpHMepe HEKOTOPBIX YaCTHRIX pelleHUH ypaBHenu#t HaBbe —
Crokca. PaccMoTpuM CHayaja “IBHXEHHE IO KOHLEHTPHYECKUM
OKDYXHOCTSIM C LEHTPOM Ha OCH, B KOTOPOM BeJHYMHA CKO-
pocTd g sBJdeTcS (yHKUMEH pacCToAHMA OT 3TOH OCH. 3aBux-
peHHOCTb ompegessercs no gopmyne (12.12), a umenHo

0= i 0‘1 (rq). (69.3)

Bocno/b3oBaBIIKNCh TEM, YTO @ 3dBMCHT TOJLKO OT 7, MBI BMECTO
YpaBHEHHUS (69.2) noJiyuaeM CleAyiolliee ypaBHeHue:
do (0% + 1 0o
at — " \or? r or)’
YacTHoe pelleHHe STOrO ypaBHeHHS
4 r 69.4
= —0e X = —
0= ek, TIe y L (69.4)
COOTBETCTBYET 3aTYyXaHHI0 NOMERYUaNbH020 BUXPS HHTEHCHB-
Hoctu A. TloicTaBuB 3TO 3HayeHHe ® B ypaBHeHue (69.3), Mul
HaXO0JUM

A
g=5_(1—e)

Jlo6aBouHoe cJjaraemoe f (f)/r 3pech onylueHo HCXOl M3 Tpe-
60BaHMSI KOHEYHOCTH ¢ Ha OCH 2. JIerko BHIEeTb, YTO ITO Teye-
HHE B HAuaJbHBIH MOMEHT BpeMeHH sABJfeTC Ge3BUXPEeBBHIM
¢ uupkyasuvet A (IO KOHTYpY, OXBaTHIBAIOLIEMY OCb 2) H
BO BCE BpeMA IBHXEHHA HMMEET OIHY M TY Ke CYMMApHYIO 3a-
BUXPEHHOCTb. ‘B ¢ukcuposaHHo#t Touke r == 0 3aBUXPEHHOCTH
paBHa Hymwo npu f=0 u £=00 M HOCTHraeT MaKCHMyMa
B HeKOTOpHI# MPOMeXyTOUHbI MOMeHT Bpemenu'). HyxHo same-
TATb, YTO KUHETHYeCKass SHeprusi, MOMEHT KOJMYECTBA JABHIKEHUSA
M OSHEPrHA [MUCCHNAUMK TNPEeACTAaBJIAOTCS B PaCCMATPUBAEMOM
npuMepe pacXOIAUMUCH (K OGECKOHEUHOCTH) WHTErpanaMu, TaK
YTO -TAKOE TeyeHHe B HEOrpaHWyeHHOH 06J1acTH (U3MYECKH He-
OCYLLECTBUMO.

1) Mepa B3aBUXPEHHOCTH 3TOTO JBHMEHHS 1/(et—1—v)
MOHOTOHHO BO3pacTaeT BMecte ¢ £ o1 W =0 npn t—-O 1o W = co
npu £ =oco. Takum 06pa3oM, OTHOCHTEJbHas pPOJb BpauiaTeabHOro
UBHIKEHHMS BO3PACTaeT, XOTH 3aBUXPEHHOCTb CTPEMHTCH K HYJIO,
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BoJee peaibHOe MABHXKEHHE COOTBETCTBYET IOJIO 3a3uxpeu-
Hocru 1)

o=gim—pe

(310 peiueHue noJyvaercs AuddepeHunposanueM peurenus (69.4)
no ). Cxopoctb ompenensercs U3 GOPMYJbl

__rA -
q—41wtze :

B 3TOM Cjyuae WMpKyJasuus paBHa Hymo npu =0, cymmap-
Hble BEJMUMHBl SHEPTMM M JHUCCHNAILUK SHEPrUH KOHEUHH, & MO-
MEHT KQJHMYECTBA IBUKEHHS L NOCTOSHEH, TaK Kak

L=f 2% - prq - rdr=pA.
0

B ¢ukcupoBaHHbI#t MOMEHT BpeMeHn ¢ > 0 CKOpOCTb paBHa HYJNO
Ha OcM 2 M Ha OECKOHEYHOCTH M JOCTHUraeT MaKCUMAaJbHOM

peauunnbl A/21 V/ 2vet® na paccrosmuu r =)/ 2vf. Bennuuna

2v¢,

6blia Ha3BaHa ToHIOPOM , pPaflUyCcOM“ BUXPS B MOMEHT BPEeMEHH £,.
: )

Tak Kak MaKCHMajbHas CKODOCTb 3aTyXaeT MO 3aKOHY £ ", TO

BpEMsi, 32 KOTOPOE MHTEHCHBHOCTb BUXpS pajuyca ry C MaKCH-

Ma/bHOM CKOPOCTBIO ¢y YMEHbLIMTCS AO 3HAUEHHUS, COOTBETCTBYIO-

LIero MaKCHMaJbHOM CKOPOCTH - ¢o, PaBHO

t—t,= (2" —1)t,= 0,296r3/v.

Ts#a0p NpPUHUMAET STO YUCJIO 3a MEPYy CKOPOCTH 3aTyXauus
BUXDA 2).

ClielyeT OTMETHTb B 3aK/IOYeHHEe NPHUMEp, PaCCMOTPEHHBI
JlamGom ([8], crp. 740) u wuumocTpupylolu#i HMCue3HOBEHHE
TIOBEPXHOCTH pas3pbiBa B BHUAE COMPHKACAIOLIMXCH CJOEB, JBH-
KyWuXesd € PasAUYHBIMM CKOPOCTSMU. IlosyueHHBI#f mpu 3TOM

" Taylor Q. I, Aero. Res. Comm. R. and M., Ne 598, 1918.

?) Mepa saBuxpenHoctn W= |y~!—1| B stoM cayuae Taxxe
HEOrpaH{YeHHO BO3pAacTaeT, HECMOTPA Ha TO, 4TO CaMa 3aBHXPEHHOCTh
CTPEMHTCH K HYWO.

15*
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pe3yJabTaT NOKa3blBaeT, Kak OBICTPO Takas NOBEPXHOCTb Criaa-
Junach Obl, eciu Obl OHa AeHCTBHTENbHO BO3HHMKJA B HEKOTODHIH
MOMEHT BpeMeHH, DTOT NpPUMEpP MOXHO pacCMaTpUBATb TaK e,
KaK HABUXEHHE TEepPBOHAUYAJBLHO TIOKOAlLEHCH HeorpaHuueHHOHR
JKHAKOCTH, BbI3BAaHHOE BHE3aIHO HAYaBIUMMCS IBHKEHHEM ILTOCKOHR
cTeHKH (3amaya Pases).

70. YpaBHeHHs YCTaHOBMBIIErocs ABHIKEHHSI B eCTecT-
BEHHBIX KOOpAHHATAX. B cayuae MIOCKOrO ABHXKEHHS MBI MOXEM
samucaTh ypasHeHHe (68.2) B MpoeKuusX Ha HampasJ/eHUs JHHUR
TOKa M HOpMajdel K JIMHHAM TOKa M MOJYYHTb CJeAyIolIHe
ypaBHeHHus:

og ., op 0o op oo

%9 497,99 2 9P, %2

P55 1+ 35 Bom Pt o=t

TpucoequHUB K ITHM YPaBHEHWAM YpaBHeHHe HepPa3pPHIBHOCTH
U ¢opMmyay naa 3aBuXpeHHOCTH (cM. m. 20)

. og oq

leV:m'—f—Kq:O. m=—53—|—uq.
MBI TOJyYHM MOJHYI0 CHCTEMY yPaBHEHUH B eCTECTBEHHBIX KOOp-
JMHATaX.

J1% 0CeCHMMETPHYHOTO TeYEeHHs MBI MMEEM aHaJIOTMYHO

dq op e 0
an—s"l‘g-———y—%(.\’m).
(4] (/]
pgx—+ 72 = % 35 (Vo)
H _
10 _ g
")70—3(3"1)—*—!(‘1-—-0' 0 =——="4xq.

YpaBHeHus 179 (QYHKUMH TOKA INIOCKOFO 4 OCECHMMETPHYHOIO
TeyeHUs NpUBeleHH B KHure [36].

71. JHepreTHYecKHe COOTHOmEHHs. Mbl o6paiaem BHH-
MaHMe uMTaTeas Ha JiBAa MOJE3HHX M YaCTO UCMOJb3YEMHIX TO-
wpecrBa: ¢opmyay Jlam6ba — Tomconal) nans  KuHeTHueckoH

) Lamb H., A treatise on the mathematical theory of the
motion of fluids, Cambridge, 1879 (mepBoe wsnamue kuuru [8]).
'{‘Slgé) mson J. J, A Treatise on the motion of vortex rings, London,
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3Hepruu
z-———-pf(r o X v)dv4p § [—;—qz(r ‘n)—(r-v)(v: n)]da
' ' (71.1)
u ¢opmyay BobuineBa — dopcaiital) naa Auccunauuu SHepruu
f@dv=p.fm2d'o+2p.§a-nda. (71.2)
v v 8

B atux ¢opmynax uepe3 b 0003HaueH KOHeuHbIf 00beM, orpa-
HMYEHHHI! MOBEPXHOCTbIO §. 3aMeTuM, UTO CNpaBelJHBOCTb
dopmya (71.1) u (71.2) nposepsiercss GOpMaNbHLIMH BLIKJAAKAMH,
OCHOBAHHBIMM TOJbKO Ha YpaBHeHud HepaspeiBHocTd divv=0
n ¢opmyne nuccumaumn ®=2uD:D. B ToM cayuae, korza
CKOPOCTH Ha & paBHH Hyao, ¢opmyast (71.1) u (71.2) npunu-
MaloT 6oJjiee MpOCTO# BHA, 4 MMEHHO

z.—_pf(r-wxv)do (71.3)

f(I)dv=pf w?dv. (71.4)
v v

Ina noxasateabctBa ¢opmyabl (71.1) Mb Bocmoab3yeMcst Ciae-
LYIOIMMH TOXAECTBAMU:

div (¢%r) == 3¢2 4 r - grad ¢3,
div [(r-V)vl]=¢2+Vv-r X w-—l—%r - grad ¢%

Npd TpoBepKe BTOPOrO M3 HHX HajO0 WMETb B BUAy, YTO
divv=0. CpaBHuBas 3T TOXHECTBA W TMPHUMEHAS TEOpPeMy
I'aycca — OcTporpanackoro, noJjyuaeM

@[%q%——(r . v)v]-nda:f(%ﬁ— ver X Q)d’o, ‘

8 v
oTkyza cpasy caenyer cdopmyna (71.1). dopmyaa (71.1) nerko
0606m1aeTcs Ha Cayyalt CKMMaeMblX JKUIKOCTeH; B STOM Ciyuae

Y Bo6uaes I K., Math. Ann, 6,72 (1873), Forsythe A.R,
Mess. Math., 9, 134 (1880).
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OHAa HMeeT BUI

f%q?d«o:f[(rv)e—l—r . va}dv-{-

i v

+<§lq2[r-n)—(r-v)(v~n)]da. (71.5)

3aMetuM, uyto B ¢opmyaax (71.1) u (71.5) noauHTerpasbHyIO
(YHKLUHMIO HMHTerpana IO INOBepXHOCTH MOXHO 3amucaTb B Gonee
cuMMeTpuyHOH (opMe, a MMEHHO Tak:

S X V) - (VX ) (V- ).

HoxasateabctBo  (opMyasl (71.2) ocHoBbIBaeTcs Ha TOM,
yTo B Ccuay ypaBHeHus (28.1)

D:Dzéuﬁ—!—diva,

tak kak O ==divv=0. Orcona copmyra (71.2) nonyuaercs
NpPOCTBIM TpuMeHeHHeM TeopeMbl I'aycca — OcTporpanckoro.

[puBenednble 3JeCh [0Ka3aTebCTBAa 3HAYUTENbHO MNpOLIE
aHaJOTMYHBIX nokasaTeabcTB Jlamba ([8], ctp. 273 u 726). He-
CKOJIKO JPYrHX 3HEpPreTHuecKuX COOTHOIIEHHH OblJIO NMpUBEIEHO
Hamu paHee (cM. m. 26).

72, Teopembl eIMHCTBEHHOCTH JJs TeueHUil BA3KOH
WHUIKOCTH. PaccMOTpuM  BSA3KYI0 HECXKUMAEMYK KUIKOCTb,
3aMOJIHAILYI0 OrpaHnueHHHR of6beM B = B (), rpaHula KoTo-
poro & COCTOHMT M3 KOHEYHOrO UYHC/IA 3aMKHYTHIX TBEPIBIX M0-
BepXHOCTel, NBIXKYILUXCA 3alaHHBIM oOpa3oM (TBepible Teia,
IBIXKYLIMECS B OTPaHMYEHHOM cocyle). B cuay ycaoBus npu-
aunanus (cM. n. 64) nose ckopocTeft KMIKOCTH Ha rpannue &
COBMajdeT C MoOJeM CKopocTeil rpadHultl © B ee COOCTBEHHOM
InBuxeHud. EcTecTBEeHHO MOCTaBUTb BOMPOC: OyAeT JM JABHKEHHE
KUIKOCTH B ITHX IPEANOJNOKEHHAX MNOJHOCTBIO ONpeIeNsThCs
pacrpeleseHieM CKOPOCTH B HEKOTODHIH Haya/lbHBIE MOMEHT
t = 0? TlonoxmuTeAbHBI OTBET HAa 3TOT BONPOC [1aeT CJeNyio~
1uad TeopeMa: ecAu 08a meweHus 8 02PAHUYEHHOE obisacmu
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V=B () uneom 00HO 1 Mo de pacnpedesernue cKopocmu
npu t=0 u Ha epanuye B, mo oxu moscdecmsenns ),

JIlokasaTeabcTBO 9TOH  TEOpPEMBI  OCHOBAHO HA IPOCTOM
TOXIECTBE [/ KHHETHYECKOM SHepriH, COOTBETCTBYIOLIEH pas-
HOCTH CcKopocTe#t AByXx jaBuxeHuHt. IlycTb v M v* — z1Ba noas
CKOpOCTeH, YIOBJIETBOPAIOLIMX YCJAOBHSM TeopeMbl. Baenem
B PacCMOTpEHHE BeJHYUHBI

u=v—yv, R=—2—f u?dv.
Torma Mbl HMeeM 2)

%_f_z._f(vgradu cgradu—+u-D-u)do, (72.1)
B

rie D — rtensop medopmauuit, cOOTBeTCTBYIOWMI MO0 V. e~
CTBHTENBHO, TaK KaK V M V* ABJAIOTCA peLIEHHAMH YpaBHEHHA
Hasbe — Croxca (68.2), To

%—;‘——Jr v*. grad u—+u - grad v = — grad —E*—;-'L—}—vVQu.

YMHOXUB 9TO ypaBHeHHE CKa/JApHO Ha U H BOCIOJb30BABLIUCD
ycnoBueM HecxkuMmaeMocTdH divu==divv =0, Mb noayuyuMm pa-

‘% dra Teopema mpuHagtexur Poa [Fod E., L'Industria (Milan),
43, 426 (1929)). Teopema Poa 6muna nokasaHa Heszasucumo [I. E. Jlo-
aunze [LAH CCCP, 96, 437 (1954)] u o6o6uieHa Ha Cayyail CUMaeMbIX-
wunkocreit I'papdpu [Graffi D., J. Rational Mech. Anal., 2, 99
(1953)]. Cum. Takke pabory aBTopa 3ToH cratbu (Arch. Rational Mech.
Anal., 1959).

PasanyHoro poja TeopeMbl €NMHCTBEHHOCTH TaK Ha3blBAEMBIX
»Ccnabnix“ pemenuit ypaBnenu#i Hasbe — Crokca (cM. meeg( MOXHO
HalTH B YKas3aHHBIX B KOHLe 3Toro nyHkrta pa6orax Jlepe, Kucesera
u JlagblKeHCKOH.

?) Ypasuenne (72.1) Moxno Haiitu B pa6ore PeiHoabaca [Phil.
Trans. KRoy. Soc. Lond., A, 186, 123 (1894)] u B pa6ore Oppa [Proc.
Roy. Irish. Acad., A, 27, 69—138 (1907)].

YacTo 0ka3plBAIOTCA MOAE3HBIME IpYyTHE GOpMbI cooTHomeHus (73.1),
BHITEKAIOIHe U3 TOXLECTBA

fgradu:gradudv:f|rotu}2dv=2fD’:D’dv, (72.1)

CIpaBeAaHBOrO B Npexnonoxenny, 4to divu =0 1 u =0 na &. PaBeH-
cTBO (72.1”) nerko AoKasaTb MeTOAAMHM, yKa3aHHbIMU B 1. 28.
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BEHCTBO
%(%uﬂ—_:—vgradu:gradu—uoD-u—!—
. 1 o P—p 1 o
+d1v(vgrad2a T“_fu")'

MHTerpupoBanue Koroporo mno o6wvemy B npu ycaosun u=0
#a & npusomut Kk Qopmyae (72.1).

OO6o03HauuM Tenepb uepe3 — M HUKHIOI TPaHb XapakTepH-
cTUYecKuX yuces matpuibl D B npoMexyTke BpeMenn 0 < ¢ < T;
sametum, uto m >0, Tak kxak SpurD=divv=0. U3 omnpe-
IeneHus m W CBOHCTB XapaKTepUCTHYECKMX HHCeN CAeLyeT, 4TO
B kaxao#t Touke B u mas Bcex £, 0 <t < T, BHMmoJHAETCH
HepaBeHCTBO

u-D.u>—mu? (72.2)

Torna B cuny dopmyas (72.1)

—‘%<mfu2dfa=2mﬁ.
b

ITepenuncaB 3TO HepaBEHCTBO B BHIE
d
Q) e~m) L0

u npounterpuposas or £ =0 no £=7T, MH NOJYYuM, HYTO
Q(T) e—2mT <.0.

Tak xax MoMenT T Obl BHIOpaH NpPOU3BOJBLHO, 3TO O3HAUAET,
yTo BeauuuHa K TOxAeCTBeHHO papHa Hymo. CuaenoBarelbHo,

=0 u moas ckopocred v u v* cosnagaioT. Ilpu coorser-
CTBYIOIIUX TNPELNOJOKEHUAX OTHOCHTENbHO aCHMITOTHYECKOro
NOBEJeHHs TeUeHHUsl NPU 7 —> OO YCTAHOBJEHHBIH BHIILE Pe3yabTaT
MoxeT ObITh NepeHeceH HAa cayualt oOTexaHus 6eCKOHEUHBLIM NOTO-
KOM XHIKOCTH KOHEYHOrO YMC/a OrpaHMYeHHHEIX Tes. B uactHocTh,
ecau 0 V U V* crnpaBel/UBBl aCUMNITOTHYECKHE NPENCTaBAEHUS

v=U—+4 O (r-%), gradv=0 (r—*+), p=.voo+0(r‘k+1),

rie k> 3[,, To unterpan B ¢opmyne aaa & CXOMMTCA W MpH-
BeleHHOe BHILlE JOKAa3aTeJbCTBO OCTAeTCs CNpaBelnuBbLIM. (DTH
YCJOBHUSL SIBJAIOTCS NOBOJbHO JKECTKMMM M, TO-BUAMMOMY, He
BHINOJIHAIOTCS B 30HE BOBMYLUEHHOrO JBHXEHHS 33 NPENsTCTBUHEM;
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MOXHO NPELJOXKUTb ¥CJIOBHSA APYroro poaa, KOTophble AOMYCKaIoT,
OIHAKO, TOJbKO CMelHMaJbHbI} XapakTep ABMXKEHUS B BO3MYLUEH-
HOH 3oHe.)

Mp He MMeeM BO3MOMHOCTH OCTAHOBHTBCS 3X€Ch Ha BOIPOCE O CY-
IeCTBOBaHUU pemenui ypaBHenui#t Hasbe — CrTokca, ynosaersopsio-
IMX 3aMaHHBIM HAaYaJbHBIM H FPAHHYHBIM YCJOBUAM. JTa HCKAOUUTEIBHO
TPyIHas 3ajaya pelleHa eule He MOJHOCTBbIO, XOTS ed NOCBAIEHb MHO-
rouHc/JeHHble uccaenoBanusa. He craBa mepen co6oil TPYAHO BBIIOJHHU-
MOH 3ajjauu NaTh NOJHYI0 OuGauorpaduio, Mbl OFpaHHUHUMCS MepeyHeM
mMoHorpadui, KOTOpble COxepXaT OCHOBHbIE Pe3yabTaThbl, NMOJyYEHHBE
K HacTOSLIEMY BPEMEHH:

Oseen C. W, Neuere Methoden und Ergebnisse ‘in der Hydro-
dynamik, Leipzig, 1927.

Leray J, Ftude de diverses équations intégrales nonlinéaires et
de quelques problémes que pose I'hydrodynamique, J. Math. Pures
Appl. (9), 12, 1—82 (1933).

eray J., Essai sur les mouvements plans d’un liquide visqueux
que limitent des parois, J. Math. Pures Appl. (9), 13, 331—418 (1934).

Leray J, Sur le mouvement d'un liquide visqueux emplissant
I'espace, Acta Math., 63, 193—248 (1934).

HDoanunse . E. Heaunefinad xpaeBas 3amaua Ajas HeyCTaHOBHB-
WIMXCS ABUXEHHH BA3KOH unkoctH, I1purxas. mam. v mex., 12, 165—180
(1948). N

Hopf E. Uber die Anfangswertaufgabe fiir die hydrodynami-
schen Grundgleichungen, Math. Nachr. 4, 213—231 (1951).

Kucenes A. A, JlagnxeHckas O. A, O cyuecTBoBaHHU
M eIMHCTBEHHOCTH pelrednit 3agaun Kouwrd 148 BA3KHX HECHKHMaeMbIX
wunkocreit, M3s. AH CCCP, 21, 635—680 (1957).

OcHOBHast TPYAHOCTb 3aJjaud 3aKJAOYAeTCs B TOM, YTO Jaxe raat-
KHe HayalbHble NAHHBIE NPUBOAAT B HEKOTOPHIX CAYYasX K peIleHHsM,
HeNpepbiBHO JuddepeHuupyeMbiM TOJbKO Ha OFpaHHYEHHOM OTpesKe
BpeMeHH. JTO BbI3bIBa€T HEOOGXOAUMOCTb BBENEHHS DPa3JIHYHOrO pOJXa
»CIa6bix* pemeHuit ypaBHexuii Hasbe — CTokca (cM. paboThl, yKa3aH-
Hble Bbllle), HCCJeJOBaHHE KOTOPbIX TpeGyeT NMpUBJEUEHUS TOHKUX Ma-
TeMaTHYEeCKUX METOMOB.

73. YctoilunBocTb TeueHmit Bs3KOH kuakoctu. C mpo-
6seMOH eIMHCTBEHHOCTH TECHO CBsi3aHbl G0Jlee CJIOXKHBIE BOIPOCH
TUApOJMHAMUYECKOH  ycTOHuMBOCTH. PaccMOTpUM  IBHMKeHHE
KUIKOCTH, 3anonsiomied o6vem B, ¢ 3amaHHBIM pacrpeneJie-
HMEM CKODOCTM Ha TrpaHuue 3Toro o6wveMa. B OosbiumHcTBe
3ajay ykasaHHOro tuma oGaactb B orpaHuyeHa TBEpPABIMHU CTEH-
KaMM M TpaHHYHble YCJIOBUS ONpEIeNsIOTCs ABHMXKEHHEM 3THX CTe-
HOK (nanpumep, Teyenne Kysrra). I[lpeamosoxum Temepb, 4TO
paccMaTpuUBaeMoe IOJe CKOpOCTe#t MoJyyaeT B HawaJbHBLIA MO-
MeHT ¢ = 0 Ma/ible Bo3MyuwleHus, EcTecTBEHHO NOCTaBUTL BONPOC
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0 Xapakrepe MOC/JeLYIOMWEro [BUXEHHA INPH HEM3MEHHBIX Tpa-
HUYHBIX YC/MOBMAX: OYIET JM 3TO ABHXEHHE MaJ0 OTJIMYATHCH
OT HeBO3MYLIEHHOTO MJHM Jaxe Majble BO3MYLIEHHS HauaJbHbIX
JAaHHBIX CYILECTBEHHO MEHSIOT XapaKTep TeuyeHHus. ‘
- EcTe IBa pasiMyHBIX METOAA HCCJIENOBAHMA STOH 3anauu:
nepBeift BKiouaeT B ceDs CTAHAAPTHYIO NpOUENypY JHHeapusa-
MK, BTOpOH ocHOBaH Ha ¢opmyJse (72.1). Mp uMeeM BO3MOX-
HOCTb pacCMOTpeTb TOJBKO BTOpOH u3 3Tux Meronos!l). Ilpu
MCMOJb30BAHUH STOTO MeTONAa 3ajauya CBOAMTCA K JOKa3aTelb-
CTBY TOrO, uTo & cTpeMuTCA K HyJ IO, TaK KaK OTCIONa Cpasy
clelyeT, YTO U CTPEMUTCS K HYJIO IMOYTH BCIOLY.

CkasaHHOe HYXIaeTcs B HEKOTOPOM moscHeHud. [TycTb v —
noJie CKOpocTe#f OCHOBHOTO TeyeHHs, a V*—mojie cKopocref
BO3MYULIEHHOI0 TeyeHusi. Toraia OCHOBHOE TeueHHE Ha3biBAeTCH
YCTOHUUBHIM (YCTOHUMBBIM B CPeNHEM), €CJIHM SHEprus BO3MYLe-
HUA U==V'— V CTpeMUTCs K HYJIO NPU BO3PACTAHHHU .

[MoBenenue 3Hepruu BO3MYILEHUS TIPU f—> OO OMNpelelseTcs
3HAKOM BEJUUMHBI, CTOsllelt B mpaBo# wactu dopMyan (72.1);
€c/qM 3Ta BeJMYMHA OTpHUATesNbHA [/ MPOM3BOJMBLHOTO MOJA U,
yanoBJjerBopswoiero ycaosuio divu=0, To uMeeT MecTo ycrofi-
u¥BOCTb. TaK KaK MepBHH ujeH npaBoi yacTh ypaBHenus (72.1)
‘Bcerza oOTpuuaTesed, TO M000e BO3MYylleHHe HMeeT TeHIEHLHIO
CrJIaIMTbCA 3@ CYET BA3KOCTH, OJHAKO NpPH OOJbLIHX BeJHYMHAX
KacaTeJbHBIX Hamps:keHUH B OCHOBHOM IIOTOKE 3HAaK MpaBo#
yacTH (72.1) MOXeT HU3MEHUTbCS 3@ CYET MOJOXUTENbHOTO BTO-
poro uJjeHa W aMnMTyAa BO3MYylueHuft OyneT npu 3TOM BO3pa-
cratb. TakuM 06pa3oM, YCTOHUMBOCTb TeueHHs oOnpelesercs
OTHOCHTEJIbHOH BeJIMYMHOH 3THX ABYX YJIEHOB.

Jpyro#t xpurepufl aHaJOTHYHOTO XapakTepa MOXHO IOJY-
uuTh, 3anucaB ypaBHeHHe (72.1) B HECKOJbKO HM3MEHEHHOH
¢opMe. Tak kak divu=0, Mb HMeeM

u-D.-u=div[(u.-v)ul—u-gradu-.v.

[Tpumenus teopemy I'aycca — Ocrtporpaickoro, Ml BMeCTo ¢op-
Myasl (72.1) nosayuum paBeHCTBO
%?:f(u-gradu-v——vgradu:gradu)dv. (73.1)
%

) OTHOCHTENBHO HCCHEIOBAHHA YCTOMUMBOCTH IMEPBBIM H3 YIOMS-
HYTHIX MeTonoB cM. paborsi Cuhra [Synge J. L., Semi-Centennial
Publications of - the Amer. Math. Soc. 2 (Addresses), ctp. 227—269,
Jluna [22), a Takxe Beiitmena u ap. [2].
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CuenoBatenbHO, €CJH MepBbIH YjeH NOAMHTErpaJbHOTO Bhipaxe-
HUSl B npaBofi yacTd paBeHcTBa (73.1) no abcoMOTHOH Benu-
YiHe MeHblle BTOPOrO ujeHa AJd BCeX NOMyCTHMBIX (GyHKLUHH U,
TO OCHOBHOE€ TeueHHe C M0JIeM CKOPOCTefl V sBJAsieTCs yCcTOHuM-
BoIM. Tak Kak B NepBBEIfl 4JeH B KauyeCTBe COMHOXMTeEJs BXO-
IMT V, Mbl NPUXOAMM K BHIBOAY, uTO OOJblIME BeJHYHHBI CKO-
POCTH OCHOBHOTO Te4eHHs U 6OJbIlIHe HaNpsKEeHUst MOTYT BbI3BATh
HeycroftuuBocTb. Huxe Ha ocHOBe yKasaHHBIX CcooOpaxeHuM
GyLyT MOJiydyeHbl YMCJEHHBIE OLEHKH T'PaHULl yCTOHYMBOCTH.

Crenyer 3aMeTUTb, YTO METOJ SHEPreTHUYECKUX OLEHOK NMPHUH-
LMNHATbHO HEe MOXeT JaTh TOYHBIX 3HAYeHUH TpaHul, ycTOHuM-
BOCTH (AJs TOJYYEHHS TOYHBIX OLEHOK cJelyeT 06paTHThCs
K JHMHeapU3MPOBAHHBLIM YpaBHEHUAM), TaKk Kak B 3TOM MeTole
S8HAK BEJMYMHBI, CTOsUleH B mpaBo# yacTu ypaBHeHus (72.1) uan
(73.1), ycraHaBiuBaeTcs JAJs TOJed U NPOU3BOJLHOTO BHIA,
KOTOpble MOTYT M He OBbITb NMHAMHYECKH BO3MOXHBIMH. OIHaKO,
HECMOTpPS Ha 3TO, HCC/IeRoBaHue ypaBHeHu# (72.1) u (73.1)
MPUBOIMT K PSILYy MHTEPECHBIX M LEHHBIX pe3YJbTAaTOB.

Ilycms o6aacme B umeem ioHeuHu i duamemp d. Tozda
KuHemuuecKas sHep2us NPOU3BOAbHO20 BOSMYUEHUS U ==
= V*— Vv ydossemsopsem 08YM CAeOVOUUM HePABEHCMBAM:

! < ﬁoe(2m—61:2v/d2)t (732)

u
R < Qoe(v2—3n1v?/d2) t/v’ (733)
20e R — HawaAbHASL IHEP2USL BO3MYUEHUS, — M — HUNCHIS

2PAHb XaApaKmepucmu4ecKux 4uces mexn3opa degopmayui
045l OCHOBHO20 meweHus Ha unmepsase spemeru om O 0o ¢,
aV — makcumym mo0yas CKOPOCMU OCHOBHO20 mMeHeHUs
Ha mon oxe unmepsase 8pemenu. Ecau m < 3n)d? uau

ecau V< V37tv/d npu 8cex 3nauenusax t, mo K —0 npu
t—>CO U OCHOBHOE meueHue sIBASLeMCS ycmolnugoim ).

) PopmysupoBKa H 10Ka3aTeJbCTBO STOH TeOpeMbl MpHHALIEKAT
Tomacy [Thomas T. Y. Proc. Nat. Acad. Sci. USA, 29, 243 (1943)]
u Xondy [Hopf E., Math. Ann., 117, 769 (1941)]. AHanoruuHsiii pe-
3yabTaT MMEET MECTO B Cayyae, Koria o064acTb B MOXHO 3aKMOYHTH
B GECKOHEYHBIH IUJHHAD MJIM MEXIY ABYMS NMJOCKOCTSMHM, H B CJAy4ae,
KOrjla BO3MYLIEHHSI NMPEANOJAaralTcs NepPUOIHYECKUMH.

VIHTepecHO 3aMeTHTb, 4TO KpuTepHii ycToiiuusoct V <V 3nv/d mMox-

HO BbIpa3HThb yepe3 yucao PeiiHoabaca: ecau Re = pVd/p < V 3% = 544,
mo me4enue ABASemMcs yCmoiiusol M.
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INJokaszaTeaAbCTBO. 3aMeTHM CHauyajga, 4To JAJs J1I060ro
HenpepuBHO AuddepeHunpyeMoro mnoas BekTopa h
0 < (grad u—+ hu) : (grad u ++ hu) =
= grad u : grad u—+h - grad 424 A242.
IlpunuMas BOo BHMMaHHe rpaHuuHoe ycJaoBe u==0 Ha &, rae
© — rpanuua obaactu B, MB moJyyaeM OTCIOAA

fgrad u:gradudo> f(dlvh — k) uldv. (73.4)

2 3
PacemoTpum Tenepn nose Bekropa h = (r/r) C tg Cr, HenpephiBHO
Iuddepenunpyemoe BHYTpM Iapa paauyca w/2C. [Ilosaras
C=rm/d w ¢duxcupys HanmrexamuM o6pa3oOM Hayal0 KOOPAMHAT
B o6nactn U, MB MO}eM NOACTaBUTb 9TO 3HaueHue h B ¢op-
myay (73.4). Toria mocJje HeCJHOXHBIX MpeoOpasoBaHuil Mbl MpH-
XOIMM K HepaBeHCTBY

f grad u : grad udo > 3C? f w2 dv = (6xYd2)R. (73.5)
3 B
CpaBhuBas cooTHowenus (72.1), (72.2) u (73.5), noayuaeM

HepaBeHCTBO dﬂ < ©2m — 6xM/d2) R,

HHTErpHpOBaHHEe KOTOPOro NpUBOAMT K Tpebyemolt ouenke (73.2).

JlokasarebcTBO oueHkH (73.3) NpPOBOAMTCA aHAJIOTMYHBLIM
o6pasoM. McXOQHBEIM NMYHKTOM SBJSIETCS HEPABEHCTBO, CNPaBEl/H=
BOe I/ TPOU3BOJbLHOM auanbl A:

A:A—2u- A v+ 420 =A—uv):(A—uv)>0
U3 3710r0 HepaBeHCTBa Cﬂeﬂ.ye’l‘, uTo

u-A-vg (A A+ u20?). (73.6)

ITonoxuB A==vgradu u MCNo/Jb30BaB NOJYyYeHHOE HePABEHCTBO
Ang TOro, uYTOOB HaiTH OLEHKY CBepXy IJs BeJHYUHBI
u-gradu-v, Bxomsume#f B ypaBHeHue (73.1), MBH NpUXOIUM
K COOTHOIUEHHIO

‘f{? <5r f (4202 —v2gradu : gradu) do < (Vz — 3n2y2 /dg) R,

HHTEr pUPOBaHHE KOTOPOro jaeT oueHKy (73.3).
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Kpome noBoabHO rpyOBIX !) uMCAEHHBIX OLEHOK TpPaHHL
ycTofiuMBOCTH, M3 HepaBeHCTB (73.2) u (73.3) caenyer psanm
MHTEPeCHBIX pe3y/nbTaTOB KaueCTBEHHOro xapakrtepa. Hampumep,
803MYUeHUS 00CM AMOYHO MAAOE OLURYL 804K d 3amyXxawom
He3agucumo om xapakmepa OCHO8HO020 me4erus. VHaue
roBops, Jaxe B TypOYy/JeHTHOM IBHXEHHH He MOTYT CYLIecTBO-
BaTb ,BUXpPH® MaJOro JMaMeTpa; MaKPOCKONHYECKH TeueHHe
MOXeT TpeJCTaBJATbCS 3anyTaHHBIM CJAyyafiHbIM  NPOLECCOM,
HO ecnu HabMONeHUsT TOTO IKe TeueHUs MPOBOAATCH NpuUGOpOM
C IOCTaTOYHOR paspemwamouiel cnoco6HOCTBIO, TO CTPYKTypa
TeueHUst OyZeT Bcerja BHITIALETb peryJspHOR.

PaccmotpuM Temepn Apyrofi npefeabHbfi cayéa#t, koria
CKOPOCTb V OCHOBHOrO TeueHHs paBHa Hyumo. Ilycts o6aacts B
OrpaHu4eHa HenoOBUICHbLMI TBEPIbIMU CTEHKaMHu, Tak 4To v =0
Ha & Torma KuHeTHueckas SHeprus no6oro nBuxenus B B
B COOTBETCTBUM C ycaoBHeM (73.2) NOMKHA CTPEMHUTHCS K HYJIO
N0 3aKOHY

T L oot (73.7)

rae ¥ ,— KUHeTHYecKas OSHeprus ABMxeHus npu f=0 2,
Ocraercd, OIHAaKO, HesicHbIM, OynpeT Ju caMO moJe CKOpocTe#
npu £ —> CoO CTPeMUTbCS K HY/M0. B KauecTBe moc/enHero ciael-
CTBHSl JJOKaXeM TeOpeMy eIHHCTBEHHOCTH YCMAHOBUBULLX CS TeYe=
Hu#t B (PUKCUPOBAHHON OrpaHuueHHo#t o6JacTH V.

ITyems v u V'—08a YCMAHOBUBUMUXCA  MEYEHUS
8 ob6aacmu b ¢ 300QHHBLM, He 3QBUCAUUM OM BPeMeHU
pacnpedenenuem CKOpPOCmMU HQ 2paruye Y, nycms —m—
HUJNCHASR 2PAHb XAPAKMEPUCMUKECKUX 4UCer MEH30pa
degpopmayul mewenus v u nycms V =max|v|. Toz0a meue-
Hus v u V* 00401cHBL cognadams, ecau

uan m < 3ve¥d? waw V <Y 3wnv/d. (73.8)

JloKa3aTenbCTBO 9TOTO  yTBEPHIEHHS OYEBHAHO: KHUHETH=
yeckas SHeprus nonas u==v-—v* N0MKkHA ObITb NOCTOSHHOH
4 BMECTe C TeM YNOBJETBOPATh oueHkam (73.2) u (73.3). Ilpu

) Cm., vanpumep, [2], ctp. 336, 377, u pab6ory Tomaca, Ha KOTO-
Y10 MBI CCHUIAJHCD BHIILE.

?) HepaBenctBo (73.7) mpuBomutcst B pabote Kamme-gze-Pepbe
[Kampé de Fériet J., Ann. Soc. Sci. Bruxelles (1), 63, 36 (1949)];
aHAJNOTHYHOE HEPAaBEHCTBO M1Js IUIOCKHX TEUeHHH, KaK yKasblBaercd
B 3TO#H pabote, GBIIO paHee ycTaHOBJAeHO Jlepe.
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BHINOJIHEHHH XOTd Obl OJHOrO u3 HepaBeHcTB (73.8) orcioma cie-
oyer, 4o K, =8 =0 u v=v*.

CdopmyaupoBannasi TeopeMa CyLIECTBEHHO 3dBUCHT OT Mpel-
nosoxenus (73.8); B ofuem cayuae MOXHO, NO-BHIUMOMY,
HOCTPOHTb TpHUMEp HeelHHCTBEHHOCTH.

Kax nokasblBaeT mpelblayliuit aHaau3, npu OOJbILMX BeJiu-
yMHAX BSIBKOCTH BCE TeUeHMs C OJAMHAKOBBLIM pacnpeleseHHeM
CKOpPOCTM Ha TpaHule TMocJe MOCTATOYHO JNOJATQro BpeMeHH
6yayT onunakoBbl. C Ipyro#f CTOpOHBI, TMPH MaJbiX 3HAUEHHAX
BSIBKOCTH (MJH, SKBMBAJEHTHO, NpU OOJblUMX uHMCaax Pei-
HOJ/bAcCa) HabilonaeMble TeYeHUS! yKe He CTPEMATCS K elNUH-
CTBEHHOMY TpeNeJbHOMY TeYeHHI0. YKasdaHHble (aKTH JIErKo
TIPOUJIIOCTPUPOBATh Ha TIPOCTHIX NpuMepax TeueHu#t KysTra u
Iyaseitss, nJ1s8 KOTOPHIX YCTOHUMBBLIR JaMHHAPHHIH peXMM BO3-
MOXeH TOJbKO NpU MaiblX uucaax Pe#uoabiaca. Mcxons us
SKCNEePUMEHTAJIbHBIX pe3yabraToB, Xond !) Brickasan mnpearno-
JIOXEHHE O CyLIeCTBOBAaHHM KJjacca pelueHuit ypaBHeHu#t Hasbe —
CroKca, COOTBETCTBYIOLIUX TeUeHUSIM, HAGII01aeMBIM NIOC/IE JOCTa-
TOYHO [OATOTO TPOMEXKYTKAa " BpeMeHH, KOrJa BJHUAHHE Hayalb-
HBIX - JAHHBIX y¥e He CcKasblBaeTcsl. Ilpu GOJbIUMX BeaMYMHAX
BSIBKOCTH 3TOT KJACC UCYEPNBLIBAETC ONHUM peLUeHUeM; MpH
yMeHbLIEHHH BA3KOCTM TaKMX pelleHUH CTaHOBUTCA Bce GoJblue
u Ooabwe. Ilpu ¢uxcupoBanHoM v kJjaace Xonda BbloeaseT
ayCcTOHUMBOE“ MHOroo6pasue B ()a30BOM NPOCTPAHCTBE BCEX BO3-
MOXHBIX peuieHuit. B pa6ote Xonda, Ha KOTOPYIO MBI CChljIa-
JIUCb BB, 3TO TNpPeLNoJoxeHHe CHOpMyaupoBaHo 6GoJiee YeTKO
¥ NOLTBEPXJEHO HHTePecHOM ,MaTeMaTHueCKOH MOIe/bI0“ ypaB-
nenu#t Hasbe — Crokca, pelueHuss KOTOpPOH MOXHQ BLINHCATDH
B 3aMKHYTOM BHIE.

B cBasu ¢ rumoresoit Xomda ObIIO BBHICKA3aHO NpPEANOJIO-
XKeHue, 4TO HpH £ —> OO KMHETHYeCKass SHeprus NpPOM3BOJLHOTO
TeyeHUss yObIBAeT 10 HEKOTOPOH ONpeneJeHHOH BeJUUUHEI,
3aBUCALLEH TONLKO OT BENHYUHB! BA3KOCTH M TPAHUUHBLIX YCJOBUH.
dra sanaua Obiia uccaenoBana Xondom 2) B NpennonoxKeHUsX,
chOpMy/IMPOBAHHHIX B Hayaje JAHHONO MyHKTa. [1oJyueHHElE ‘MM
pesyabTatst 8 CYHIHOCTH TIPOCTH, HO TDOMO3IKHE BHIKJAAKHU
BBLIHYX/JAI0T HAC OTOCJAaTh YMTaTeNs K IePBOMCTOYHHKY.

Y Hopf E., Comm. Pure Appl. Math., 1, 303 (1948), Proc. of
the Conference on Differential Equations, Univ. Maryland, 1956, ctp. 49.
%) Hopf E. Math. Ann., 117, 764 (1941).
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Hccnenosanue TeueHu#t B HEOrpDaHHYEHHBIX 00/1acTIX B NPHH:
LMNe NMPOBORMTCS TaK Ke, KaK M I OrpaHMYeHHHIX obJjacTef,
MO9TOMY MBI NpPELOCTaBJseM YUTATENIO COOTBETCTBYMOLIee 0GOGs
LieHWEe TIPUBELEHHBIX BHIIUE Pe3yabTATOB.

74. Bapuanuonnbie MeTOAbl, CBsI3aHHBIE C BOIPOCAMH
ycroluuBocTH, B mnpenniaymem nyHkrte OHJIM HalmeHbl KpH-
TepuH YCTOHYMBOCTH - MO OTHOIUEHMIO K ,MPOU3BOJILHOMY“ BO3-
MYLIEHHIO W, XOT Ha CaMOM JeJe JaJeKo He BCe BEKTOpPHbIe
NoJA U ABJIAIOTCA AONYCTUMBIMH. Il GoJlee MOJMHOTO HCCJIENO=
BaHus BONPOCOB YCTOMYMBOCTM DacCMOTPHM 3alayy O MAaKCH-
MyMe npaBo#i uactu ypaBHeHus (72.1) npu JAOMOJHHUTENLHOM
ycaosuu divu=0. Tlocie Hamnexalel HOPMHPOBKH MbI MpH-
XOAMM K cJlepyiolleff BapualMOHHOM 3anade AJs HMCCJIeNOBaHHS
YCTONYMBOCTH:

MUHHMHUBUDOBATL HHTErpaj

fu~D-udv (74.1)
3B

npu JNONOJHHUTENbHBIX YCJIOBUAX

divu=0, fgradu:gradudv:l, u==0 na &. (74.2)
B

Ecan 0603HauuTb MUHUMYM uHTerpana (74.1) uepes —v, TO
opu v < v BeJMYMHA, CTOSILAsA B NpaBoit yacTu ypasHeHus (72.1),
Oyzer orpuuaTe]bHa A BCeX ,THAPOLUHAMMYECKH [JOMYCTH=
MBIX“ BO3MYILEHMH M, CjlefOBaTeJbHO, OCHOBHOE TeueHue OyLeT
yCTO#UMBHIM (B CpelHeM).

Bapuauuounnyio sapauy (74.1), (74.2) npu nomois Xopoiuo
M3BECTHBIX METOLOB MOXHO C(OPMYNUpPOBATb B BHIE YpPaBHEHUSI
B YaCTHBIX TMPOUBBOLHBIX JIA SKCTPeMaJbHOM ¢QyHKuUMM u. Beenem
C 9TOH Ueablo MHOxuTenu JlarpaHka v* u A=DX\(X) ¥ sanuueM
(opmanbHO

8f(u-D-u+v*gradu:gradu—ldivu)d*a:(). (74.3)
B

YpaBHenuio B Bapuauusx (74.3) cooTBeTcTByeT ‘CHCTEMa HH(-
(pepeHIMaILHHX ypaBHEHUH

u-D=—grad\ vV, divu=0 (74.4)
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¢ rpanuyHbM yciaoBueM u==0 nHa &. BooGuwe rosops, cucrema
ONHOPOJHBIX ypaBHeHu# (74.4) nonyckaeT HeTpHBHMAJbHbIE pelie-
HHs TOJILKO JJIf OFPAHUYEHHOTO MHOXKECTBA COGCTBEHHLIX UHCE! v
Ecan v o603HauaeT HauboJ/bliee M3 ITUX COOCTBEHHBIX UMCE,
T0 OOBbIYHBlE METOAbl BapUALMOHHOIO HCUHC/IEHHS TNPHUBOIAT
K HepaBeHCTBY

-—fu~D.udf0<;,
bY]

CrpaBeNMBOMY [JI1 BCEX U, YLOBJETBOPAIOWMX ycnosuaMm (74.2).
Takum o6pasom ((popMaabHO) MOKa3aH CJeLYIOLLMH pe3yJbTaT.

Ilycmes Y — Haubosbuiee cOGCMBERHOE 4UCLO OOHOPOOHOL
Kpaesoii 3adauu 0asn cucmems (74.4) 8 o6racmu B. Tozda
OCHOBHOe meueHue V 8 o6aacmu B asasemcs ycmoldu-
BULM, ecau

vy

3aMeTUM, YTO Mexn1y YypaBHeHusMu (74.4) u ypaBHeHUAMH
TUAPOJMHAMUKM CYLIECTBYeT NpUMeyaTe]bHAs aHa/NOTHA. ’

K coxanenuo, uccrenoranue ypasHenu#t (74.4) npencra-
BJSI€T He NPOCTYIO 3aJayy jJaxe B Cayyae JeMEHTapHHIX Teye-
Huit. Jlas9 nuockux caoucThix Teuenuit v = {U (y), 0, 0} ypas-
HeHusl, aHaJoruuHble cucteMe (74.4), 6biau HalneHn B paborax
Oppal) u Tamens 2). B stom cayuae D uMeer TOJbKO IBe
HeHyJleBble KoMmoHeHTol Dy =D, =1/, U’, a IByMepHOCTb
BO3MYIIEHHH TO3BOJsAET BBeCTH (PyHKuuio Toxka §. B stoMm cay-
yae cucteMa (74.4) csoaurcs k ypaBHenumio Oppa— amens:

vV = % {U ey 4 U"4,)- (74.5)

ST0 ypaBHeHHe YeTBEPTOro NOpsAiKa OBLIO JAETAaNTLHO M3YYEHO
Oppom. Kak u c/eloBajg0o OXHMAATh, YHC/EHHBIE OLEHKH HAl0T
rpy6oe npub/iKeHHe TPaHHML, YCTOHYMBOCTH, XOTS KayeCTBEHHAs
CTOpDOHAa OTpaxaeTcs, KOHEYHO, NpaBWJbHO. B uyacTHOCTH, 1/
pacnpenenenus U =£ky B kanane 0y <d Opp nHawesa, uto
KpuTHYeckoe uucao Peftnoubiaca

Re = kd®-1=177.

1) Orr W. McF,, Proc. Roy. Irish Acad., A, 27, 69 (1906).
) Hamel Q. Nachr. Ges. Wiss., Gottingen, 261—270 (1911),
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Jlunp [22] BhICKa3a] NpeAnoJOKeHHe, YTO paccMaTpuBaeMoe
TeYyeHWe MO/KHO OBITb YCTOHYMBBIM HE3aBUCHMO OT BeJHYHHBI
uydcna Pe#tHonbaca. Kaxyiuieecs NpoTHBOpeude MexIy pe3yib-
TatraMu Oppa u JIMHA CTAaHOBUTCA TMOHATHBIM, €CJU BCIOMHHTD,
yro JIMHb paccMaTpuBal TOJLKO GECKOHEYHO MaJjble BO3MYIle-
HHS; BNOJHE BO3MOXHO, YTO OECKOHEYHO Majble BO3MYILEHHUS
TacaTCs Jaxe TOTIa, KOrJla KOHeyHble BO3MYLIEHHS NPUBOLAT K He-
ycToituuBocTH. SIcHO, uTO HafiaeHHoe OppoM KpHTHYECKOe 3Ha-
yeHHe uucjia PeHHONbICA OTHOCHUTCS HMEHHO K STHM KOHEUHHIM
BoamyuteHusaM. C nanbHeHIMMH nNpuaoxeHusMu Tteopun Oppa
yhTaTe b MOXKET O3HAKOMHUTbCA B KHure [2], ctp. 335—336, 377.

AHanoruyHeiM 00pa3oM MOXHO TpPOBECTH HCCIeNOBaHUE
YCTOHUMBOCTH Te4YeHHs MeXI1y JBYMs BpallAIOIUMHCSA LHJIHKH-
npamu (Teuenne Kysrra). Eciaum BHyTpeHHU# M HapyKHBIH
LUMJHHIPE MMEIOT pajuychl R; u R, ¥ BpalaloTcs C YrJOBLIMH
ckopoctamu 2;(>0) u &, coOTBeTCTBEHHO, TO MOJE CKOpO-
crelt TeueHuss Kystra umeer Bul

v,=0, v;=Ar-1+ Br,
rie .
_ (RiRy(®,—9) R32, —Rig,
RS — R} R—Rr

4/0 1
m=w'D=—F(1o>

Tak xak D B3aBucUT TOJBLKO OT KO3(duuuenta A, MH BUIHM,
yrTo pellleHde cucreMbl (74.4) K0/KHO NaBaThb KpUTepuift ycTol-
YHBOCTH B BHJe OLEHKH cBepXy BeanuuHbl | A|. TouHee, MOKHO
Jl0Ka3aTb, uTo abcoMOTHad yCTOMYHUBOCTb (YCTOHYMBOCTL IO
OTHOLUEHHIO K JIOOHIM BO3MYylUeHUsAM) OyIeT HMeTb MeCTO IpH
BHINIOJIHEHHU YCJIOBUS

, B=

npuueM

.._g,

|<C®y Ry.

Bonpoc o TounoM onpenenenud Buga ¢ynkuun C (R, Ry
OCTaeTcs B HaCTOslllee BpeMs HEBBHIACHEHHBIM.

Yro kacaercs YCTOHUMBOCTM MO OTHOUIEHHIO K OeCKOHeyHO
MaJbIM BO3MYyLieHHsM, To, Kak nokaszaa Cumr!), ycToHuuBOCTH

') Synge J. L., Proc,; 5th Int. Congr. Appl. Math., Cambridge,
USA, C’l‘p 326—332.

a4 e P
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Teuenuft KysTra uMeerT MecTo mno kpaliHet Mepe nmas o >0,
1. e. aaa Q)R < (Ry/R)? Pacnoioxenne 30HH yCTOHUH-
BocTH (74.5) u HafinenHo#t CunroM 30HE B MJOCKOCTH (R, 2,)

Tey,

91017 —~ 2;/v

Puc. 17. 3oun ycroituusoctu aas Teuenus Kystra.

a —30Ha a0CONOTHON yCTOMYHBOCTH Aas Tedenua Kysrra, 6 —30HM
yCTOHYMBOCTH AJA Teuenua Kysrra mpu R;=3,55, R,;=4,03.

nokasaHo Ha puc. 17, @. Ilaa cayuyas R; ~ R, npumenuma Teo-
pusi Tattnopal); 30Ha yCTOHYMBOCTH, COOTBETCTBYIOLUAs paiuy-
caMm R;=3,55, Ry==4,03, usobpaxena ua puc. 17, 6. Ilpu
MOCTPOEHUM 30HH a0CO/IIOTHOH YCTOHYMBOCTH HAa STOM PHCYHKE
MBI HCXOAUJIM U3 nmpubmmenHoro 3xauexus-C (3,65, 4,03) =11,
HaHIeHHOTO BHIYMC/IEHUSAMH 2).

Y Taylor G. I, Phil. Trans. Roy. Soc. Lond., A, 223, 289. (1923).
2) Serrin J., Arch. Rational Mech. Anal., 2, 1(1959).
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75. Teopema 'eabmroabuna — Pages o auccunanuu. Heko-
TOpble HHTEpecHbe OOliMe pe3yJbTaThl OTHOCHTE/JbHO JHCCHMa-
UMM SHEPTHM B JIBHXXEHMH B3KOH KHAKOCTH OBIIM NOJYUYEHbI
TeabMroavuem ') u Pasneem 2). B oOCHOBe 9THX pe3yJbTaTOB
JIEXUT TPEANONOXEeHHe O MOTEHLMAJbHOCTH MOJs BeKTopa rotw,
T. €. NPEANOJONKeHHE, YTO

rot w = grad o. (75.1)

O6paiutasicb k ypasHenumio Hasbe — CTOKCa, MBI BHIMM, UTO
npennonoxenue (75.1) 5KBHUBAJEHTHO TNPEINOJONKEHHIO O TOTEH-
LMaJIBHOCTH BeKTOpa yCKopeHus. Ycaosue (75.1) ynos.erso-
psieTcsi, B YaCTHOCTH, I/ TNJOCKHX CJAOMCTHIX TeueHui#t, TeueHui
[lyaseitnin u Kysrtra, ycraHoBuBuierocs TeyeHus bBeabTpamu u
BoOGIle [Js JI0O0ro TeueHHsi, B KOTOPOM MOXHO mpeHeOpeub
MHEPLUOHHBIMH YJeHaMH. B 3TOT kjacC BXOAAT TeuyeHMsi BeCbMa
YacTHOTO BHAA, HO TOT (aKT, UYTO HCC/IeNO0BaHUS HOCSAT 3aKOH-
yeHHBHI M CTpPOTHit Xapakrep, uMeeT OGOJbIOE 3HAaueHHe.

PaccMOTpUM IBHXXEHHE XHIKOCTH, yIOBJETBOpSIOLIeE YCJIO-
Bulo (75.1) B Hekotopo#t orpaHuueHHo#t oGaactu Y. Ilycts
V — BEKTOp CKOPOCTH ITOrO IBUXKeHHs, a V' =V - v/ — BeKTOp
CKOPOCTH APYrOr0o npou3804bH020 JBHXEHHS HeCKHMaeMoH
sxuakoctd. Ilyctb, Hakoweu, §, §* u § o0003HavalOT AuccHna-
LIMM, COOTBETCTBYIOLUME .MOJAM V, V¥ U V/ (3aMeTHM, 4TO MOJS V
H V/ MOTYT M He fBJATbCS AUHAMUYeCKH BO3MOXHEIMM). Toraa
Mbl HMeeM ciaefylouyo ¢Gopmyiy:

%‘:%—Fg’—i—%f{r\'[ov’-n—|—2v’-D-n]da, (75.2)
8

HECKOJbKO 000011alolyi0 COOTBETCTBYIOLIMH pe3yabTaT Pages u
Feabmroabia. JJa nokasaTe/nbcTBa 9TOH POpMynbl 3ameTuMm, uTO

§ = [0 dv=+F 44 [D:D'dv
v 0
¥ (B TEH30pPHHIX O0O3HAYEHUSX)
{D:D’dv:f[(Dikv;),k—Dik,kvE]dv=
v »

=§v’-D-nda——;—fV2v-v’dv;
8 v

" Helmholtz H, Verh. naturhist.-med. Ver. (1868), Wiss.
Abh., 1, cTp. 223.
2) Rayleigh, Phil. Mag. (6), 26, 776 (1913).

100
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MEI BOCNIOJIb30BAJIHCh 3/leCh YpaBHeHUeM Hepa3puiBHOCTH div v=0.
IIpeoGpasoBaB mnoc/eiHUH HHTerpasj NMpuU NMOMOLIM COOTHOUIEHUMH

Vv = —rotw = —grados
K BuULy

-——é;cv’ -nda,
8

Mel moayuuM ¢opmyay (75.2).

PaccMoTpuM HeKOTOpbIe C/eACTBUS, BbITEKAIOWNe U3 (GOPMYJIbl
Teabmrogbua — Pajes.  TIpenno/oxuM cHauana, yTo TeueHue V*
MMeeT Ha § Takoe e pacnpejle/eHHe CKODOCTH, KaK M HCXOI-
HOe TeyeHue, T. €. uro V' =0 Ha §. Torna B dopmyae (75.2)
UHTErpas Mo MOBEPXHOCTH OGpATUTCA B Hyab H, TaK Kak ' >0,
MBl [OJIy4aeM CJelyIOllyl0 TeopeMy.

Teopema Teabmroabua: Teuwenue HecxHumaemos
8a3r0l  ocudxocmu, yoosaemsgopawouee ycaosuwo (75.1),
xapakmepu3yemcs mem C80HcmsoMm, 4mo 048l 3mM020 mexe-
Hus Ouccunauyus sHepzuu 8 4060 o6racmu MmeHsule Ouc-
cunayuu sHepaun 0an 2106020 0pPY2020 Me4eHus ¢ mem e
pacnpedesenuem CKOPOCmMU V HaQ 2paHuye.

B KkauecTBe cJelylolero npuaoxeHus dopumyas (75.2) pac-
CMOTpUM 0606uenrnoe meuerue Ilya3edins (naMMHapHOe Teye-
HHe) B TNpsIMOH TpyOke mpou3BOJbHOro cevenus R!). Tax kax
KOMIIOHEHTH cKopocTH #=v=0, w=w (X, y), YypaBHeHHe
Hapbe — Ctokca nmpuHHMaeT BHUJ

0 = — grad p 4 pV?v,
H MB BHAMM, uTO ycaoBue (75.1) BuImoJHsieTcss NDU

6 =— p/u. (75.3)

3ameTuM, KpOMe TOrO, YTO J[aBJeHHe AOJ/KHO ObThb JHHeHHOH
¢ynxuuet or z. BrbGepem 3a o6nacth b B ¢opmysne Ieabm-
ronbua — Pasies  oTpe3ok TPYOKH JAJMMHBL [ M NDeNNOJNOXHM,
YyTO BO3MYLIEHHOE TeyeHHe SBJSETCH JAMUHADHLIM WM YyIOBJe-
tBOpsieT GoJee cn1aboMy TPeGOBAHHIO MePUOIMYHOCTH QyHKLMH W'
N0 nepeMeHHO# 2z ¢ mepuonom [. Toraa, MOCKOJbKY Ha CTEHKAaxX
TpyOku v’ = 0, Mbl NOJyuaeM JJs MHTErpajoB, BXOAAUUX B Gop-

) D10 mpuMeHeHHe TMoOACKa3aHO oxHoi u3 pabor Tomaca
[Thomas T. Y. Amer. J. Math., 64, 754, (1942)].
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Myay (75.2), crenyioline 3HaueHHs:

9§°V"ﬂ_da=AP(Q"-—Q), @v’-D-nda:O.
8

8

rie Ap > 0— mepenan naB/eHHs Ha PacCMAaTPUBAEMOM YHacTKe
TpyOkn, a Q M Q¥ — pacXonB UCXOJHOTO U BO3MYILEHHOTO
TeyeHu#t cooTBercTBEHHO. PopMyna [enbmrosbua — Pases npu-
HUMaeT, TakuM o0Opa3oM, BUI

F=F+8 +24p(Q@—Q), (75.4)
H MBI NMPUXOAMM K CJENYIOIEMYy pe3yabTaTy.

TeopeMa: Ycmanosusueecs ramunapHoe medeniue He-
cocumaemoll 8a3K00 scuoKocmu 8 npamold mpyore npous-
804bHO20 Ce4eHUusi XapaKmepudyemcsa mem c80Hcmeom, 4mo
025l He20 ouccunayus dHepauu MeHvule OUCCUNGYLL 3Hepauu
0rs 2106020 0py2020 AQMUHAPHO20 (4au Nepuodu4ecKo20
no Oaune mpyOKu) mMedeHus ¢ mem xe pacxooon.

[lpennonoxuM Tenepb, UYTO TeueHHe V* HMeeT TakoH e
nepenan nasaeHu#t Ap >0, Kak W JaMUHApHOE TeueHHe V.
Torjaa MOXHO NOKa3aTb, 4TO

B e ¥ —2p@—~0Q, (75.5)

rae T* — KuHeTHYeCKass SHEPrusi TeuyeHUs V* B paccMaTpUBAEMOM
ceuenuu TpyOku. IIas nokasartesibcTBa GopMyas (75.5) sameTum
CHayaJa, 4TO B CUJIy ypaBHeHusi (68.5)

as as* *
—m—=§;t-vda——‘{s, T=§t < vida —§*.
& S

B 9rtux ypasHenusx d/dt MOxHO 3aMeHuTb Ha 0/0f, Tak Kak
TeyeHUsl TNPeLNoJaralTCs NepUOAMYECKHUMH MO IJUHE TPYOKH;
OueBMIHO Takxke, uT0 0Z/0f=0. Hcnoabays npencrasienue (75.4),
MBI TOJMyYaeM COOTHOUIEHHe

I f Vi (54§ + 28p(@ — Q) =
S

=—F—20p @ —Q+ p"- v — tev) da.
S
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Jas Toro urto6bl noayunts ¢popmyay (75.5), ocraercs BLIUMCAUTD
nocjAeXHu#t MHTErpai, uTO Jerko CLeaTh, TaK KaK Ha CTEHKax
TpyOKkM TNONMHTerpaabHas ¢GyHkuus oOpaljaeTcss B HyJb, a Ha
KOHLAX PaccMaTpHBaeMOro ceyeHus t* u t paBHbI COOTBETCTBEHHO
—p'm U — pn (B CUIy NEPUOLHYHOCTH TeUeHus).

[Tpumenum ¢opmyay (75.5) k TeueHuio Vv*, TakoMmy, uTO
Q" > Q. Torna 90%*/ot <0 wu, caenoBareapno, T* MOHOTOHHO
yObiBaeT 10 Tex nop, moka Q* > Q.

CdopMynpyeM nOJdyueHHBIYt pe3yabTaT B BHIE TEOPEMHL.

Teopema o Heycrtouusoctul): Ilepuoduuecxoe no
RPOCM PAHCMBEHHbLM NePEMEHHOLM MmedeHue 8 RPAMOL MPYGKe
- 3a0QHHbBIM HQ nepuode nepenadom 0aBaeHus ABAACMCS
HeYCmou4usolm, ecau pacxod dmMoz20 me4deHus nPesocxooum
pacxo0 AQAMUHAPHO20 MedeHUsS C meM e nepenadom
oasieHus.

ITOT pe3yabTaT MOXHO CHOpPMYJHPOBAaThb HECKOJALKO HHaue,
YTO NOLYEPKHET ero (hM3UUeCKU# CMBICI.

Ilepenan naBsenys, HeOOXOIMMBbIft I/ MOLILep:KaHUS 3anaH-
HOrO pacxona uepes cedyeHue TpyOku, Ojs TypOy/JeHTHOro Teue-
Hus GoJblle, yeM IJs JAMUHApHOTO.

IloxasaHHasi TeopeMa O HeyCTOWYMBOCTUH UMeeT 00JblIOE
NpaKkTHYeCKoe 3HaYeHHe M HAXOLUTCA B TOJHOM COOTBETCTBHH
C aKcnepuMeHTaMu. (YcJOBHE MNepUOIMYHOCTH TYpOY/JIEHTHOrO
TeYeHUs B KauAblff MOMEHT BpeMeHM MOXKHO Obl10 Obl 3aMeHHTb
MeHee OrpaHHYMTe/JbHBIM TpeGOBaHHEM HE3aBUCUMOCTH OT 2
YCpeOHeHHO20 TNO BpeMeHM TeueHUs; B 3TOM Cayuyae MOJL JIHUC-
Cunauued sHepruu cjelyeT NOHMMAaTh, KOHEUHO, ee YCpeoHenHoe,
a He MrHOBEHHOE 3HayeHHe.)

76. Teopemn Bepuyaau. M3 ycnosus rotw = grad o, BBe-
IEHHOTO B MpenblAylleM NYHKTe, BbITEKAIOT U HEKOTOpble Apyrue
caencTus. B uacTHocTH, 14 TeueHMH, YLOBJETBOPSIOLIUX STOMY
YCJOBHIO, MOJIe BEKTOpa YCKOPEHHH MNOTeHLHAaJbHO:

a=—grad (%—-—SE-{—VG)

Y Thomas T. Y., Amer. J. Math., 64, 754 (1942); Proc. Nat.
Acad. Sci. USA, 29, 243 (1943). Tomac paccMarpuBald TOAbKO TPYOKH
C KPYrOBBIM CEYeHHEM.
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U, CJel10BaTeJbHO, HAa paccMaTpUBaeMbIff c/ayyait nepeHocarcs
NOYTH BCE€ pe3yJbTaTH, NpuBeleHHble B ria. 3. CoxpaHsior cuiy,
Hanpumep, ¢opmyas (17.3) u (17.5) 115 KOHBEKI(MH 3aBHUXpPeH-
HocTH, TeopeMa KeabBMHa O UMDKyJasuud M TeopeMbl [eqbM-
roibua o Buxpax. Teopema KeabBuHA, B 4aCTHOCTH, MOKAa3biBaeT,
YTO HeOOX0O0UMbLM U O0CMAMOUHbLM YCAOBUEM BbiNOAHEHILS

COOMHOUeHusn rot @ =— grad g

8 meueHuu HecocuMaeMoll BA3KOL HCUOKOCMI S8ASLEMCS
yea08lue COXPAHEHUR WUPKYAA{UL N0 A1000MY KOHMYPY,
osuscyuemycsa gmecme ¢ HCUOKOCHLBIO.

Haxonen, Tak kaxk BbBOI TeopeMbl bepHyaau B 1. 18 Onia
OCHOBAH TOJMbKO HAa CYLIeCTBOBAHMH IIOTEHLHAJNAd YCKOpPEHHUS,
pe3y/bTaThl 3TOr0 MNyHKTAa OCTAHYTC B CHJE, €CJAH MBI BCIOLY
npubasuM K H pobaBouHbiit ujieH vo. TakuM obpasoM, 8 ycma-
Ho8uBuLeMCA medeHuu B8A3KOU Hecocumaemol xwcuoxocmu,
COXPAHAOWeEM YUPKYLAGUIO, DBYHKGUSA

1
g+ 424

noCMOAHHA 80046 AUHUL MOKA U 8uxpesux AuHuli. AHa-
A02UMHOE ymBepicieHue cnpasediuso u npu 6oaee caabom
mpebosanuy He3a8UCUMOCIU OM B8PEeMEHI MOALKO NOAS
3aguxpensocmu (cMm. m. 18).

Knacc rteuenuit, ynosierBopsiomux ycaosuio (75.1), oxsa-
TBIBAET JMIIb HE3HAYUTEJbHYIO 4aCTb BCeX BO3MOMHBLIX Te4yeHHH
BABKOM JKMIKOCTH, OJHAKO TedeHUs] 3TOr0 KJjacca MOTryT OKa-
3aTbCA  MOJIE3HBIMH A/ TOCTPOEHUS! HOBBIX TOYHBIX pelleHuH
ypaBHenu#t HaBbe — Crokca npu noMou noayoOpaTHBIX METO-
noB1). OTM BO3MOXHOCTH €le OTHOCUTENbHO Mal0 U3YYeHHI.

Ina TeyeHuH, He COXPAHSIOWMX UMPKYJASIUMIO [MJIM, 3KBUBA-
JIEHTHO, A/l Te4yeHHH, He yLOBJIETBOpPAOIIMX ycaoBuio (75.1)],
TeopeMa Bepuyanu B ee o6LI4HOM BUZe, BOOOLIE rOBOPS, HEBEPHA.
Jlerko mokasaTh, OIHAKO, UTO2) 8 YCMAHOBUBULEMCS MedeHuU
pyurxyun Bepryarru

1
H=§¢+%+9
nOCMOAHKA 80046 KAXHCOOU MPAEKMOPUL NOAS HANPABACHILE

A=(w X v) X rotwo. (76.1)

" Neményi P. F, [19], 1. 2, ctp. 123—151.
?) Truesdell C., Phys. Rev., 71, 535 (1950).
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DTOT pe3yabTaT fBJACTCS HENMOCPEeNCTBEHHBIM CJeICTBUEM ypaB-
ueHus (68.4). [losme BekTOpa A BBLIPOXIAETCS B TeX CaAyYasx,
korga rotw =0, korza ® X v=0 uau Koria BeKTOpH rotw
u © X V napaanelbHbl. B mepBHX IBYX ciayuagx INoJe Bek-
Topa rot® nNOTeHNMAJIbHO M TNpPUMEHMMa NpelbAyLIas Teopema
Bepuynnu. Hakonel, ecin BeKTOPH rotw U © X V NapaaiefbHsl,
To u3 ypaBHeHus (68.4) HemocpenCTBEHHO CcJeLyeT, 4YTO BepHa
Teopema bepHy/iu B ee KjaccuuecKoH (pOpMYJaHPOBKe, T. €. UTO
¢yukuna F nocTofHHAa HAa JIMHUAX TOKA M BUXPEBHIX JUHHUSX.

OTMeTuM emle ONHO HHTepecHOe CBOHCTBO ¢yHKUMH H:
8 YCMAHOBUBWEMCS OBUNCEHUU BA3KOL HCUOKOCMU MAKCU-
umym H odocmuzaemcs na epanuye o6aracmu mevenus. Ias
JIOKa3aTeNbCTBA 3TOTO YTBEPKACHUS 3aMETHUM, YTO B CHJIy ypaB-
Hetus (68.4) uUMeOT MecTO CleLyioluxe COOTHOLIEHHS:

V2H = div grad H =div (v X ®) (76.2)

v grud H= —vv . rot . (76.3)
C npyro#f CTOpOHBI, Mbl MMeeM JIErKO MpOBEpsSeMOe TOXIECTBO
divivX ®)=w?—v-rotw,
KOTOpOe TO03BoJseT O00beIuHUTb COOTHOWeHus (76.2) u (76.3).
B pesynbrate naxomuM nas H caenyioliee ypaBHeHue:
yW2H — v . grad H = vo?. (76.4)

Kak u3BecTHO, A/1s 3aaunTHYecKuX ypasHenu#t Buaa (76.4) cnpa-
BeLJINB TNPHHLUMN MaxkcuMyMa (cM. npumeuadue 1 Ha crtp. 136).

HanomuuM, uto aHa/ioruuHble pesyabTathl OblAM MOJAYHEHbl HAMU
B 1. 28.

77. AcumnToTHyeckoe nmopefaeHue TeyeHuil BA3KOH wHAKO-
c¢TH. ViccnenoBaHue acUMNTOTHKHM TedeHMH BA3KOH XUAKOCTH Ha
6eCKOHEYHOCTH MpPenCcTaBJ/seT 6O/bIION TeOpEeTHYECKUH U MpAKTU-
uecku#t untepec. Jaa npubanmxenun#t Ctokca u OseeHa acMMnTO-
THYecKHe (OpMYJbl uMeloT Bunl)

v=U+0("Y npu r—>oo, (77.1)
OHAKO aHAJOTMYHBIX ~POpPMYa N/ TOYHBIX ypaBHeHu# HaBbe —
Crokca moka elle HOAYyuuTb He yAanoCh. VIMeiorcd mpensapu-

) Cm. xnury Jlam6a [8), § 336, 342, a rtaxwe pabory Punxa u
Hoana [Finn R, Noll W., Arch. Rational Mech. Anal., 1, 97 (1957)].
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TenbHBE pe3ynbTathl Yiaeckunu!) u Bepkepa?), koropbie pac-
CMAaTpHBaiM 3aJayy C HECKOAbKO IPYrof TOYKM 3peHus. T
aBTOpH MpELNo/daraid 3apaHee, uTO B YCTAHOBUBILEMCH MOTOKE
BASKOH JKMIKOCTH, HaGeraiolleM Ha HENOIBHXHOE TeNO, Chpa-
Bel/MBbl ACHMITOTHYECKHEe (POPMYJ]H BHIA

v=U—+O0 ("%, Dv,D*=0 (r-*-1), (77.2)

rie D o6o3HavaeT oOnepaTop uYacTHO# NpPOU3BOLHOH NEpBOro
nopsika no J00R M3 MepeMeHHBIX, M HCCJAEIOBAJH BONPOC
0 IONMyCTHUMBbIX 3HAaueHHAX nokasatens k. Oxasanoch, 4to &< 2.

- B nokasarenbcTBe Bepkepa MCXOIHBIM NYHKTOM SIBJseTCA

TOXIECTBO div(v X )= o02—v - rot w.

B cuny ypasHenus (68.4) m mpeinosoxeHus, uTO ABMIKEHHE
AB/ISIeTCS] YCTAHOBUBLIMMCS, MMEET MECTO PaBEHCTBO

'R rotw:—%v -gTadH_—.——%div(Hv).
CpaBHeHue 9THX IAByX (OPMYJ NPUBOIMT K COOTHOLIEHHUIO
m2=div(v X w—%Hv),

HHTErpUpyst KOTOpoe 1o cdepe (LocTaTo4HO 60bIIOrO) panuyca R,
cofepxalule#t BHYTpH cebsi oOTexaeMoe TeJO, U HCHOJb3YS TeO-
pemy Taycca — OcTporpanckoro u rpaHHdHOe yc/ioBHe V==0,
MBI NOJIy4aeM

fm2dv=§(v><m—%f1v).nda, 77.3)
v 3 -

rie ¥ — moBepXHocTb cepnl. 1o mpexnnosoxeHuio,
vXw=0(r"*1), H=H,+0(*

(BTOpOe M3 COOTHOIUEHH#i He COBCEM OYEBHIHO; ero J0KasaTelbe
CTBO yMTaTe]b MOXeT HaiiTu B paGore Bepkepa). Tak Kak ypas-
Henne (77.3) OymerT BepHbIM M npu 3ameHe F na H— H,
OTCI0Ja ClelyeT, uTo

fw2dv==0(R_k+2) npu R —> co.

»
TakuM oOpasoMm, npu R > 2 ABHKeHHe NOIKHO ObIJIO 6B OHTb
6e3BUXPEBHIM, YTO NPHBOJUT K NPOTUBOPEYHIO C PE3Y/LTATOM,
yCTaHOBJIEHHBIM B M. 69.

YUdeschini P, Rend. Accad. Italia CI. Sci.-Fis., (7), 2,957 (1941).
2) Berker R, Rend. Circ. Mat. Palermo (2), 1, 1, (1952).
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